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PREFACE TO FIRST EDITION. 



It is now ten veara since the appearance of the Graphical 
Statics of Culraann,* during which time the method lias beei. 
greatly extended in its applications, and has met with such 
acceptance that there is now scarcely a Polytechnikum in Ger- 
many where it is not a prominent feature in the regular courae 
of instruction. 

This rapid spread of a new discipline is the more remarkable 
when we consider the obstacles which it encountered, Cul- 
mann, with a boldness which we might almost term rash, based 
his development upon the modern geometry of von Staudt, and 
assumed in his readers a familiarity with this very terse presen- 
tation of a subject then, as indeed now, but little known, and 
which, therefore, but few possessed. To practical engineers, 
therefore, to whom his methods specially recommended them- 
selves, his presentation of those methods was almost unintelli- 
gible. 

At a time when the students of the Zurich Polvtechnic were 
already overburdened, the new discipline was introduced ; while, 
owing to want of familiarity with the fundamental principles 
premised, they were unable to underetand his lectures or read 
his work. Yet such was the intrinsic value of the new method 
that, notwithstanding these obstacles, even in spite of them, it 
made rapid headway ; found friends everywhere ; crept into 
other departments of the Polytechnic ; and finally the aim of 
Culmann was completely attained when the modern geotnetry 
was itself introduced, and a special lecturer in that branch ap- 
pointed. Thus, as a direct result of the Graphical Statics of 
Culmann, appeared the first and, till now, only complete text- 
book upon the modern geometry, viz., lieye^s " Geometrie der 
Lage^^ Hannover, 1868. Since then, hand in hand and with 
remarkable rapidity, these two studies have made their way, 

* JXe Oraphkohe BtatUc, Galmann. Zilxioh, 1866. Second Edition, lat 
vol., 1875. 
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until, as already remarked, they now form a notable feature in 
the course of every technical institution in the land. 

The acceptance which the method has found in France, and 
the attention which it has there excited, is sufficiently indicated 
by the work of Lemj [La Statique Qraphique et aes Appluia* 
tions, Paris, 1874), which contains a very clear and elegant 
presentation of the principles, though the applications are of 
the simplest character, while, as was perhaps not unnatural in 
the author, the German origin of the system is very imper- 
fectly indicated, and the special methods of Oulmann but little 
more than hinted at. 

In Italy also the method has found an ardent expounder in 
tlie distinguished mathematician Cremona {Le figure recip- 
roche neUe atati-ca araficaj Milan, 1872), and to his efforts and 
labors its introduction and acceptance is due. 

In England, Prof. Clerk Maxwell, in the Trans, of the Royal 
Society of Edinburgh, 1869-70, has contributed a paper upon 
^' Reciprocal Figures, Frames and Diagrams of Forces,'' and, 
among others, Jenkin, Kanken, Bow, and Ucwin have contrib- 
uted to the popularity and spread of " Maxwell's Method." 
Maxwell and his followers give, however, only the verj^ simplest 
applications, based upon the resolution and composition of 
forces, such as will be found in our firet chapter. The entire 
system developed by Culmann, the properties of the " equilib- 
rium polygon," upon which the fruitfulness and value of the 
graphical statics wholly depend, are unnoticed both by our 
English and French autliors. 

The author feels, therefore, that no apologies are needed for 
the present work. Whatever its shortcomings and defects, he 
claims at least the honor of making the first attempt to intro- 
duce among American Colleges and American Engineer a 
knowledge of a subject of approved interest and practical value 
to both, whether regarded as a geometrical discipline or as a 
most efficient aid in investigations of stability. Nor is he with- 
out hope that the next ten years may find the method as uni- 
versally accepted at home as now abroad. 

The same difficulties certainly have not here to be encoun- 
tered. The subject as here presented requires only a knowl- 
edge of the elements of geometry as universally taught, and 
can thus be readily introduced into our schools as well as read 
by those practical engineers for whose benefit the method 
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seeniB so especially designed. A subject of such importance, 
which has already endured successfully so severe a test, and 
made headway against such obstacles, we cannot certainly af- 
ford any longer to ignore, and it is hoped that the present 
work may serve to excite a more general interest in the method. 

For the practical engineer, the importance of graphical 
methods needs, indeed, to-day no demonstration. Such methods 
are everywhere in use. But a simple and general eyatem 
which shall include all special solutions — the development of 
the few principles upon which all such solutions are based, and 
from which they all flow — is at least in this country unknown. 
Even in English literature there is to be found little more than 
the very elementary deductions of our flrst chapter, so that it 
may justly be said that the entire method owes its existence 
and development to the labors of German scholars and the en- 
lightened appreciation of German engineers. How thorough 
have been these labors, how widespread this appreciation, and 
how various are the applications of the method itself, the reader 
may gather from the Introduction to this work, and from the 
appended list of literature upon the subject. A glance at this 
list will also show that the selection of what was of most value, 
and the omission of those applications of minor importance, 
necessary to bring the pi^esent work within reasonable limits, 
and at the same time preserve the logical unity and complete- 
ness of the whole, was not the least difficult portion of our 
task. It would, indeed, have been easy to have given the work 
twice its present dimensions, though without a corresponding 
increase in value sufficient to justify the additional cost. As 
it is, no application of real and practical value to the engineer 
strictly deducible from the graphical statics has been over- 
looked, and discrimination has been chieSy exercised in those 
departments where graphical and analytical processes are still 
of necessity combined. Here we have selected only those cases 
where such union shows itself most advantageous, and the 
graphical constructions most simplify, illustrate, or interpret 
the purely analytical process, and where such cases, moreover, 
presented a useful^ practical, and not merely theoretical value. 

As to the plan of the work, a woi*d of explanation is neces- 
sary. We have endeavored to keep always in view the re- 
quirements of both students and practitioners, of technical 
schools and practical engineers, and thus to combine a text- 
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book for school instruction, and a book of reference and manual 
for practice as well. The attempt is a difficult, if not a dan- 
gerous one, and one which, in other departments, has met with 
more failure than success. If we venture to indulge a hope that 
in this case at least partial success has been attained, and that 
the attempt to occupy the two stools at once has not been dis- 
astrous, our belief is due to the nature of the subject itself, 
and not to any overweening estimate of our own abilities to 
succeed where so many have failed. The subject seems, indeed, 
especially suited to such a method of treatment. In fact, no 
other would appear at this period to properly meet the necessi- 
ties of the case. Its geometrical principles are simple, its ap- 
plications eminently practical. To present the principles alone 
would be to deprive the study of its chief interest and attrac- 
tion. To rest content with a few practical applications would 
be to sacrifice, in a great measure, system and clearness of pre- 
sentation. In the accomplishment of our double task we are 
fortunate to have had at our disposal such works as those of 
JBauschinger in the one, and Culmann in the other direction. 
Our obligations to both authors are great, and are fully indi- 
cated in the text. The same acknowledgment is due, in greater 
or less degree, to Mohr and Winkler^ Hitter and Heuleaux. In 
every case where such assistance has been received, due ac- 
knowledgment has been made. 

For the historical and critical Introduction, we are indebted, 
with few alterations, to the pen of WeyrauckJ^ It will, we are 
sure, prove of value to the student, and serve to awaken an in- 
terest in those highly important developments which geometry 
has within the last decade undergone. 

Thus collecting in a connected form the scattered results and 
researches of various authors, it has been a pleasurable duty to 
recognize the labors of those men who have chiefly contributed 
to this new branch of geometrical statics, and to whom our own 
obligations are so great. While thus crediting fully that which 
others have done, we have felt the more justified in calling at- 
tention to any deviations of our own. We have especially 
sought to extend the application of the method by resolution of 
forces (known best, perhaps, as MaxweWsMetJiod) — ^a method 

* Ueber die grapJUsche 8tatik—ctwr Orientirung, Von Dr. phil. Jacob J. 
Weyraach, Priyat docent on der poljteolmischen Bchnle zu Stuttgart. Leipzig, 
1874. 
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which bids fair to obtain widespread recognition, in direc- 
tions in which it has hitherto been supposed of little service, 
This often, indeed, by the aid of analytical results, we have 
been enabled to do, and not, as we conceive, without a degree 
of success. The formulae used are always simple and of ready 
application, and this union of analytical results and graphical 
processes the practical engineer will, we think, find of value. 
Thus, in the braced arch (Chap. XIV.) and continicous girder 
(Chap. XII.) new constructions will be found, and both these 
important and difllicult cases may thus be solved with an ease, 
completeness and accuracy far superior to that of the pure 
graphical method itself. Those acquainted with the analytical 
investigation of the " braced archj'^ as contained in CapL Eadi! 
Report to the III. and St Louis Bridge Co.^ May, 1868 (App.), 
will not, we feel sure, be slow to recognize the advantages of 
the present method. The subject in its present state is thus 
fairly brought within the reach of the practical Engineer and 
Constructor. 

To simple girders, contrary to usually received opinions, by 
the means of apex loads^ the above method applies directly, and 
without the aid of analytical results — a fact which has been too 
generally passed over without suflScient notice by writers upon 
the subject. 

We have devoted considerable space to the subject of the 
continuous girder^ but not, we feel sure, more than its impor- 
tance demands. The subject deserves more attention at the 
hands of the practical engineer and construct(>r than it has 
hitherto received. That the present indifference upon the sub- 
ject is due chiefly to lack of information can hardly be doubted, 
when the opinion is current, and is even endorsed by those who 
are considered as authorities, that the complete solution of the 
(problem is " probably impossible by reason of its complexity," 
and " too complex for mathematical investigation." * Opin- 
ions like these are best met by the complete solutions of par- 
ticular examples, and in Chapter XII. will be found the com- 
plete calculation and tabulation of the strains in every piece 
due to every apex load, for the central span of seven continu- 
ous successive spans, and, as far as any inherent difficulties are 
concerned, we might as well have taken 50 or 100 spans. 



* Qraphioal Method for Vu Analysis of Bridge Trusaei. Gzeene. 
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When engineers shall have become convinced of the fact that 
there is in the continuous girder a theoretical saving of mate- 
rial amounting usually to from 25 to 30 per cent, per truss, and 
in the extreme case even reaching as high as 50 per cent., as 
compared with the simple girder ; and that the main objection 
which can be urged — viz., the influence of small variations in 
level of the supports — has, when properly considered, no force 
whatever, we shall probably hear less often of designs contem- 
plating many successive and independent spans of considerable 
length — such as, for instance, for a bridge over the Hudson at 
Poughkeepsie, consisting of five separate spans of 525 ft. each. 

The present work contains the only complete graphical and 
analytical presentation of this svhject in English professional 
literature^ and should it succeed in directing more general 
attention to what has been done, will not have been in vain. 
Almost the whole of Chap. XIII. is entirely new and consti- 
tutes an important advance in the treatment of the subject 
Those acquainted with the old method will, we think, be pleased 
with the simplicity and comprehensiveness of the new formulse. 

By their aid, indeed, we can solve with ease problems which 
could hardly be attempted otherwise. In this connection the 
list of literature upon the continuous girder appended to Chap. 
XIII. may also be of service. 

We notice with pleasure in this direction the admirable little 
treatise of Clemens HersckeLy C.E,^ upon draw spans.* This 
subject is at least of ad/mitted practical value, and we have 
treated it with a fullness which, in our opinion, leaves little to 
be desired. We have borrowed from the above work the con- 
ception of the '^ Tipper ^\ot draw with secondary span, which 
is both new and, as it would seem, most adequately represents 
the true state of the case, and alluded to the idea, also original 
with Mr. Herschel, of weighing off the reactions at the supports 
of a continuous girder, instead of measuring the differences of 
level. In this case, as in that of the continuous girder gene- 
rally, we have clearly brought out the method of calculation by 
apex weights^ and here, indeed, lies the whole secret of thorough 
practical solution. In fact, fi'om this point of view, the com- 
plete solution of a continuous girder for any number of spans. 



* CorvUnuous^ RewMng Drawbridges, Little, Brown and Company, Bos- 
ton, 1876. 
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equal or unequal^ offers no more essential difficulty than the 
calculation of so many separate simple girders. That this is 
not exaggeration, but accurate statement of fact, a perusal of 
Chaps. XII. and XIIL will suffice to prove. 

We cannot leave this part of the subject witliout acknowledg- 
ing our indebtedness to Mansfield Merriman, C.E., Assistant in 
Engineering in the Sheffield Scientific School of Yale College, 
for the formulffi of the latter chapter. Mr, Merriman has 
done for the practical solution of the oontinuons girder what 
Weyrauch has for its theoretical discussion. We refer the 
student to the Supplement to Chap. XIII. for a specimen of 
his method of discussion. His formulse are simple, entirely 
free, even in general form, from integrals, and are given in just 
the shape required in practice. This compactness renders it 
possible for the en^neer to enter upon a couple of pages of his 
note-book aU the formula required for the thorough calculation 
of a continuous girder of any number of spans, equal or un- 
equal ; and this calculation in any particular case proceeds in 
a manner precisely similar to that of the simple girder, directly 
and without reference to authorities, tables, points of inflection, 
elastic line, methods of loading, or any of the " other parapher- 
nalia with which the subject is usually encumbered." 

It will be observed that here and throughout we have no- 
where left out of sight analytical processes or methods. The 
reader who considers the present work as an attempt to super- 
sede^ or even subordinate analytical investigation, misjudges 
entirely our aim. So far from this, we indulge the hope that 
its perusal cannot fail to render familiar the use of both 
methods, to bring out their points of difference and relative 
advantages, to illustrate the one by the other, to enable the 
reader to check the results of the one by the other, and in any 
case apply one or both, or a judicious combination of both, as 
may in such case be most advantageous or desirable. This will 
be especially noticed in the discussion of the sample and con- 
tinuous girder and of the bi*aced arch. (Chaps. XII., XIII., 
XIY. and XVI., and Appendix.) 

As to the use of the work, the practical engineer will find in 
Chap. L, and that portion of the Appendix relating to this 
chapter, an easy and simple method of solution applicable to 
any framed structure having simple reactions, and including 
thus all varieties of bridge and roof trusses of single span. In 
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the Appeodix he will find detailed examples calculated to illus- 
trate every practical point of importance, and also a full expo- 
sition of Ritter^s *' method of moments^ The principles of 
this chapter alone will enable him to solve readily, both by cal- 
culation and diagram, every case usually arising in practice. 
In problems involving the moment of inertia of areas in the 
case of the continuous girder, the braced arch and stone arch, 
as also the suspension system, he will find Chaps. Yl., XII., 
XIII., XIV. and XVI. of value, and in the perusal of any or 
all of these he will, it is hoped, find no trouble by reason of 
logical connection with preceding principles. They are in this 
respect, as far as possible, complete in themselves. We may 
also call his attention to Chap. XV., upon the stone arch, 
though it is to be regretted that the practical importance of the 
subject in the present age of iron renders the ease with which 
it is graphically treated of less importance than formerly. For 
his benefit also frequent practical examples are given in detail, 
so that in all important applications he can easily select a 
paraUd case^ and follow it out, step by step, in tlie case in 
hand, without studying up the whole process of development 
in order to place himself in a condition to make use of the 
methods employed. In regard to the subject of the endurance 
of iron, the student is referred to the author's translation of the 
work, by Prof. Jacob J. Weyrauch already alluded to, of the 
Polytechnic School in Stuttgart, issued by the publishers of 
" Graphical Statics." Weyrauch's book treats of the strength, 
dimensions, and calculations of iron and steel, and being thor- 
oughly practical, is heartily commended to the student, and 
the profession of engineers generally. 

For the student much of the practical applications may well 
be at first omitted. Notably Chaps. VII.-XII., inclusive. 
Chaps. I.-IV. and X1II.-XVI. will put him in complete pos- 
session of the method, and, moreover, enable him to solve with 
ease any structure, including the continuous girder, braced 
arch, suspension system, and stone arch, as well as all the more 
ordinary forms of bridge and roof trusses, cranes, etc. Indeed, 
if the first-named structures, which are of comparatively rare 
occurrence, are at first omitted. Chaps. I.-IV. alone will con- 
stitute a complete course upon framed structures so far as 
usually taught in our schools at the present day. Afterwards, 
in pnictice, and in the solution of the particular problems 
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treated of, he will, in common with tlie practical engineer, find 
in the other portions of the work and in the Appendix just 
such assistance as he needs. We would also call the attention 
c»f the mathematician more especially to the investigation in 
Chap, v.. Arts. 47-51, of the effects of a given recurring system 
of 7noning loads, the analytical treatment of which would be 
almost impracticable by reason of the complexity of the for- 
mulae obtained, and in this respect certainly worthless, even if 
possible, but the geometrical treatment of which gives rise to 
some of the most elegant constructions of the graphical statics; 
also to the Supplements to Chaps. XIII. and XIV., in which 
the analytical treatment of the continuous girder and braced 
arch is given. 

Finally, if our purpose in writing these pages is accom- 
plished, the principles and methods here set forth will be found 
easily acquired, accurate in their results, and amply sufficient 
for the ready determination of the strains in the various pieces 
of any framed structure which the civil engineer can legiti- 
mately be called upon to design. 

With this much of introduction and explanation, we present 
our work to the engineering profession in America and to 
American technical colleges, in the hope that the spirit which 
has led to its production, if not the method of its execution, 
may win for it a favorable reception. 

In this spirit and in this hope we may, we trust, be allowed 
to appropriate the closing lines of Culmann^s preface — ^^ Und 
nunfahre hin — gern hdtte ich dich zutn FuTidament einer auf 
v}is8ens(Juiftlicherer Basis gegrundeten Ingenieurkunde ge- 
nvacht, allein haum darfieh die Iloffnung hegen, so viel Kraft 
in mir zu finden, um das Oame dieses nmfangreichen Fach^s 
nmzuarbeiten : dost ist ein WerJc, das mir vor Augen schwebt, 
tcie einer jener alten mittelalterlichen Dome sich vor dem 
Kunstler erhob, der ihn entwarf und der der Hoffnnng sich 
nicht hingeben konnte^ ihn je in seiner Vollendung zu schau-cn- 

" Dock es mogen dich Andere hemctzen und wetter bauen,^ 
nnd was ich nicht kaim, werden meine Nachganger voll- 
bringen. 

Nbw Hatxn, AprU 17^ 1876. 
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Thb preBent Edition of this work has undergone careful re- 
vision and correction, and no pains have been spared to render 
it free from typographical errors, and worthy of the very cor- 
dial reception it has thus far met with. For this reception the 
Author would express his gratitude both to the Profession and 
to the faculties of the several colleges who have already adopted 
it as a Text Book. 

To these and others who may examine it with a view to in- 
troduction, a word or two may be allowed us. 

The work was not intended to be read through in eeqttence 
by any class, but must be used with reference to the degree of 
preparation of the students, to the time at disposal, and to the 
relative importance and relation of the various subjects treated. 
The logical order of presentation requires a certain order in the 
development of the subject as a whole, but it by no means fol- 
lows that this order should be preserved by the student, or that 
he should be acquainted with the whole. In fact, some of the 
subjects treated of are best taken up by the student at a later 
period, when better prepared for tlieir comprehension ; others 
are best omitted at least in the first reading, and others again 
may even be omitted entirely as of minor importance, and the 
student left to pursue them for himself, as taste or the exigen- 
cies of practice may demand. In this latter respect, as well as 
in the completeness with which the several topics are discussed, 
the work is intended to serve as a book of reference. As a 
Text iJook, it is designed to teach those students possessing tlie 
knowledge of mathematics and mechanics usual to the senior 
classes in our technical schools and colleges, how to find the 
conditions of stahUity in every kind of structure of common 
occurrence ; and this not alone by graphical construction, but 
also hy calculation as well. Structures of less common occur- 
rence may or may not be then taken up, according to the 
ability of the class and the time at disposal. With the above 
end in view, the teacher will find it not merely desirable but 
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even essential to depart from the plan of the work as laid 
down, and to supplement it largely by various examples illus- 
trative of the general principles and bringing out as clearly and 
repeatedly as may be necessary the various points noticed in 
tlie text. 

In the work four separate and distinct methods of solution 
are given for such structures as bridge and roof trusses, and the 
student should become familiar with all. Thus there are two 
methods by diagram, viz., by resolution of forces {MaocfmeU) and 
by the equilibrium polygon (CWmanw); and two correspond- 
ing methods by calculation, viz., by composition and resolution 
of forces, and by moments {Bitter). To give these in such 
manner and with such emphasis that the student shall be con- 
versant with all, and able to use them with discrimination 
where in any case they best apply, we recommend the follow- 
ing order of perusal : 

FntsT. Chap. I., which gives the first method by diagram 
{M(ixweW8\ and such of the Appendix as relates to this chap- 
ter, is read. The class may then go into the drawing-room, 
and under the supervision of the teacher actually solve a vari- 
ety of roof trusses from simple to more complex, both for dead 
load and wind force in each case. In each and every case also 
the results should be checked by calculation by the method of 
moments {Uitter^s)^ at first thoroughly and in detail, and after- 
wards only a few test pieces to check the accuracy of the dia- 
gram. From Roof Trusses we then pass on to Bridges, and 
here also a series of selected examples of every class used in 
practice may be solved, and the method of tabulation of apex 
weights referred to in Art. 12 and Appendix to Chap. I., brought 
out repeatedly until the student has thoroughly masrered it, 
and appreciates fully the fact that for each foi in of truss the 
strains due to only two weights are really necessary to be found, 
and that the others may then readily be fouud directly from 
these. Here also each example should be checked by calcula- 
tion by the method of moments. In the case of curved flanges 
the various lever arms may first be measured directly to scale 
from the frame, and then trigonometrically computed. At 
this point the student is then already in possession of two inde- 
pendent methods of solution for any kind of framed roof or 
bridge which occurs in general practice. 

There are in fact only two framed structures, the continuous 
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girder and the braced arch remaining, which he is not able to 
solve. Should it be deemed undesirable to consider these, he 
can at once pass to Chap. II. and then to the stone arch, Cliap. 
XV. If, however, a knowledge of the above is desired, he is 
now ready to extend his principles and metliods to them also. 
Thus he has already recognized that provided only all the 
outer forces are known, he can both diagram and calculate 
any framed structure. In such structuies as he has hitherto 
had, these outer forces are either given or are easily found. In 
the ca^es now considered they are not all given, and must, 
therefore, first be found. Once known, however, his way is 
clear. Becognizing clearly, then, what is aimed at, the supple- 
ments to Chaps. VII. aud XIII. are first taken, and he is now 
able to find for the continuous girder the outer forces required. 
Chap. XIII. will then give* exercises in Ending these forces, 
and handling the formula he has just deduced. Finally, Chap. 
XII. resumes again in the light of his present knowledge the 
same old two methods with which he is already so familiar, of 
diagram and calculation, and a few examples actually worked 
out by both methods complete his mastery of the continuous 
girder and draw span. He can now pass* on to the braced 
arch, and in Chap. XIV. will find all that he needs. Here he 
must take at fii*st the formulse and constructions for finding the 
outer forces on trust. Afterwards, if deemed desirable, he can 
follow out the development of these formulae as given in Sup- 
plement to Chap. XIV. 

In the case of the parabolic arch, at least, the constructions 
are so simple that it is well adapted to class instruction. The 
draw span is of such impoi-tance as to render some attention to 
it, at any rate, desirable in any full course. Thus the student 
is now able to solve any case wJiatever of framed stnicture in 
two ways, by diagram and calculation. The same simple prin- 
ciples have been applied throughout, and formulse have been 
called in only in a subsidiary way to determine certain forces 
which are necessary to be first known before these principles 
can be applied. 

Thus Chap. I., Appendix to Chap. I., Supplements to Chaps. 
VII. and XIII., then Chaps. XIII., XII., with Appendix, and 
XIV. with Appendix, form by themsel\cs and in this order a 
complete and systematic course. 

If, however, it is deemed undesirable to consider the contiB« 
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lions gii*der and braced arcb, the conrse indicated in the pr<^« 
ceding paragraph maj be omitted, and then Cliap. I., with 
Appendix, conBtituteB a .conrse as thorough as can be desired, 
the student taking firet those examples given in the book, and 
then such others afi the teacher may select, and always solving 
in two ways, by diagram and calculation. He may then take 
Chaps. n.-V., and now pijssesses a second method of diagram 
(Culmann's) by which he may check any or all of the previous 
cases. In general, a few examples of application to bridge 
girdera, drawing the parabolas for total load (moments) and 
moving load (sliear), will be sufficient. He is now ready to 
pass on to the Stone Arch, where again suitable })roblems 
should be proposed by the teacJier and solved under his super- 
vision. The remainder of the work, including moment of 
inertia and continuous girder treated by the second method of 
diagram, will in general be found unnecessary and rather ad- 
vanced, except in a very full coui-se. 

The course recommended is then as follows, in the order 
given, chapters in brackets being omitted or not, at option of 
teacher : 

Chap. I. and Appendix, Supplements to Chaps. VII. (and 
XIIL, Chaps. XIIL, XII. and Appendix, XIV. and Appendix), 
Chaps. II.- v., XV. (XVL, VI., XI.). It will be seen that the 
order recommended for class instruction is quite different from 
that of the work itself. 

We would ask teachers examining the book with a view to 
adoption, to look it over in the order above gi/ven. 

With regard to the space occupied in these pages by the con- 
tinuous girder, and to the opinions held by the writer on that 
subject, a word of explanation may also not be out of place, in 
view of the discussion which has arisen since the publication of 
the first edition of this work. 

It is, of conrse, understood tha£ we claim, in. any case, su- 
periority for the continuous girder over tlie simple, only where 
circnrastances render such a construction advisable, and base 
tliat claim upon admitted theoretical results as yet not satisfac^ 
torily tested by practice. We do not claim that one should 
supersede the otlier. Such a claim represents an extreme 
view, in our opinion absurd, and which certainly is not advo- 
cated in these pages, though there have not been wanting those 
who would attribute it to us. Circumstanees connected with 
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method of erection, etc., may certainly be imagined in which a 
continuons girder presents advantages not possessed by the 
simple. It finds, at least, direct application in the pivot span. 
When such circumstances arise, the engineer, we take it, will 
not find fault with a full and thorough discussion of the subject, 
such as here given, and he may even find the method of solu- 
tion which we recommend of service. The continuous girder 
has then its proper place, if we can only ascertain it, just 
like the bow-string girder, arch, suspension system, etc., which 
also may, under proper circumstances, be preferred to the sim- 
ple girder, without necessarily detracting from the just merits 
of the latter. The others have been tested by practice, and 
their relative advantages pretty clearly settled. When the 
same shall have been done for the continuous girder, the dem- 
onstrations and method of solution here given can also be 
estimated at their true value. Should practice show the sys- 
tem worthless and theory fallacious, we hold ourselves I'eady at 
any moment to strike out the portions affected. Meanwhile, 
the method of solution here given was at the time of publica- 
tion entirely new ; the formulae were an advance upon any up 
to that time presented ; the subject, heretofore difficult, was 
rendered easy of solution, and brought out in a very striking 
manner the powers of the graphical method, the value of which 
is of course unaffected by the fate of the theory of continuity. 
Until then, practice decides very clearly against the system ; it 
has very properly a place in a work professedly treating of 
framed structures. 

As to the merits of the case, the theoretical saving is cer- 
tainly large enough to justify careful consideration and trial, 
and our theoretical results have never been called in question. 
How much, in any case, of this theoretical gain can be realized 
practically, it remains for intelligent practice to decide — the 
full solution is beyond the reach of analysis. To assume, as 
some do without experiment, that the objections to the system 
and to the theory, however valid in themselves, do actually 
cover or more than cover the large gain indicated in some cases 
by theory, is practically to beg the whole question. 

To assume, as some have, that because this large theoretical 
saving is not found in certain special cases of small span, where 
indeed it was not to be expected, that therefore it is not to be 
obtained in other cases, is to evade the question. For almost 
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all ordinary epans, apart from the method of erection, the sim- 
ple girder need fear no rivalry. Bat for long spans of large 
number it is not yet clear how the very large theoretical saving 
is counterbalanced by the objections hitherto urged, such as 
varying modulus of elasticity, inapplicability of theory to 
framed structures, effects of temperature, etc. ; nor is it quite 
clear exactly how the effect of such objections is estimated. 
That such objections have weight is not to be denied. That 
their weight is sufficient to condemn the system is the very 
point at issue. This point we decline to decide either way^ 
without better reasons than have thus far been advanced. 
Thus, not pretending to decide it ourselves, we cannot but 
regard those who do, as hasty. The question now is one 
for the workshop. So far as theory can go we give it here, 
in a more perfected and practical shape than ever before 
given. The mathematicians have done their part, and pre- 
sented their results. It remains now for the practical engi- 
neer and constructor to do their part. Only by concert of action 
can the truth be attained. " If brought to the test of practice, 
the theory is found at fault and its results delusive — well. If 
not, well also. In either case engineering art and science are 
advanced." Until, however, the question is thus settled, we 
must regard it as an open one, and trust it will "periodically 
turn up for settlement " until thus finally disposed of. Unless 
the theory of flexure, so long accepted as practically valuable 
and received by practical engineera, can be replaced by abetter, 
we must especially deprecate all attempts .to arbitrarily settle 
the question by fruitless discussion. We cannot thus sum- 
marily pronounce upon a theoretical question without theory, 
and upon a practical question without practice; nor is this 
the spirit in which progress in knowledge or practice can be 
made. 

It may be well to remember, in this connection, tliat other* 
nations have brought or are bringing the question to a practi- 
cal test. England, France, Germany, Austria, Prussia, Spain, 
Italy — have tried or are trying the case, and have not yet 
decided it. The skill of American engineer, as exemplified in 
our present practice, needs no encomium. It is world-wide. 
They might, indeed, be reasonably expected to succeed even 
where others fail, and if there be any advantage in the system, 
they, if any, might be expected to find it. 
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The reasons why they are not included in the above list may 
well be worth consideration. 

Meanwhile, we cannot think that our discussion of the case 
at this time impairs the value of the work as a whole, or needs 
any apology. We therefore again present it to the Profession, 
in substantially its original form, and hope it will be found 
worthy of a continuance of the favor which has already been 
accorded to it. 

Bbthlehek, Febroazy, 18T7. 
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INTRODUCTIOlSr. 



HI8T0BI0AL AND CSITIOAL.''^ 

Thb subject of Graphical Statics has, since the appearance of Calmann^s 
work {Die gro/phisehe Btatiky Zurich, Meyer and Zeller, 1866), excited 
considerable attention, but an accurate and just estimate of its methods 
and practical value is still wanting. Thus there are some who oppose it ; 
others willingly accept it as an efficient and valuable aid in practical inves- 
tigations of stability ; still others even profess to see in it a future rival of 
Analytical Statics. This last somewhat remarkable claim seems apparently 
justified by a passage in Culmann^s preface, where it is asserted '* that the 
Graphical Statics will and must extend, as graphical methods find ever 
wider acceptance — but in such case, however, its treatment will soon escape 
the hands of the practitioner, and it will then be built up by the geometer 
and mechanic to a symmetrical wliole, which shall hold the same relation 
to the new geometry that analytical mechanics does to the higher analysis." 
These various and conflicting opinions find their supporters in technical 
schools and among engineers throughout G^ermany. 

In the consideration of the subject, we shall endeavor especially to give 
an objective presentation, but shall also feel at liberty to present our own 
opinions as well, and generally to venture such reflections as seem suited 
to throw light upon the matter. For both reasons it will sometimes be 
necessary to make apparent deviations, in order to point out the various 
fields in which these new investigations take root, to define their limits, and 
to decide in what directions and to what extent impulse and sustenance 
for farther development may exist. In such a manner only can we satis- 
factorily ascertain how far the graphical statics may safely count upon 
more than a passing recognition and brief existence. 

We have therefore to ask of the reader who wishes to obtain a just and 
accurate estimate of this new and, as we venture to think, highly important 
subject, patience for the following general considerations. 

* Ueber die graphische Statik^sur OrierUirung. By J. I. Weyrauch. Leip> 
Bg, 1874. 
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UPON MATHEMATICAL INVESTIGATIONS IN GENERAL. 

Mathematical truths may be attained in two essentially different methods 
— ^by synthesis or by analysis, by composition or by resolution. In synthe- 
sis, we ascend from particular cases to general ones ; in analysis, we descend 
from general cases to particulars. By synthesis we pass from the simplest 
or admitted truths, by combination and comparison, to more complicated 
phenomena. Analysis seeks to refer back such phenomena to their fun- 
damental relations, or to deduce special properties from the general con- 
ditions. 

The analysis of a phenomenon presupposes, then, an accurate compre- 
hension of all its elements. So far as these last stand in relations of cause 
and effect to the whole and its parts, or so far as such relations exist be- 
tween the parts themselves, they may be expressed by equations. Thus 
the operations which are necessary in analysis become independent of con- 
crete phenomena, and are governed only by the laws of abstract quantities 
as included by algebra in the widest sense of the word. Algebra, then, is 
not analysis itself, but only its instrument, " instrument precieux et neces- 
Kiire sans daute, puree quHl assure et facilite notre marche^ mais qui rCa par 
lui meme aucune vertu pT<ypre ; qui ne dirige point V esprit, mais que V esprit 
doit diriger comfne tout autre instruments^ (Poinsot, Theorie nouvelle de {a 
rotation, pr^s t V Acad., 1834). Ordinarily the higher branches of algebra, 
with which numberless really analytical investigations are connected, are 
designated as analysis. More properly, all investigations which rest upon 
equations of condition may be termed analytical investigations. 

Synthetic investigation rests mainly upon geometrical conceptions, and 
attains to the knowledge of phenomena through concrete conditions, which 
latter may be designated as spa^ relations and processes. Hence the usual 
division into analytical and geometrical methods, even in applied mathe- 
matics. We have thus with equal approj^riateness an analytical geometry 
as also a geometiical analysis. When pure geometry (in distinction from 
analytical) makes use of the symbols and operations of algebra, it is only 
to expi'ess with corresponding generality and more concisely than in worda 
truths attained to by abstraction, and independent of the dimensions of the 
auxiliary figure ; or so to formulate such truths that they may be applied 
in analytical investigation. Accordingly, such use of algebraic formulie 
has as little effect upon the synthetic process as from the above it would 
seem essential to the analytic treatment. In either case, algebra is but the 
instrument, the method lies back of and directs it. 

If analytical formulae and operations are entirely excluded from the 
more complicated geometrical investigations, we are at once restricted to 
general laws of metrical relation. There remains only the faculty of 
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abstraction and graphical construction. Tlie power of al>straction alone 
sntiices, indeed, to comprehend in full generality metrical relations in ele- 
mentary geometry and its simplest applications, but fails when the relations 
sought must be attained step by step by the application of a number of 
principles, or in the auxiliary figure by a number of constructions. If, 
indeed, we take the relation sought directly from the auxiliary figure 
itself, and even if it were possible to take out the required distances with 
db^lute accuracy, still this result obtained would stand to the general law 
desired only in the same relation that the result of a particular numerical 
computation does to -the more general algebraic formula. 

Investigations by the aid of graphical figures Mn^ however, make known 
general relations of farm and position, and have in this respect their special 
advantage. So far also as by them metrical relations are sought, then, by 
the exclusion of algebraic formulae, only the process of deduction — the 
routine of construction — remains of general significance. Sciences, then, 
which proceed in this manner, furnish indeed, with respect to metrical 
relations, no general laws, but for the deduction of these relations do give 
general methods. In this category we may place descriptive geometry and 
the more recent graphical statics. 



IL 

ANALTTIOAL AND GEOMETBICAL MECHANICS. 

It is hardly necessary in these days to call attention to the advantages 
of a geometrical treatment of mechanical problems. This, however, was 
not always the case, and the most important developments of geometrical 
mechanics belong to the present centiu-y. It is to Poinsot, Ghasles, Mobius, 
etc., that these developments are due. 

By the Calculus of Newton and Leibnitz (1646-1714), and its sul>sequent 
developmsnt, analysis became such a powerful instrument that the activity 
of mathematicians was for a long time solely directed towards analytical 
investigations. The power of analysis was in mechanics carried to its 
highest point by Lagrange (1736-1813), in his Mechanique aruilytiqiie. He 
undertook the problem of reducing mechanics to a series of analytical 
operations : *'' On ne trouvera point de figures dans cet ouvrag^. Les 
tnethodes que fy expose ne demandent ni constructions ni raisonnement geo- 
metnque ou mecanique, mais seulement des operations algehriqucs assujeties 
d une marche reguliere et uniforms "^^ (Mechaniqiie analytique. Paris, 1788.) 
Tlie principle of virtual velocities formed his point of departure. A 
number of text-books upon theoretical mechanics still follow the method 
of Lagrange. 

The revival of pure geometrical investigations by Monge (1746-1818), 
the creator of descriptive geometry, and his followers, could not well have 
been without its influence upon mechanics. In the year 1804 appeared 
the Elements de Statique^ by Poimot, in which, in contrast to Lagrange. 
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we find : ** qti^^ totut les theor^mes de la Statique rationeUe ne 9ont plus au 
fond que des theorhneH de Oeometriey This work was the beginning of a 
series of treatises in which the advantages of the synthetic development 
and geometrical treatment of mechanics were defended and, by most 
important results, strikingly demonstrated. 

At this time the views as to the l)e8t method of treating mathematical 
problems were sharply opposed. Camot (1758-1823), to whom, however, 
the modern geometry itself owes no slight impulse, gives the preference 
to analysis. For synthesis " est restreinte par la nature de ces procMes ; 
eUe ne pent jamais perdre de tme son objety ilfaut que cet olrjet s'^offre tou- 
jour s d Vesprity reel et nety ainsi que tous les rapprochements et combinaisons 
qu'on enfaiV^ (Oeometrie de position. Paris, 1803.) That which here Car- 
not considers as a defect in the synthetic and geometrical method, Poinsot 
claims as its special advantage : " On peut hien par ces calculs pltis ou moina 
longs et compliques parvenir d determiner le lieu ou se trouvera le corps au 
hout Sun temps donne, mais on le perd entiiremsnt de vue, tandis qu^on vou- 
drait V observer et le suivre, pour ainsi dire, des yeux dans tout le cours de sa 
rotation '' {Theorie nouv. d. I. rot d, corps). 

The example of Poinsot found numerous followers. In Germany, Mo- 
hius followed with his " Lehrbuch der Statik.^^ Mechanics as well as 
geometry thus received enrichment. Mobius gives the preference always 
to the synthetic method, and also endeavors to interpret geometrically, 
analytically deduced fomiulee — " because in investigations concerning 
bodies in space the geometrical method is a treatment of the subject itself, 
and is therefore the most natural, while by the analytical method the sub- 
ject is concealed and more or less lost sight of under extraneous signs " 
(Lehrb. d. StatiJc. Leipzig. 1837.) 

Even in analytical operations, geometrical considerations came more and 
more in the foreground. On all sides the development of Ki?iematics, the 
theory of motion without reference to its cause, was prosecuted. But, 
neglecting the cause of motion, there remains only its path ; that is, geo- 
metry proper (Kinematical geometry^ or t/ie geometry of motion). The in- 
vestigations of Chad^Sy Mobius, RodrigueSy Jfmquih'Cy and others, may yet 
bo still further pursued ; and when by tlie aid of geometry a certain com- 
pleteness has been given to the theory of the motion of invariable systems, 
the geometrical theory of regular varial>le systems (to which the flexible 
and ehistic belong; will be possible. For the discussion of such branches 
of mathematics, the synthetic geometry is necessary ; for their foundation 
lies in a theory of the relationship of systems. 

The advantage of the synthetic method in mechanics is denied by no 
one. Wherever it is possible, we obtain more comprehensive conclusions 
as to the nature of the phenomena, while all tlie properties of the same fol- 
low directly from the simple and known truths premised. In analytical 
investigations it is necessary, even when definite equations are obtained, to 
deduce the actual laws singly and in a supplementary manner, although 
they are indeed all contained in the equations thems(>lve8. 

It is not, however, always possible to preserve the synthetic process 
throughout. From the first truth the ways diverge in all directions, and 
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a special ingenuity is often needed to reach the goal. Just here analysis 
comes to our aid with its rich treasures of developed methods, and here it 
is most certainly not for geometry to ** undervalue the advantage afforded 
by a well-established routine, that in a certain degree may even outrun the 
thought itself " (F. Klein : Vergleichende Betracktimgen uber neuere geome- 
triMke Forsehungen, Erlangen, 1872, p. 41). Algebraic operations are 
thus, however, not the chief thing, but only the instrument — a most excel- 
lent instrument indeed, which can be almost universally applied, and 
which, by reason of its connection with an extensive and independent 
mechanism, often needs only to be set in action in order to work of itself. 

Geometrical mechanics, moreover, can never entirely free itself from 
analytical formulsB and operations. For though it may be both interesting 
and useful to follow, with Poinaot, the body during its entire rotation, yet 
practically this is of minor interest, and the chief problem remains still, 
" d- determiner U lieu ou ae trouvera le carps au hout d'un temps donne.'*'* 

In the present day all those familiar with both methods of treatment 
hold fast the good in each; they supplement each other. Often in the 
course of the same investigation we must interrupt the general analytical 
process with synthetic deductions, and inversely. Thus we may well close 
these considerations with the sentence with which Schnll begins his " Theo- 
rie der Bewegung und der Krdfte " — both methods, the analytic and the 
synthetic, can only, when united, give to mechanics that sharpness and 
clearness which at the present day ought to characterize all the mathemati- 
cal sciences. 



m. 

GEOMETBIOAL STATICS. 

Statics is a special case of dynamics, though earlier treated as indepen- 
dent of the latter. The principle of d^AUmbert furnishes the means of 
passing from one to the other. In technical mechanics the distinction is 
still preserved, and indeed, in view of the distinct branches in which the 
applications on either side, are found, not without propriety. 

After the mechanics of the ancients, as comprised in the mathematical 
collections of Pappus, the first great step towards our present geometrical 
statics was made by Simon 8tefnnus (1548-1603), when he represented the 
intensity and direction of forces by straight lines. Stevinus himself gave 
a proof of the importance of his method, in the principle deduced from it, 
that three forces acting upon a point are in equilibrium when they are pro- 
portional and parallel to the three sides of a right-angled triangle. 

A main discovery was the parallelogram of forces by Newton (1642- 
1727). The composition of two velocities in special cases was long famil- 
iar. Galileo made use of it for two velocities at right angles, and exam- 
ples also occur in Descartes, Roherval, Mersenne, and Wallis, but the funda- 
mental principle was first established when Newton replaced the theories 
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of special by that of uniyerAal causation (PhilosophicB naturalia principia 
mathematical London, 1687). 

Varignon in bis **Projet d'une nouMHleme4:anique,''^ in the same year (1687), 
and independently of Newton, applied for the first time the general princi- 
ple of the composition of motions. From this he passes, in the NouvdU 
mecanique au statiquey dont le prajet fut donne en 1687 (published after 
his death, Paris, 1725),'by means of the axiom that ** les effete aani toujoure 
proportionneU d leure causes oa forces productrices '* to the composition of 
forces also. 

The Statique of Varignon is purely geometrical. He postulates nothing 
beyond books 1-6 and 11 of Euclid, and even explains the significance of 
+ and — signs. In this work, the first founded upon the parallelogram of 
motion and of forces, we find also the force and equilibrium polygons 
(Funiculaire, Section XL), to the application and development of which 
almost the whole of Graphical Statics is to be attributed. Varignon recog- 
nized the value of the equilibrium polygon, and gave it as the seventh of 
the simple machines. 

After the great Interim of Geometry, Monge wrote a Traite elementaire 
de Statique (Paris, 1786). The work claims to contain for the first time 
everything in statics which can be synthetically deduced. In a later edi- 
tion we learn that synthetical statics must be taken up as preliminary to 
analytical, }ust as elementary geometry before analytical geometry. Thus 
the work of Monge contains the necessary preparation for I\>isson^s ^^TraiU 
de mecanique'''' (Paris, 1811). 

The greatest influence upon the development of geometrical statics was 
exercised by PoinsoU By the introduction of force pairs, he solved in the 
most elegant manner the fundamental problem of any number of forces 
acting upon a body (Elements de Statique, Paris, 1804, and Memoirs sur 
la composition des moments et des aires dans la mecanique). 

Chasles completed the solution by the proof that the contents of the 
tetrahedron, which is determined by the resultant forces, is constant, how- 
ever the forces may be composed. 

In the hands of MoMus, geometry and geometrical statics were most com- 
pletely developed. 

Of the greatest importance, for later applications, was the introduction 
of the rule of signs. 

The germ of this had existed already in the preceding century.* Mobin^ 
recognized its significance, extended it to the expression of the contents of 
triangles, polygons, and three-sided pyramids, and applied it systemati- 
cally (Barycentrischer Calcul. Leipzig, 1827). 

A new impulse, extended field of action, and numerous additions were 
given to geometrical statics by the Graphical Statics of Culmann, 

* Mobios alludes to this, and we find, for example, in Eastner ( Oeemetrisehe 
Abhandhmgen^ I Saml., 1790, p. 464), the equation A B + B A = o. 
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IV. 

THE GRAPHICAL CALCULUS. 

The most extended applications of statics are in the field of en^neering. 
Here, not only general properties of form and position are required, but in 
a large number of cases numerical relations are also necessary. General 
results of the latter character cslu, as we have seen, only be embraced by 
algebraic formulae (!.)• The pure graphical theory of construction is there- 
fore in this respect lacking in completeness, as it is unable to furnish genr 
ercU metrical relations. 

The practical engineer has almost always, however, to do with special 
problems ; dimensions and acting forces are numerically given. Qeometiy 
in such cases could give no general relations, because the results desired 
are the consequences of the special proportions of the figure. In any de- 
terminate case, however, we may obtain a result holding good for that case, 
and it only remains to show how generally to obtain such a result. The 
graphical calculus treats of such methods, and so, although not exclusively, 
does graphical statics. As soon now as practical use is made of the actual 
proportions of the figure, everything dep^ds upon the exactness of the 
drawing. One condition for the application of the graphical method is, 
therefore, skill in geometrical drawing — a requisition, indeed, wliich the 
pi*actical engineer can most readily meet. 

The idea at bottom of the graphical calculus is simple. The modifica- 
tions of numbers in numerical calculations correspond always to similar 
modifications of the quantities represented by these numbers. The measure 
of a quantity can be as well given by a line as a number, by putting in 
place of the numerical the linear unit. In order for a graphical calculus, 
then, the modifications of lines answering to corresponding numerical 
operations are necessary, and these are furnished by geometry. They con- 
sist of graphical constructions, and rest upon the known properties of 
geometrical figures. The scale furnishes the means of converting directly 
any numerical quantity into its corresponding linear representation, and 
inversely any graphically obtained result can be at once transformed into 
numbers. 

The graphical determination of desired or computable numbers is natu- 
rally nothing new. Prom the " Traite de Gnomoniqus^'* of de la Hire 
(1682) to the ^* Oeometris descripti'oe^^ of Mbnge (1788), many examples 
are to be found. The graphical calculus, however, goes further than this. 
It aims to found a method, a routine^ which shall not only apply to bodies 
in space, but which shall also, like the arithmetical or algebraic calculus, 
be independent of concrete relations and of general application. It seeks 
farther to obtain its results (products and powers) in the shape of lines 
convertible by scale into numbers. ^ Hence the important part which area 
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transformation plays in the graphical calculus.) Such was the problem 
which Caunnery proposed, and whose solution he attempted in his ** Calcul 
par le trait " {Sea EUmetiU et sea applications. Paris, 1889). 

Cousinery applied the graphical calculus to powers, roots, proportion 
and progression; to the measure of lines, surfaces, cubes, graphic inter- 
polation, and the stability of retaining walls. The presentation is nat- 
urally by no means complete, and labors also under a prolixity and 
minuteness of detail to which the results obtained are by no means com- 
mensurate. It sounds somewhat comic when Cousinery, in his " Caleul par 
le trait,^^ claims the then already-existing graphical solutions of Btmedet 
(** Memoire sur la stdb^ilite des revetements, in Memorial de Voff du genie ^^) 
as an elegant example of the application of his graphical calculus. 

While Cousinery thus sought to apply geometry in a direction wliere 
until then analysis had held sway, he acted in entire accordance with the 
spirit of his age, though without making use of those means for aid which 
lay at his disposal. '* Without effect upon him,^' says Culmann, ** were 
the researches of Steiner, already published in 1882, as well as those of 
his predecessor; and instead of simply premising the elementary prin- 
ciples of the modem geometry, he laboriously sought to deduce them in- 
dependently by the aid of perBi)ectiTe." The works, at least, of the French 
predecessors of Steiner were, at any rate, well known to Cousinery. In his 
preface we read: *^Peut-6tre m6me nos efforts eussent-ils 6t4 compl^te- 
ment infructueux, sans les ressources que nous ont procur6es et les annale? 
de M. Ctergonne et les travaux de M. Brianchon, et ceux plus r^cents de 
M. Poncelct. Nous ayons en vers M. Chasles une obligation encore plus 
droite, car outre les pr^cieux documents que renferme son * Histaire dee 
mithodes en geometrie,^ nous avous & lui faire agr^er un t^moignage par- 
ticulier de reconnaissance pour la mani^re dont il a bien voulu mcntionner 
nos premiers essais sur le syst^mc de projection polaire.'^ 

Why Cousinery made use of perspective and not of the modem geome- 
try, is easily understood. The development of geometry at that time, as to- 
day, proceeded in various almost independent directions, and Cousinery 
himself had the pleasure of seeing his " Oeometrie perspective^^ (Paris, 
1828) designated by the reporters for the Academy, Fresnel and Jfatthieu^ 
as new and ingenious, as well as favorably noticed by Chasles,* He 
sought, therefore, naturally to develop and render fruitful his own method, 
so much the more as the true significance and value of the various growing 
branches of geometry could not then, as now, be correctly estimated. Ac- 
cordingly, the Ing6nieur-en-chef, B. E. Cousinery, wrote avowedly for his 
colleagues, and did not feel justified in directly premising a knowledge of 
the newest investigations, more especially of his own. 

We have noticed the above somewhat in detail, l^ecause it bears directly 

* Its newness, at least, is not without doubt. According to Fiedler^ the 
principles aze completely given in LamberVs celebrated work, ** Die frde 
Perspective^' (Zurich, 1759). Poneelet also takes issue with the estimation of 
the " Getmetrie perspective'' by Chades (** TraiU des propr. prqj,;' IL, 6d. 
1805, p. 412). 
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upon a point of our discussion ; for the introduction of the modem 
geometry in the graphical method by CuLmann^ is still, thirty years after 
Cousinery, a chief hindrance to its rapid spread.* 

After Cousinery, no one occupied himself with the graphical calculus 
till Culmann gave it a place in his Graphische Statik, The presenta- 
tion is here far better, and especially shorter. The rule of signs, wliich 
was unknown to Cousinery, is at once brought out. Instead of such 
long and tedious applications as the graphical interpolation, a few 
examples from engineering practice are given, among which we may 
especially notice earth-work calculations. In the extensive earth works of 
roads, canals, and railways, the method shows not only most plainly the 
extent and best arrangement of transport, but also allows, with the aid of 
the planimetre, the cost of transport to be determined. 

As to the rest, it would appear as if the graphical calculus should play 
an important part in engineering practice. This circumstance, as well as 
the interesting problems which present themselves in connection, has 
^^ned for the Arithmography many friends. Several puI>lications 
have since sought to prin for it a wider recognition without furnishing 
anything essentially new. [IT. Eggera : " Grundziige einer graphischcn 
Arithmetic," Bchaffhauscn, 1865. J, SeMesinger : ** Ueber Potenzcurven," 
Zeitschr. d. fisterr. Arch. u. Ing. Ver., 1866. B. Jdger : " Das graphischen 
Rechnen," Speicr, 1867. K. eon Ott : " Grundziige des graphischen Rech- 
nens undder graphischen Statik,*^ Prag, 1871.] 

Recently the method of the graphical calculus has been applied to Dif- 
ferentiation and Integration. A treatise by 8olin shows the first exact, so 
far as possible in a construction, the last approximate only (*' Ueber graph. 
Integr. ein Beitrag z. Arithmographie, Abhand. d. kOnigl. bohm. Gesellsch. 
d. Wiasenbach." VI. Folge, 5 Bd. Separate reprint by Rivnftc, Prag, 
1871). It is to be remarked also that examples of double integration and 
differentiation were given by Mohr in 1868. The graphical construction 
of the elastic line, and the determination of the moments at the supports 
t>f a continuous girder, are essentially examples in point {Mohr: "Bei- 
trag zur Theorie der Holz und Eisenconstructionen,'^ Zeitschr. d. Hannov. 
Ing. und Arch. Ver., 1869; or W, Bitter: "Die elastische Linie," Zurich, 
1871.) 

As to the importance of the graphical calculus as an independent study 
or discipline, it is, as we believe, often exaggerated. The theoretical value is 
Imt little, for graphical constructions, as given by the graphical calculus, 
offer in no respect anything new. That which pertains to practical applica- 
tions may be easily based directly upon geometry, and is nowhere found 
as a consequence of the method itself. If it is considered advisable to call 
special attention to a few general points before making such applications, 
all that can be desired can be easily presented in ten or a dozen pages 
octavo. 

* See Preface ; also Chaps. Y II. and VIII. of this Introduction. 

o 
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V. 

OSAPHICAL BEPBE8ENTATI0N. 

Graphical representation, in the widest sense of the word, includes eyery 
yisible result of writing or drawing. The written sentence is the graphi- 
cal representation of a thought — ^the drawn line the graphical indication of 
an idea. In such generality we naturally do not here regard graphical 
representation. In a narrower sense we understand the graphical represen- 
tation of the diversity or dependence of numerical quantities. In this 
sense we cannot 8i)eak of the graphical representation of pure geometry. 
This last was introduced into analysis by Vieta (1540-1603). Here the 
figure merely aids the conception, while the equation embraces the charac- 
teristics of the phenomena (L), and ensures the independent character of 
the drawn lines. Thus the clearness of geometry is combined with the 
fruitfulness of analysis. 

If the graphical representation is constructed from a number of suitably 
chosen and calculated values, the intermediate values can be directly meas- 
ured and, by means of the scale, reconverted into numbers. The graphical 
representation, then, replaces numerical tables. Illustrative examples often 
occur in practice. We instance, for example, the graphical representation 
of maximum moments and shearing forces in the continuous girder. If 
the several values are calculated from a formula, their graphical union gives 
a simultaneous view — a picture — of the law which the formula represents. 
If these values are merely known— obtervedy for example their graphical 
combination may enable us to deduce the law which connects them. Thus 
the graphical representation is of assistance in the deduction of empirical 
formulae, and indirectly in the discovery of exact relations. Illustrations 
of such application occur frequently in applied mathematics, especiaUy in 
astronomy and meteorology. 

In this connection we may also remark that graphical representation 
plays also an important part in statistics. By its aid a comprehensive view 
is obtained of a series of separate results. Or it may be applied to still 
higher problems — for example, from comparison of simultaneous but differ- 
ent series of observations to determine an inner connection. 

In engineering practice, graphical representations have in recent times 
notably multiplied. Ail graphical constructions, so far as they do not de- 
pend upon analytical formulas, and therefore ai'e not directly given by 
geometrical laws, are nothing more than consequences of graphical repre- 
sentation. 
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VI. 
GRAPHICAL STATICS. 

The few text-books upon graphical statics and the more numerous works 
upon its applications, afford us no definition, and can afford none, because 
neither the method nor scope of this new study are anywhere sufficiently 
indicated. 

If, following Culmann, we speak of it in contradistinction to the appli- 
cations of a pure graphical statics, we may define it somewhat as follows : 
Qraphical Statics comprises the theory of those geometrical constructions which 
occur in the graphical solution of statical engineering problems ; it treats 
further of the general relations deducible from such constructions. This 
limitation, so far as it does not follow from the preceding, we shall seek 
in the course of these remarks still further to establish. 

Graphical representations of analytically obtained results have, as has 
been already noticed, long been used in engineering practice. They served 
also the purposes noticed in the preceding chapter. Often also certain 
values, whose analytical determination is somewhat complicated, have 
been sought by graphical constructions. Examples of this may 1>e found 
in many text-books upon the theory of structures, and we notice only, as 
one of the most notable of recent date, the construction of lever arms and 
limits of loading in A. Hitter's '^Theorie und Berechnung eisemer Dach 
und BrQckenconstructionon '^ (Hannover, 1862). Pbneelet applied analy- 
sis in general to practical investigations, but sought in several complicated 
ca.«es to elucidate the deductions of formulte by gaomstrical constructions, 
and to deduce graphical solutions from analytical relations. This pro- 
cedure found considerable acceptance, and the investigations of Bjncelet 
were afterwards resumed upon more general assumptions by Saint Ouil- 
hem (Memoire sur la poussee des terres aoec on sans surcharge, Ann, des 
fonts et ehauss.y 1858, sem. 1, p. 310). 

The first, however, to give pure geometrical determinations of stability 
in structures was Cousinery, He gave a number of examples as applica- 
tions of his graphical calculus, but his ideas appear to have found in 
France little acceptance. On the other hand, the graphical construction of 
the curve of pressure in the arch by Mery (Memoire sur VequilibredesvoUtes 
en hrrceau — ann, d. ponts et chauss,, 1840, sem. 1, p. 50) was extensively 
used, and has since been extended by Durand-Claye to iron arches also 
{Ann, d. ponts et chattss., 1807, sem. 1, p. 68, and 1868, sem. 1, p. 109). 
Special prominence was given to graphical investigations of stability by 
Culmann's "Graphische Statik " (fii-st part, Zurich, 1804, entire work, 
1866 ; second edition, 1st part, 1875.) 

This work of Culmann must be considered as original in all those parts 
relating to structures. Poncelet and Cousinery, beyond the general idea, 
furnished only unessential contributions. Culmann recognized the fruit- 
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fulness of the relations between the force and equilibrium polygon, upon 
which most of the practical solutions depend. He developed these rela- 
tions, applied them in the theory of moments by the introduction of the 
closing Ime {SMuss Linie), and, accepting the rule of signs, obtained gen- 
eral points of view for the discussion of the most diverse figures which 
could aiise in the same problem. In this and in many other respects even 
geometrical statics can profit from Culmann^s work, as, for instance, in the 
investigation of the projective relations between the force and equilibrium 
polygon. 

The fundamental importance of the force and equilibrium polygon was 
also recognized by those who, after Culmann, occupied themselves witli 
the graphical method. Here we may notice two works of special influence 
upon the development of the graphical statics — those of Mohr and Cre- 
mona, The idea of Mohr^ that the elastic line is an equilibrium polygon or 
curve (** Beitrag zur Theorie der Holz und Eisenconstmctionen." Zeitschr. 
d. Hannov. Ing. und Arch. Yer., 1868) is of special significance forgraphi. 
cal statics. 

That from it Mohr obtained the graphical determination of the moments 
at the suppoi-ts of a continuous girder, is an example both useful as well 
as interesting. Already it has been endeavored to utilize the same idea in 
other cases {Frdnhel : " zur Theorie der Elastischen Bogentrflger,'' Zeitschr. 
d. Hannov. Ing. u. Arch. Ver., 1869, p. 115), and by it an impulse has been 
given to similar investigations. 

Cremona has kept more especially in view the geometrical side of graphi- 
cal statics. Starting from the theory of reciprocal polyhedrons, he gave 
the reciprocal relations between the force and equilibrium polygon with a 
generality and elegance to be expected from this distinguished Italian 
mathematician {Le figure reciproche nelle statica ffrafic/i, Milan, Lfinger, 
1872). By this investigation the theoretical development of the graphical 
statics is essentially anticipated. 

It was under the most unfavorable circumstances that Culmann intro- 
duced his graphical statics in the engineering department of the Zurich 
Polytechnic in the year 1860. It was finally, indeed, admitted as a regular 
study, but not the geometry of position which he premised. It was not 
till 1864 that this last was given in a series of lectures by Reye, and then 
the time at disposition fur both courses was insufficient. Meanw^hilc the 
method spread, crept into the construction department of the engineering 
school, and wherever it came, even in the other departments of the Poly- 
technic, gained friends. Finally, at the present time, it is to be found, to- 
gether with the modern geometry of position, upon which it was based, in 
every Polytechnic throughout Germany. 

According to the above given definition of graphical statics, the methods 
of the graphical calculus, as far as applied in statical investigations, may 
also be regarded as belonging to graphical statics, and justly so ; for 
these methods follow directly from gc*ometrical principles, and can be ap- 
plied by any one acquamted with geometry, ^vithout being collected under 
the special nams of the " graphical calculus." Thus, for instance, Baiutch- 
inger, in his "Elemente der graphischen Statik" (Milnchcn, 1871), disre- 
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gards entirely the graphical calculus, and also cuts loose from the modem 
geometry ; he develops the elementary principles of the subject in a logi- 
cal and easily comprehended, if not purely geometrical manner, and thus 
brings the subject >vithin the reach of those persons for whom it seems so 
especially designed. The work is remarkable for clear presentation, but 
expressly avoids all special investigations and practical applications, for 
which it is merely intended to prepare the way. In the present work, also, 
a similar plan is {pursued, but all such applications as are of most value to 
the engineer or mechanic find likewise a place. Thus, combining the 
method of presentation of JBatuchinffer and the practical applications of 
Culmann, it has been endeavored to make it a practical manual, as well aa 
a text-book of elementary principles — to serve the wants of the practical 
engineer, and also meet the requirements of the engineering student. How 
far this twofold design has been realized, the judgment of the reader 
most decide. 



YIL 

THE METHODS AND LIMITS OF THE GBAPHIOAL STATICS. 

Tlie most perfect method of the graphical statics is the synthetic or geo- 
metric, since in geometrical statics the solution must always, when possi- 
ble, rest upon pure mechanical or geometrical reasoning. Culmann pre- 
sents his graphical statics to practitioners '' as an attempt to solve by the 
aid of the modern geometry such problems pertaining to engineering prac- 
tice as are susceptible of geometrical treatment.^* 

The graphical statics, however, is not in and of itself the product of 
endeavors to make the modern geometry of service in applied mechanics ; 
graphical- wlutions merely were required. How to obtain these, was 
another question. Thus it is that Poncelet^s solutions consist almost en- 
tirely of graphical representations of analytical relations ; that Cousinery 
avoided all use of f ormulse ; that Culmann made use of the new geometry 
wherever it was possible ; that Bauschinger and others make use only of 
the ancient geometry ; and that the latest graphical solutions — in a certain 
degree, those of Mohr also — entirely in the spirit of Poncelet's, rest again 
upon analysis. The pure geometric solution is, indeed, desirable, but is not 
always attainable. 

If now we review all the cases in which direct and exclusively geomet- 
rical solutions are not possible, we see at once that this occurs when it is 
required to make use of the physical properties of bodies, as elasticity, co- 
hesion, etc. Why ? The actual condition of a body after equilibrium is 
attained, is a consequence of the motion of a variable system of points. 
The theory of the motion of variable systems has, however, by no means, as 
yet, been brought to practical efficiency (IL). We are therefore obliged to 
start from an hypothetical condition or state of the body (in the theory oi 
flexure, for instance, we rest upon the assumption that all plane cross-sec- 
uons made before the action of the outer forced remain plane after their 
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action). To deduce now from this general condition the special relations 
necessary for solution, demands an essentially analytical process (T) 
Hence the dependence of the graphical solutions in such cases upon ana- 
lytical relations — relations which, when the body is assumed to be rigid, 
as in the arch, in frame work, or the simple girder, no longer exist. 

The sphere of action of an independent graphical statics is, then, con- 
fined to those problems which, under the assumption of inflexibility, are 
det<irmined by a sufficient number of conditions. Beyond this point we 
have chiefly graphical interpretation only. 

It has been already noticed that graphical statics, without the applicatipn 
of algebraic operations, can furnish no general laws (IV.). From relatively 
simple figures, indeed, here and there, general formulae of metrical relations 
have been derived, as is, in fact, not theoretically impossible (I.), but such 
f ormulce were always previously known. Such a result holds, in general, 
immediately good only for that form of figure which has been discussed, 
or, according to the terminology of Carnoty only for the existing " primi- 
tive figure," and must be proved or transformed for all ** correlative 
figures " which can occur in accordance with the conditions of the prob- 
lem. When the graphical investigation is guided by analytical opera- 
tions, it is these last which render possible the deduction of general metri- 
cal relations. 

Thus, in the theory of structures, there remains subject to pure graphical 
treatment only the general relations of form and position. Here we have 
the elegant deductions upon unfavorable loading, and here the graphical 
method often attains its end in a more elegant manner than the analytical. 
A complete exploration and development of such form and place relations, 
without a geometry of position, would evidently be impossible (IX. ^. The 
scientific future of the graphical statics, therefore, rests essentially upon 
the influence of the modem geometry. To endeavor to separate the higher 
geometry from the graphical method ^ould be as unwise and fruitless as 
the attempt to exclude the higher analysis from analytical investigations. 
As, however, for certain purposes an elementary presentation of analytical 
theories relating to engineering practice will ever be acceptable, so also an 
elementary development of graphical methods is not without justification, 
the more so as long as the modem geometry itself is not sufiiciently well 
known. 

CtUtnann says of the graphical statics: *'It includes, thus far, only the 
general part which we need in the investigation of prol)lems in constrac- 
tion, but it must and will extend, as graphical methods find ever wider 
acceptance. Then, however, it will escape the hands of the practitioner, 
and must be built up by the geometer and mechanic to a symmetrical 
whole, which shall bear the same relation to the new geometry that analy ti • 
cal mechanics docs to the higher analysis." Such an estimation does not 
appear to be entirely correct. It is geomstrical statics (or mechanics) for 
which the above relation may subsist, and to this, indeed, Culmann's valu- 
able work has itself greatly contributed. It was, moreover, developed 
quite independently of and much earlier than graphical statics (III.). In 
this respect, therefore, the spread of graphical methods is of less impor- 
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tance than that of geometrical views and knowledge ; for when practical 
calculations are disregarded, and the deduction of general truths alone 
occupies ns, then, first of all, we must exclude from the drawn figure al? 
ipedal relations — that is, strike out of graphical statics the essentially 
graphical part A truth comprehended only in the abstract holds good 
for all figures which can be drawn in accordance with the given condi- 
tions. 

We place, then, in one line geometry and geometrical statics (mechanics). 
From geometry we obtain a method of construction, or descriptive geome- 
try, which finds its practical applications in architecture and machine 
drawing. From geometrical statics we obtain also a constniction method 
or rontin3 — viz., graphical statics — ^which finds its practical applications in 
the graphical calculation of structures and machines. Both descriptive 
geometry and graphical statics have still, with reference to these practical 
ends, to develop and make use of the general relations which subsist be- 
tween the geometrical constructions to which they give rise, and thus each, 
according to its means, contribute to the discovery and spread of geo- 
metrical and mechanical truths. 

From this co-ordination of descriptive geometiy and graphical statics 
we must not, however, infer an equal importance ; for, while in geometri- 
cal drawing we have always to represent an ideal image, and the graphical 
method is therefore directly suggested, we have for statical calculations 
the analytical process also at our disposal, and everything depends then 
upon the relative advantages and disadvantages of the graphical and ana- 
lytical methods. We have thus noticed all the most important points 
which occur in a theoretical consideration, and there only remains to make 
a comparison from a practical standpoint (X.). 



vin. 

THE MODERN GEOMETRY. 



Qeometry treats of figures or constructions in space. These figures and 
their properties are not always regarded and treated in equal extent and 
generality. 

Geometrical knowledge found its origin in practical needs, and the 
ancients confined themselves almost exclusively to special investigations 
of individual figures and bodies of definite form, such as presented them- 
selves to the eye. In the pTiorism^s of Euclid (-285), according to Pappus 
(end of the fourth century), the mutual relations of the circle and straight 
lines were, indeed, given with a certain degree of completeness, but these 
have not come down to ns. 

Properties thus determined had naturally only a limited significance, 
and could neither count upon permanence nor give satisfactory conclu- 
sions. Investigators sought, therefore, assistance where it was best afforded, 
in analysis. This was, in the sixteenth century, by the algebra of Vieta 
(1540-1608), notably enriched. 
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From this period geometry,, for a long time, served merely as an aid to 
analysis, interpreting graphically its results (Y.). From this union the 
greatest advantages were derived, as analysis led to the infinitesimal cal- 
culus of Newton and Leibnitz, and geometry to the analytical geometry of 
Descartes (1596-1650). 

But the extension and generality which geometrical truths received by 
this great creation of Descartes was essentially due to analysis. Demrgues 
(1503-1662) and Biseal (1628-1662) extended pure geometrical considera- 
tions, and made the first step towards the modem geometry when they 
regarded the conic sections as projections of the circle, and deduced the 
properties of the first from those of the last. Then Be la Hire (1640-1718), 
Le Poivre (1704) and Huygens (1629-1695) occupied themselves with geo- 
metrical investigations. While the two first developed the methods of 
Desargues and Pascal, Huygens and, later, Newton (1642-1727) applied 
pure geometry in optics and mechanics. Soon, however, the Calculus of 
Newton and Leibnitz (1684 and 1687) showed itself so wonderfully fertile 
in analytical geometry, that geometry proper was put in the background. 
Only a few, as Larribert (1728-1777), still regarded it with favor. 

Then appeared Monge (1728-1777), and gave the impulse to a complete 
revolution in geometrical views, and to the reconstruction of the science 
upon a new basis. In his Le^ns de Oeometrie descriptive (Paris, 1788), all 
those problems previously treated in a special and uncertain manner in 
stereotomy, persjiective, gnomonics, etc., were referred back to a few gen- 
eral principles, and, without the aid of analysis, tlie most important prop- 
erties of lines and surfaces were deduced. While descriptive geometry 
taught the relations between bodies in space and drawn figures, it strength- 
ened the power of abstraction ; introducing into geometry the transforma- 
tion of figures, it gave to its deductions an advantage till then possessed 
only by analysis; and while, finally, it owed its comprehensive results to 
the application of projections, it pointed the way for the further develop- 
ment of geometry itself 

Meanwhile, in the field of analytical geometry, the conclusion had been 
reached that the desired truths admitted of a still more general compre- 
hension. All properties had been obtained only with respect to and by 
means of a determinate co-ordinate system. But already Godin CI 704- 
1760) had announced ** que Vart de decouvrir les proprietes dsa courbes est 
d propreinent parler, Vart de changer le systimf, de co-ordonnees'*'' (^Traite deu 
proprietes communes d toutes les eourhes). This idea Carnot seized upon 
(1753-1823), and in the sixth chapter of his Geometrie deposition (Paris, 
1803) he sought to obtain a more general comprehension of figures by 
analysis, and to avoid the indeterminancy of tliis last by the introduction 
of the idea of position, and by many solutions after the method already 
pointed out by Liebnitz and d'Alembert. 

Now began a veritable race in the condensation and promulgation of 
geometrical truths, in which the pure geometrical method obtained the 
palm. The scholars of Monge — Brianchon^ Servois, Chasles, Poncelet, Ger- 
gonne — working with him and in his spirit, filled the Annales d^ mathi^ 
matiques and the Correspondance sur VecoU polytecknique with new re- 
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suits — the two last named discoyering the general law of reciprocity or du- 
ality. 

The foundation proper of the modem geometry was laid by Poncelet in 
bis I'raite des propriety fyrojectiveMdea figures (Paris, 1828): ^^Aggrandir les 
rewurees de la simple Geametrie, en gmeraliser les conceptions et le tankage oi'- 
dinairement assez restfeints, lesrapproeher deceuxde la Qeometrie analytiqMy 
et surtout offrir des moyens generaux^ propres d d&montrer et dfaire decouvrir, 
d'une maniire/acilef cette dasse de proprietes dont jovissent les figures qitand 
on les eoTisidire cfune maniire purement dbstraite et independamment d^au- 
eune grandeur ahsolue et determiniey td est Pobjet qu^on s*est specialemeni 
pr(^S6 dans eet ouvrage?^ 

The new ideas found in Gtermany especially fruitful soiL Mobius, 
PiueheVy Steiner, Chassman, and many others, proceeding in part from 
entirely different points of view, opened 5ut an abundance of new direc- 
tioDS which have not yet been thoroughly explored, and which, in union 
with other investigations, have caused a thorough change in our concep- 
tions of space relations, whose latest phases are indicated by the names of 
Hiemann, Hdmholtz and Lie-klein, 

In this development period, also, still existed the two parties in analyti- 
cal and synthetic, or pure geometry. Plucker held the analytical relations 
as the most general, and which were with advantage to 1>e illustrated and 
interpreted geometrically; while Steiner recognized in the space figure 
itself the true object and most efficient aid of investigation. Both direc- 
tions — the modem analytic and synthetic — ^lead naturally to the same results. 
With reference to the methods, however, they diverge the nearer the ideas 
and transformations of geometry approach the generality and easo of the 
algebraic method, thus rendering possible an abandonment of this last. 
Tlius, while analytical geometry, through the theory of determinants of 
Hesse, came into ever closer connection with analysis— a direction in which 
English and Italian investigators — as Salmon, Cayley, Cremona — brilliantly 
assisted, the Erlaugen Professor von Staudt cut loose from algebraic formu- 
lae and metrical relations, and gave us the geometry of position {NUrnherg, 
1847, Beitr. z, Geom. d. Lage). 

After von Staudt, the strict geometry of position remained a long time 
disregarded, while the synthetic geometry of Steiner has enjoyed, without 
intermission till the present day, a special preference on the part of mathe- 
maticians. One reason may indeed be that mathematicians take little in- 
terest in an independence of geometry to which analysis can lay no claim ; 
but another, still more potent, is the extremely condensed, almost schematic 
presentation of yon Staudt, which has not exactly an encouraging effect 
upon every one. 

CuZmann gave the impulse to a change in this respect In his graphical 
statics he rests directly upon the work of von Staudt, and, with something 
more than boldness, assumes a knowledge of the geometry of position 
among all practical men. Such a course was not indispensable for the 
foundation of his method, and impeded the spread of the graphical stat- 
ics ; but by it th^ geometry of position gained. This last had next, of 
necessity, to be introduced into the Ziirich Polytechnic, and thus arose the 
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first, until now, only complete text-book upon the subject, the " Geometrie 
der Lage," by Heye (Hannover, 1868), as the direct result of the graphical 
statics of Culmann. 

Since then, the modem geometry has been introduced into all technical 
institutions throughout Germany, and thus placed at the disposal of the 
arts and sciences. 

As, according to its founder, Poncelet, it reaches the highest range of 
speculation, so also in the most practical relations it acts to simplify and 
condense : ** Bsu d peu les connaissances algebriques deviendront mains in- 
dispensables, et la seieruie^ reduite d ce qu'elle doit Stre, d ee qu^dle devrait Stre 
dejd, aera ainai mUe d la portee de eette classe d'hommeSj qui n^a que dei mo- 
ments fort rarea d y conaacrery 

[For illustrations of the method of the modem geometry, the reader may 
consult the Appendix to this chapter.] 



IX. 

THE MODERN GEOMETRY IN ENGINEERING PRACTICE. 

One who should infer that a science created thus from its very inception 
with reference to the needs of practice"* must have found access, above all, 
in technical circles, would be much mistaken. As Culmann sent out his 
graphical statics, deep silence prevailed, and if the modem geometry ap- 
peared here and there in the lecture plan of one and another polytechnic, it 
was, without doubt, due to the zeal of some enthusiastic privat docent who 
had undertaken the thankless task of holding forth to empty benches. 

Whence came this indifference to a discipline proceeding from the EeoU 
poly technique f It is hard, indeed, to find a sufficient reason. "We of ten 
hear it said that by reason of the colossal extension which engineering 
sciences have experienced, students are already overburdened. Most tme I 
and it is just here that the modem geometry comes to our assistance. It 
is precisely to this that the learned critic of Monge, Dupin, alludes : " /i 
a&mhie que dana Vetat actuel dea acieneea mathSmatiquea Is aeul moyen d^emr 
pSclier que leur domains ne devienne trop vaate pour noire inteUigencey c^eat 
de generalUer de plv-a en plua lea tMoriea que cea acieneea emhraaaent^ etfin 
qtCun petit nomhre dea verilea generalea et fecondea aoit dana la tSte dea 
hommea Vexpreaaion ahregee de la plua grande 'cariete deaf aits partietdieray 

The modern geometry in its present form starts with a small number of 
elementary constructions whose properties are first set forth, and then, pro- 
ceeding from these by combination and comparison, it covers the entire 
department of space. The engineer, during and after his preparation, has 
to do with space problems, with geometrical principles and constmctions ; 



* Poncelet himself set upon the title-page of his work : " Outrage utile d 
ceux qui a^occupent dea appUeationa de la OSometrie deaeriptive et d*cpSrati<m$ 
geometriquea aur U terrain,^^ 
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"how many superfluous defiuitions and demonstrations could not be 
spared, if they were already completely comprehended and recognized b^ 
the scholar as parts of a liigher whole" {Oulrnann — **Die Graphischo 
Statik "). At no very distant day it will nO longer be possible to read a 
scientific work upon applied mathematics without familiarity with the 
principles of the modem geometry.* Permitting pure graphical applica- 
tions, without the aid of analytic symbols, it forms the common point of 
view for descriptive geometry, practical geometry, and graphical statics. 

Descriptive geometry existed before the modem, and this last has spmng 
from it Now. reversely, the geometry of position comes to the aid of 
descriptive geometry, and offers in return its most fruitful pnnciples and 
efficient aid. Thus in descriptive geometry we may refer to the works of 
BMke, SMeHngeTj and Fiedler. The effect of the geometry of position in 
this direction to simplify and condense may be seen from the work of 
Staudigl (** Ueber die Identitftt von Constractionen in perspective, schiefer 
und orthogonaler Projection "), where it is proved that " all problems of 
the descriptive geometry, in which neither linear nor angular measure are 
considered — ^therefore all problems which belong to the geometry of posi- 
tion — can in similar manner and by precisely similar constructions be solved 
as well in perspective as in oblique and orthagonal projection.'^ In shades 
and shadows and in geometrical drawing, Burmeieter and BsmIus owe to 
the modem geometry the simplicity of their constructions. 

In the department of practiced geometry also, in geodesy, perspective, 
surveying, we mark the influence of the modern geometry in the works of 
MuUer and Spangenberg^ of FranJce and Baur. 

In mechanics and physics, we see it again in the works of Lindemann^ 
Burmeister and 2iech, 



PBAcnoAL significance; of the graphical srrATics. 

We have already remarked (YII.) that the importance of graphical 
statics is in great part dependent upon its advantages as compared with 
the .analytical method, and have reserved for this place a comparison from 
a practical point of view. 

Here, first of all, we have to notice the independence of the graphical 
constmction of the regularity or irregularity of the given relations. 
Whether the forces are equal or not, whether they act at equal or varying 
distances, even their relative position, arc matters of indifference. Centre 
of gravity, central ellipse, kernel — for all, even the most irregular figures, 
are found in similar manner, with equal ease, even when exact analytical 
solutions are hardly conceivable. Thus a process, a routine almost 
mechanical is rendered possible in many investigations of stability, with- 
out losing sight of interior relations ; for in the repeated and independent 
compositions of the forces we always perceive the origin, connection and 

* Well musti&ted in Gillespie's Land Surveying, New Tork, 187a 
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reason of the result obtained, which, in the substitution of numbers in a 
formula, is not always the case. 

With this advantage goes hand Id hand a disadvantage. This very 
regularity of the process is a consequence of its special, we might almost 
say numerical, charactei* (I.). In a numerical analytical example greater or 
less regularity has also but little effect. This numerical character has also 
for consequence that we can never attain to general laws and relations 
(IV., VII.). 

The practical engineer becomes with time ever more familiar with the 
dividers and rule, while facility in analytical operations gradually disap- 
pears. A graphical construction once completed is not easily forgotten, or 
a single glance at a similar figure suffices to recall the whole process. It is 
indeed easy in clearly given formuhe to substitute special numerical values; 
but fomiulfB unfortunately are not always clearly given, in some cases can- 
not be so given, without presuming upon the thorough familiarity of the 
reader with the processes involved ; these and the very many and various 
systems of notation in use leave to the constant, easily acquired and 
remembered graphical solution mauy advantages. 

But here we may remark that graphical solutions can only be easily 
acquired, retained or quickly recovered when the constructions are based 
upon methods purely ge<nn€trie, and not when they are simply the interpre- 
tation of previously obtained analytical results. In the latter case we 
must recall the process of development of the formula as well as the 
graphical construction, and the method is thus too often confusing instead 
of simple. 

Often it is desired to make visible the results of an investigation, as in 
the case of the arch, where the graphical method is especially advan- 
tageous, and has in France been long used (VII.). 

Errors relating to the mutual relation of strains are more easily discov- 
ered in graphical solutions than in analytical, as a certain law of regularity 
is always visible, which breaks abruptly for an error in construction. By 
calculation, on the other hand, we can more easily select any one place in 
the structure, and determine the strain there independently of the others. 

As to which of the two methods demands the least time is a matter of 
minor importance. In a construction costing from thousands to millions, 
it matters little whether the calculations require one or several days, more 
or less, if only the results are clear and correct. It is a question also 
which can hardly be decided in favor of one or the other, dependent as it 
is upon elements other than those pertaining to the methods themselves — 
such as varying individual skill and capacity in either direction. The 
declaration which is already sometimes encountered, that the numerical 
calculation of a continuous girder requires about three times as much time 
as the graphical solution, sounds questionable. Why not at once furnish 
the statement with decimal places f In general, for ordinary cases, the ana- 
lytical solution requires less time ; for irregular and more complicated cases, 
the graphical. 

The exactness of the graphical solution is sufScient, but it, too, depends 
upon the care and skill of the draughtsman. The greater the forces and 
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dimensions with which one works, the better the results obtained. The 
scales should not, then, be taken too small. 

It 13 hoped that these considerations, now drawing to u close, will suffice 
to give the reader clear ideas upon the nature and origin, advantages and 
disadyantages, of the graphical statics. The determination whether he wiU 
enter more fully into the subject — it may be, even take part in its develop- 
ment (there is abundance of room for workers), and in this case the choice 
of direction may thus be facilitated. 

The graphical statics is certainly suited, especially in extended applica- 
tions of the geometry of position, to furnish many new points of view, and 
in a practical respect it can often greatly simplify. Whoever has really 
studied the new methods must admit this. 

On the other hand, the importance of the graphical statics is sometimes 
exaggerated. It appears out of place when in works designed for practice 
graphical solutions are given of problems which any reasoning being can 
almost solve in his head. 

Such solutions may find a place in special text-books upon the subject, 
where they may, indeed, be desirable for completeness. 

If it is desired to make two independent investigations of stability, as 
for large and important constructions is always desirable, it will be found 
of advantage, if a suitable graphical solution exists, to make the first deter- 
mination graphically. Nothing more ensures a conviction of the correct- 
ness of an investigation than a correspondence of the graphical and cal- 
culated results. 
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LITERATURE UPON GRAPHICAL STATICS. 

We have already referred in VI. to the most important contributions in 
the branch of graphical statics, and now annex a list of the literature upon 
the subject so far as known to us. 

Where several works treat of the same subject, we have allowed ourselves 
a brief critical notice. Opportunity is thus given to those who would take 
part in the development of graphical statics to make themselves acquainted 
with all existing works, and at the same time the practical man is enabled 
in any case that may come up to inform himself as to where assistance 
may liest be sought. A short remark to specify the contents may in this 
respect often help in the right direction. The succession is in each division 
chronologically arranged 

Although the literature of the subject would seem from the following 
tolerably extensive, still the number of pure geometrical solutions in 
which no analytical formula appear is much less. Publications upon the 
subject would, moreover, beyond doubt, be still more numerous were it 
not for the difficulty and cost of production of lithograph plates. 



Hi LITEEATCTRB UTON GRAPHICAL STATICS. 

I. TEXTBOOKS UPON GRAPHICAL STATICa 
Culmann, -ff.— " Die graphische StatFk." With Atlas of 86 Plates. Zurich, 
Meyer and Zeller, 1866. [I. Part, 1864: Elements and Graphical 
Investigations of Structures. Also, second edition, first volume, 
1875, with 17 Plates. General Principles, second volume, to follow 
shortly.] 

&tMc^//i^(5r— " Elemente der graphischen Statik." With Atlas of 20 
Plates. Munchen, 1871. [Without the aid of modern geometry, and 
without practical applications. Admirable exposition of the Princi- 
ples.] 

Reuleaux, — An outline of the graphical statics is to be found in " Der Con- 
structeur," by Reuleaux, third ed. Braunschweig, 1872. 

Levy^*' La Statique Graphique et ses Applications." Paris, 1874. With 
Atlas of 24 Plates. [Principles and several applications ; clear and 
elegant exposition of the subject.] 

OttOf K, von — "Die Grundziige des graphischen Kechnens und der gra- 
phischen Statik." Prag, 1872, pp. 107. [English translation, by G. 
S. Clarke. Small rudimentary treatise.] 

Favaro, Antonio — "Lezioni di Statica Graflca." Padua, 1877, pp. 650. 
[Containing introduction to Geometry of Position.] 

n. PAPERS UPON THE GRAPHICAL STATICS. 

Most — " Ueber eine allgemeine Methode, geometrisch den Schwerpunkt 
beliebiger Polygone und Polyeder zu bestimmen." Archiv d. Math, 
und Phys., IL. (1869), p. 355. [Also applicable to curve areas, with- 
out equilibrium polygon.] 

Culmann, K. — " Ueber das Parallelogram und uber die Zusammensctznng 
der Krafte." Viertcljahrsschr. d. Naturforsch. Ges. zu Zurich, 1870. 
[Correspondence of the graphical statics with the Statics of Pliicker.] 

Mohr — " Beitrag zur Theorie der Holz- und Eisenconstructionen." Zeitschr. 
d. Hannov. Arch. u. Ing. Ver., 1870, p. 41. [Relation between the 
neutral axis and centre of strains.] 

Qru7ieT% J. A, — " Ueber eine Graphische Methode zur Bestimmung des 
^hwerpunktes eines beliebigen Vierecks." Arch. d. Math. u. Phys., 
LII. (1871), p. 494. [Simple and brief. Compare also L., p. 212.] 

Cremona^ B. — ** Le figure reciproche nelle statica grafica." With 5 Plates. 
Milan, 1872. German translation in Zeitschr. d. Ost. Arch. u. Ing. 
Ver., 1873, p. 230. [Force and equilibrium polygon as reciprocal 
figures.] 

Du BoiSf A. J. — " The N"ew Method of Graphical Statics." Van Nostrand's 
"Engineering Magazine," Vol. XIL, Nos. 74, 75, 76, 77, 78. [General 
properties of force and equilibrium polygons, with practical applica- 
tions to bending moments, and several important mechanical problems. 
Also, ^laxwelPs Method applied to bridges, roof trusses, etc.] Sepa- 
rate reprint, 1875. Van Nostrand, New York. 

Weyrauch, J. J, — "Ueber die graphische Statik — zur Orientirung." Leip- 
zig, 1874. [Historical and critical.] 
Favaro, Antonio — " La Statica Grafica." Venice, 1873. [Historical and 
critical.] 
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in. APPLICATION TO THE SIMPLE OIRDBR 

Cvlmann, JST.— "Der Balken." Third chap, of d. graph. Statik, 1866. 
[Contains also the construction of the inner forces.] 

Vojdeeh — " Graphische Bestiinmung der Biegungsmomente an kurzen 
Trfigem.'^ Zeitschr. d. Vereins Deutsch. Ing., 1868, p. 508. [Graphi- 
cal interpretation of analytical relations.] 

CotteriU, J, H, — **On the Graphic Construction of Bending Moments."* 
" Engineering," 1869 (VII,), p. 82. [Equilibrium polygon for the sim- 
ple truss, with references to Reuleaux and Culmann.] 

WinMer, ^.— "Einfache Tr&ger," "Theorie der Bnicken,*' "Aeussere 
Kr&fte gerade TrSger." Wien, 1872. [Simultaneous presentation of 
analytica] and graphical methods.] 

Ott^ K, von — ** Wirkung paralleler Krfifte auf einfache TrSger mit Gkrade 
LSngenachse." In die Grundzuge d. graph. Rechnens u. d. graph. 
Statik. Prag, 1872. p. 28. [The most elementary principles pertain- 
ing to composition of forces in a plane are prefaced.] 

IV. APPLICATION TO THE CONTINUOUS GIRDER. 

Culmann, K. — " Der continuirliche Balken.** Fourth chap, of the Graph. 
Statik, 1866. [With examples — the moments at the supports are 
analytically determined.] 

Mokr — " Beitrag zur Theorie der Holz- und Eisenconstructionen.'* Zeitschr. 
d. hannOy. Arch. u. Ing. Ver., 1868, p. 19. [Completion of Culmann^s 
method — the moments at the supports are graphically determined.] 

Lippich — *' Theorie des continuirlichen TrSgers Constanten Querschnitts.** 
Wien, 1871. Separate reprint from Forster's Bauzeit., 1871, p. 103. 
[Graphical method, together with elementary analytical.] 

Bitter, W. — " Die elastische Linie und ihre Anwendung auf den continuir- 
lichen Balken/* Zdrich, 1871. [Mohr's method — ^given as a supple- 
ment to the Graph. Statik of Culmann.] 

Winkler, E, — " Continuirliche TrSger. Theorie der Brucken — aeussere 
Krfifte gerade Trfiger." Wien, 1872. [The Mohr-Culmann method, 
together with analytical.] 

8olin^ cT. — ^* (^eometrische Theorie der continuirlichen TrSger.*' Mitth. d. 
Arch. u. Ing. Ver. in Bohmen, 1878. 

Greens, Chas. S. — ** Graphical method for the analysis of Bridge Trusses ; 
extended to Continuous Girders and Draw Spans.*' New York, 1876. 
[Moments at supports found by successive approximation, or balancing 
of moment areas.] 

V. APPLICATION TO FRAME WORK. 

Ckdmann, JT.— " Das Fachwerk." Fifth chap. Graph. Statik, 1866. [Most 
general form of parallel truss, suspension truss, Pauli's truss, roof 
tniBsefl.] 
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Keck, IT.—" Ueber die Ermittclung der Spannungen in Fachwerk trfigem 
mit Hulfe der graphischen Statik.'* Zcitschr. d. hanndy. Arch. u. Ing. 
Ver., 1870, p. 153. Separate reprint, Hannover, 1872. [Presentation 
of the method with reference to practice.] 

Jenhin — " On the Practical Application of Reciprocal Figures to the Cal- 
culation of Strains in Frame-work. Transact, of the R Soc of Edin- 
burgh, 1870, (XXV.) p. 441. 

Maxwell, Prof, Clerk — "Reciprocal Figures, Frames, and Diagrams of 
Forces." Trans, of R. Soc. of Edinburgh, 1869-70. 

Unwin — '* Iron Bridges and Roofs." London, 1869. [Application to root 
trusses, wind force, etc.] 

Banken, F, -4.— "The Strains in Trusses." New York, Appleton, 1872. 
[Examples of simple trusses drawn to scale.] 

Bow, Boberi H, — "Economics of Construction in lielation to Framed Struc- 
tures." London, 1873. [Application of Maxwell's Method only tor 
roof trusses, etc.] 

Ott, K, von — " Das Fachwerk." In Grundzuge d. graph. Rechnens u. d. 
graph. Statik. Prag, 1872. [Roof trusses, truss fixed at one end and 
free at the other, bridge trusses.] 

Beuleaux — " Hilfslehren aus der Grapho statik." Second chap, of the Con< 
structeur, third ed., 1872. [Compound truss, roof trusses, etc] 

Schdffer — "Graphische Ermittelung der Ordinaten des Schwedler^schcn 
Tragers." Zeitschr. fiir Bauwesen, 1873, p. 237. [Proceeding from 
the equation for the same.] 

Heuser — "Graphische Ermittelung der Ordinaten des Schwedler^schen 
Trfigers." Zeitschr. f. Bauwesen, 1873, p. 523. [Preceding method 
simplified — another by means of equilibrium polygon.] 

VL APPLICATION TO THE IRON ARCH. 

Culmann, K. — "DerBogen." Sixth chap, der graph. Statik, 1866. [Con- 
tains also the inverted or suspended arch. The arch as a rigid body.] 

Durand'Claye, A. — " Sur la verification de la stabiliU^ des arcs m^talliqucs 
et sur Tcmploi des courbes de pression." Ann. d. ponts et chauss., 
1868, sem. 1, p. 109. [Mery-Durand pressure curves, but with refer- 
ence to the absolute resistance of the material.] 

Fr&nkel, W. — *' Zur Theorie der elastischcn BogentrSger." Zeitschr. d. han- 
nov. Arch. u. Ing. Ver., 1869, p. 115. [Following out Mohr's idea of 
the equilibrium polygon as elastic line.] 

Mbhr — " Beitrag zur Theorie der elastischen Bogentrfiger." Zeitschr. d. 
hannov. Arch. u. Ing. Ver., 1870, p. 389. [Criticism of the preceding 
method, and giving another.] 

yiUa — " Beitrfige zur graphischen Berechnung elastischer BogentrSger mit 
Kampfcrgelenken." Mitth. d. Arch. u. Ing. Ver., in Bdhmen, 1873. 

Greene, Chaa. E. — "Graphical Analysis of Roof. Trusses." Chicago, 1877. 
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Vn. APPLICATION TO THE ARCH. 

Gautinerf/t E, B. — *' Application dea proc^d^s dn calcul graphique d divera 
probl^mes de stability." Fourth chap, of Calcul par le Trait. Paris, 
1839. [With especial reference to the strength of abutments — pure 
graphical treatment] 

Mery — " M^moire sur T^quilibre des voutes en berceau." Ann, d. ponts 
et chauss., 1840, sem. 1, p. 50. [Geometrical determination of eyery 
possil>le pressure curve.] 

Culmann, ^.— " Der Bogen." Sixth chap, of Graph. Statik, 1866. [Con- 
taining also arch centerings ; exact discrimination of support and 
pressure line.] 

Durand'Claye, A, — "Sur la verification de la stability des vodtes en 
ma9onnerie et sur Temploi des courbes de pression.** Ann. d. ponts 
et chanss., 1867, sem. 1, p. 63. [Reference to relative resistance of 
materiaL] 

Hdrlaeher, A, A— •*• Die Stiitzlinio im GewOlbe." Tech. Blatter, 1870, p 
49. [Practical method by inscription of support line, according to 
Culmann.] 

Heuser — *' Zur Stabilitfitsuntersuchun^ der Gewolbe." Deutsche Bauzeit.' 

« 

1872, p. 365. [Also methods for unsymmetrical form and load.] 



VHL APPLICATION TO RETAINING WALLS. 

P^ncelet^ J, V. — " Mi^moire sur la stability des rev^tements et leur f onda- 
tion." Mem. de Toff, du G6nie, 1838 (XIII.) ; separate reprint, 
Paris, 1840. [First analytical graphical theorie.] 

Catmnerp, E. B. — ** Application des proc6d6s du calcul graphique & divers 
problfemes de stability." Fourth chap, of "Calcul par le Trait," 1839. 
[Pure graphical, without formulae.] 

Saint Guilhem — " M6moire sur la pouss^e des terres avec ou sans sur- 
charge." Ann. d. ponts et chauss., 1858, sem. 1, p. 319. [Further 
development and generalization of Poncelet's Theory.] 

Bankine — *' Manual of Civil Engineering." London, fourth ed., 1865. 
[Containing graphical construction of pressure parallel to earth sur- 
face upon vertical wall.] 

Cuimann, K. — ** Theorie der Stutz- und Futter-Mauem." Eighth chap, of 
Graph. Statik, 1366. [With use of equilibrium polygon, pressure 
upon tunnel arches.] 

HoUhey, E. — " Beitrfige zur Theorie des Erddrucks und graphische Bestim- 
mung der StSrke von Futter-Mauem." Mitth. iiber Gegenst. d. ArtilL 
und Genie wesens; separate reprint, with two plates, Wien, 1871. 
[Point of application of earth pressure for complicated contour.] 

Mohar — "Beitrftge zur Theorie des Erddrucks." Zeitschr. des haimov. 
Arch. u. Ing. Ver., 1871, p. 344. [Point of application of earth pre* 
sore and new analytical theory.] 



It! graphical dynamios. 

Wirikier, i?.— " Neue Theorie des Erddrucks." Wien, 1872. [Containing 
graphical methods according to the old theory.] 

HaMer, C, — " Beitrfige zur Theorie der Fatter- und Stutz-Mauem." Zeit- 
schr. d. hannoy. Arch. u. Ing. Ver., 1873. p. 86. [araphical deter- 
mination of earth pressure according to Culmann.] 

MISCELLANEOUS APPLICATIONS. 

BeuUaux-^^^ Die graphische Statik der Axen und Wellen." Published by 

polytech. Ver. in Zurich, 1863. [Autograph copy of lectures.] 
Cnhnanuy K, — " Der Werth der Constructionen.'' Seventh chap, of Qraph. 

Statik, 1866. [Bast and cheapest systems under given conditions, 

especially for bridges.] 
JSeuleaux — " Graphostatische Berechnung verschiedener Axen, Ejranpf osten, 

Kurbeln," in the Constructcur, third ed., 1872. 

Scattering graphostatical constructions are to be met with in many text- 
books upon construction, especially since the appearance of Culmann^s 
work, a second edition of which is in course of preparation, and expected 
soon to appear. 
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GBAFHIOAL DYNAMICS. 



The scientific or practical value of graphical solutions once recognized, 
there remains no reason for limiting them to statical problems only, and 
endeavors in the above direction are already forthcoming. We limit our- 
selves to a passing notice. 

First, we have an attempt to employ graphical constructions in the 
theory of the overshot and breast- wheel {Seeiberger, " Arbeitung der Theo- 
rie der oberschlSchtigen WasserrSder auf graphischen Wege.*' Civil Ing. 
1869, p. 898, and 1870, p. 889). We cannot here notice the value of the 
solutions given, but the very sparing applications of geometry hardly jus- 
tify the title of the work. 

A short article, which gives the graphical determination of the force at 
every position of a moving point, may also be noticed. {Happ^ " Zur 
graphischen Phoronomie,^* in Zeitsch. f. Math. u. Phys., 1872, p. 19.) 

The genuine foundation of a graphical dynamics has been first attempted 
byProU (^' Begrilndung graphischer Methoden zur L5sung dynamische 
Probleme," in Civil Ingenieur, 1873). Prom the fact that the effects of 
forces in dynamics are measured by the changes of velocity of any point or 
points of a machine system, Proll concluded that it must be possible to 
represent these force effects by geometrical relations, such as kinematic 
geometry teaches. 

His investigations, since published in independent form ("Yersuch 
einer graphischen Dynamic," with 10 plates, 1874), fall into three parts. 
The first part treats of the action of the " outer forces " in machines who«3i 
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motion is in a plane, the outer forces being also in this plana In the sec- 
ond part he subjects to graphical treatment the action of outer forces upon 
a free movable material point. The third part, finally, considers the motion 
of rigid invariable systems acted upon by given forces. 

In the course of the development extended use is made of analytical 
formulae. The work is but the beginning of the future structure, but this 
beginning will be thankfully received by aU those with whom graphical 
methods have found acceptance. 



PART I. 

GENERAL PRINCIPLES 



OHAPTEE I. 

FOBGKS IN THE SAME PLANE— CX)MMON POINT OF APPLIOATIOlr. 

1. Notation, etc. — In order that a force may be '* given " oi 
completely determined in its relations to other forces, we must 
know not only its mtensity^ but also its direction^ and the posi- 
tion of \\a point of application. These three being known, the 
geometrical expression of our knowledge is very simple. We 
have only to assume a certain length as the unit of force, and 
then any force is at once given by the lengthy direction^ and 
position of a straight line. This method of force representa- 
tion is so obvious, that it is in fact used in mechanics, even 
where the treatment itself is essentially analytical. 

Unless expressly stated, all the forces with which we have to 
do, will be considered as lying and acting in the samie plane. 
Graphically then, any force is completely determined by a 
straight line, the beginning of which represents the point of 
application, and the length and direction of which give the in- 
tensity and direction of the force. 

We shall indicate a force in general by the letter P, its point 
of application by A. When we have several forces we repre- 
sent the points of application by Ai, A2, A^, etc., and the ends 
of the corresponding lines by Pi, Pq, Pg, etc. The direction in 
which a force is supposed to act is thus unmistakably indi- 
cated. 

When, however, lines representing several forces are laid off 
one after another, the beginning of each at the end of the pre- 
ceding, it will be sufficient to put at the beginning of the 
first, and 1, 2, 3, etc., at the end of each. No confusion can 
arise, as each force acts and reaches from the point indicated 
.by the figure which is one less than its index, to the point indi- 
cated by that index. 

When, finally, we designate a force by the two letters or fig- 
ures which stand at the beginning and end, we shall always 

indicate by the order in which the lettere or figures are written, 
1 
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the direction of action of the force, first naming the point of 
application, and then the end. 

A force due to the composition of several forces, as Pi, P2, Ps, 
we denote by Pj^ or Ri^. Thus Ri^j denotes the resultant of 
the forces Pj, Pj, and Ps. 

d. Paralleloi^raiii of Forces. — If two forces, P^ and V^^ 
given in direction and intensity by the lines OPi OPj [Fig, 1, 
PI. 1], have a common point of application O, the resultant 
R1.2 is found by the well known principle of the " parallelo- 
gram of forces," by completing the parallelogram as indicated 
by the dotted lines, and drawing the diagonal. OR then gives 
the resultant of the forces Pi and P^. If this resultant acts in 
the direction from O to R, as indicated by the arrow, it replaces 
Pi and P2 ; that is, it produces the same effect as both forces 
actuig together. If it were taken as acting in the opposite 
direction — i,e,^ from O outwards, away from R — it would hold 
the forces Pi and P2 in equilibrium. 

Now, we see at once that it is unnecessary to complete the 
paraUdogram, It is sufficient to draw from the end of the 
force P2 the line P2 R in the same direction that Pi oMs in^ and 
make it equal and parallel to Pi- The point R thus found is 
the end of the resultant R, or is a point upon the direction of 
the resultant prolonged through O. 

As to the direction of action of the resultant — if we follow 
round the triangle from O to P2 and from P2 to R and R to O 
— i.^., if we follow round in the direction of the forces — the 
direction for the resultant from R to O thus obtained is, as we 
have already seen, the direction necessary for equilibrium, 

3. If, instead of two forces, we have three or more, as Pi, P2, 
^85 P4 [Fig. 2] we still have the same construction. Thus com- 
pleting the parallelogram for Pi and P2 we find R1.2. Complet- 
ing the parallelogram for R1.2 and Ps, we find Ri^, and again, 
with this and P4 we obtain R^. Again, we see it is unneces- 
sary to complete all the parallelograms. We have only to draw 
lines Pi Ri.2, R1.2 R^j, Ri-s Rm, parallel to the forces Pj P3 and 
P4 respectively, and equal in length to the intensities of these 
forces, and then, no matter what may be the number of forces, 
the line drawn from the point of beginning to the end of the 
last line laid /j^will give the intensity and position of the 
resultant. As to direction, the same holds good as before. 

If the end of the last line laid off as above, should coincide 
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with the point of beginning, there is, of course, no resultant, 
and the forces themselves are in equilibrium. 

4. The polj'gon formed by the successive laying oflF of the 
lines parallel and equal to the forces, we call the ^^ force poly- 
gon^'* Hence we have the following principles established : 

If any number of forces having a common point of applir 
cation and lying in the same plane^ are in equilibrium,^ the 
^ force polygo7i^^ is closed. 

If the ^^ force polygon " is not closed^ the forces themselves 
are not in equilibrium^ and the line necessary to close it gives 
the resultant in intensity and direction. 

This resvZtantj if considered a^s acting in the direction ob- 
tained by following round the ^^ force polygon " with the forces^ 
toiU produce equilibrium — a>oti7ig in the opposite direction^ it 
repUices the forces. 

The resultant thus found in intensity and direction can be 
inserted in \hsi force diagram, at the common point of applica- 
tion. 

*• Thus^ required the position, intensity, and direction of the 
resultant of the forces Pi, Pg, Pg, P4, P5. 

These forces are given in position, direction, and intensity 
by the force diagram^ Fig. 3 {cC). The resultant of all these 
forces must have of course the same point of application A as 
the forces themselves — ^it remains to find then its relative posi- 
tion and the direction of its action, so that we may properly 
insert it in the^rc^ diagram. 

We have simply to draw t\\Q force polygon. Fig. 3, (J) by lay- 
ing off successively O Pi, Pi Pj, etc., equal, parallel, and in the 
same direction as the forces Pi, P2, etc., as given by Fig. 3 {cb). 
Then the line P5 O necessary to close the force polygon gives 
the intensity of the resultant, and in order to replace Pi^ it 
must act in the direction from O ^^ Ps ; i.e.^ contrary to the 
order of the forces. If then in Fig. 3 {a) we draw A Ri^ equal 
and parallel to O Ps, we have the resultant applied at the com- 
mon point of application A, and given in position, intensity 
and direction. 

Moreover, it is evident that any diagonal of the force poly- 
gon as R^ [Fig- 3 (J)] is the resultant of Pj^, and acting in the 
direction from P4 to P2, it holds P^^ in equilibrium. But it is 
also the resultant of Pj, P2, P5, and Ri^, and acting in the same 
direction as before, it replaces these forces. The force polygon 
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thus shows that the force which replaces Pi, P3, Pg, and R^^, at 
the same time holds Pj and*P4 in equilibrium^ just as it should 
do. 

If, on the other hand, we had originally only P^, Pj, Rj4, P5, 
and Ri^ forming a system of forces in equilibrium, we could 
decompose "R^ into two components by simply assuming any 
point as P, [Fig. 3 (J)] and drawing Pj P4, Pg Pj. Then follow- 
ing round this new polygon in the direction of the forces, or, 
what amounts to the same thing, taking the direction of the 
components P3 P4, opposed to the direction of R^^ for equilibri- 
um, we obtain the direction of action of P3 and P4 as shown by 
tlie arrows in Fig. 3 (J). These forces inserted in Fig. 3 {a\ in 
the place of Rg^ and in these directions, will not disturb the 
equilibrium. 

Hence, any diagonal in the force polygon^ is the resultarU 
of the forces on either side^ holding in equilibrium those on 
one side and replacing those on the other^ a/icording to the 
direction in which it is conceived to act. 

Also, any force or number of forces may he decomposed into 
two others in any desired direction^ hy choosing a suitable 
point in the plane of the force polygon and drawing lines 
from this point to the beginning and end of the force or force 
polygon. 

6. It matteri not In irliat Order we lay off the Forces In 
the Construction of the force Polygon. — Thus, in Fig. 1, 
whether we draw from the end of P2 the line P2 Ri^ equal and 
parallel to Pi or from the end of Pi the line Pi R1.2 equal and 
parallel to Pj, in either case we obtain the same resultant and 
the same direction for the resultant. But by a similar change 
of two and two, we can obtain any order we please. For exam- 
ple, we lay off in Fig. 3 (c) the same forces in the order P^ Pj 
Pi, P5 P4, and obtain precisely the same resultant, in the same 
direction as before. For, the resultant of Ps and P2 must be 
the flame as that of P2 and Pb in the first case. The resultant 
of R^^i and Pi must then be the same in both polygons, and so 
on. 

Generally, then, no matter what the order in which the 
forces are laid off, the line necessary to close the force polygon 
is the resultant of the forces, and the diagonals of the force 
polygon give us the resultants of the forces on either side. 

By assuming a point at pleasure, and drawing lines from this 
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point to the beginning and end of any side of the force poly- 
gon, and taking the diret^tion of these lines opposed to the 
direction of that side, we can deGompoae any force in the force 
polygon into its components. Thns the force polygon gives ua 
complete information as to the action of the forces. 

7. IT the Forces act In the same straight lilne, the force 
polygon of course becomes a straight line also, and the result- 
ant is the sum or difference (algebraic sum) of the forces. 

Thus, if we have P^, P2, Ps, all acting at the point A, as 
shown by the force diagram Fig. 4 {a)^ we form the force poly- 
gon by laying off from 0, Fig. 4 (J), the intensity of P^, from 
the end of this line P^ V2 equal to A P2 and from Pj, P2 Pa 
equal to A Ps. Then the line necessary to close the polygon is 
evidently Pj = Pi 4- P^ — ^Pg. A single force acting then at A 
in the direction of and having the intensity represented by the 
line Pg would replace P^, P2, and Pg. If acting from Pg to 0, 
it will produce equilibrium. 

If we again choose an arbitrary point as C \we shall hereaf- 
ter call this point the ^^ pole " of the force polygon\ and draw 
lines So Sg from this^c?^ to the beginning and end of the force 
polygon, we can decompose the resultant into two forces in any 
required direction. If the resultant is supposed to act down, 
then the arrows show the direction in which these components 
must act in order to replace the resultant. If then at A we 
draw lines parallel and equal, we have these components in posi- 
tio\i, direction, and applied at the common point of application. 

8. Practical Applications. — Simple and even self-evident 
as all the preceding may seem, we have already acquired all 
the principles requisite for a rapid, accurate, and very elegant 
method of finding by diagram the strains in the various mem- 
bers of all kinds of framed structures, such as roof trusses, 
bridge girdera, cranes, etc., no matter how complicated the 
structure, or what special assumptions are made as to the load- 
ing, provided only, that all the exterior forces are known. A. 
complicated or unsymmetrical arrangement of parts increases 
greatly the labor of calculation, but has no effect upon the ease 
or accuracy of the graphical method. The method moreover 
checks its own accuracy, does not accumulate errors, and shows 
in one view the relation of the strains to each other, and the 
variations which would be caused by a change in the manner 
of load distribution, or in the form of construction. 
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As this method is not as well known as it deserves to be, it 
will perhaps be of advantage to pause for a moment in the 
development of oar subject, and make this direct application of 
the principles already established. 

BRAOED SEMI-AECH. 

9. Stonej', in his " Theory of Strains," Vol. I., page 123, 
gives* the following example of a " braced semi-arch," repre- 
sented by Fig. 5, PL 1. The dimensions are as follows : pro- 
jecting portion, 40 ft. long, 10 ft. deep at wall. Lower flange, 
circular, with a horizontal tangent 2 ft. below the extremity of 
girder. Radius of lower flange, 104 ft. Load uniform and 
equal to one ton per running foot supposed to be collected into 
weights of 10 tons at each upper apex, except the end one, 
which has only 5 tons. 

Fig. 5 shows the arch drawn to a scale of 10 ft. to an inch. 

This scale is too small in this case to ensure good results ; in 
general the larger the scale to which the fraine can be drawn, 
the better; but for the purpose of illustration it will answer 
well enough. With a large scale for the frame didgraniy a 
scale of 10 tons to an inch will in general be found to answer 
well. Fig. 5 {a) gives the strains in the various members to a 
scale of 10 tons to an inch and Fig. 5 (i) 20 tons to an inch ; 
the fli-st for the load at the exti-emity aloue, the second for a 
uniform load. 

JFig. 5 {a) is thus obtained. We first lay off the weight, 5 
tons, to scale, in the direction in which it acts ; i.e.^ down- 
wards. Now this weight and the strains in diagonal 1, and 
flange A, are in equUibriwa; therefore by article (4) the force 
polygon must close. Drawing lines therefore from the ends of 
the line representing the weight of 5 tons, parallel to these 
pieces and prolonging them to their intersection, we obtain 
the strains in A and 1. Commencing with the beginning of 
the weight line and following down around the triangle thus 
formed, we find that A acts from right to left, as shown by the 
arrow. A acts then away from the apex ; it is therefore in 
tension. Diagonal 1 acts towards the apex and is hence com- 
pressed. 

We pass now to a[)ex ^, of the frame. Here we have the 
strains in E and diagonals 1 and 2, and these three stmins hold 
each other in equilibrium. The strain in 1 we have already, 
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and know it to be compressive. We have then simply to draw 
lines from and i parallel to E and 2, and follow round the 
triangle, to obtain the intensity and quality of the strains in E 
and 2. We must remember that as 1 is in compression, and 
we are ru)w considering apex <z, we must follow round from o 
to b in Fig. 5 (a), and so round. We thus find 2 acting away 
from apex a and therefore in tension^ and E acting towards 
this apex, and hence com/pressed. 

Pass now to apex c. We have the strains in A and 2 in 
equilibrium with B and 3. [No weights are supposed to act 
except the one at the end.] But A and 2 we already have. 
We draw 3 and B. Diagonal 2 has been found to be in ten- 
sion. With reference to apex c it must therefore act away 
from c\ i.<?., from d to h in the force polygon. This is suffi- 
cient to give us the hint how to follow round. We pass from 
d to b for 2, from b to e for A, then from ^ to B and from B to 
d for B and 3. B is therefore tension and 3 compression. 
And so we proceed. For the next apex g, we have E and 3 in 
equilibrium with P and 4. We draw parallels to P and 4 so 
as to close the polygon of which we have already two sides, E 
and 3, given, and remembering that as 3 is in compression, it 
mast therefore act towa7'ds g^ we follow round the completed 
polygon with this to guide us, and find 4 tension and P com- 
jpression. Thus we go through the figure, and when all is 
ready we can scale off the stmins. The strains in the lower 
flanges it will be observed all radiate from <?. The upper 
flanges are all measured off on the horizontal e C, and the dia- 
gonals are the traverses between. We see at once that however 
irregular the structure, we can always easily and readily deter- 
mine the strains at any apex, provided no more than two un- 
known strains are to be/bund. If more than two pieces, the 
strains in which are unknown, meet at an apex, we can evi- 
dently form an indefinite number of closed polygons. The 
problem is indeterminate, and the structure has unnecessary 
or superfluous pieces. 

Fig. 6 (5) gives the strains for a uniform load, taken, for con- 
venience of size, to a scale of 20 tons to an inch. Here until 
we arrived at apex c of the frame the strains are evidently the 
Bame as before. Observe the influence of the weight at c. 
Here we have the strains in A and 2 given in the diagram, in 
equilibrium with B, 3 and the known weight acting at c\ viz., 
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10 tons. We lay oflf therefore 10 tons downward from ^, Fig. 
6 (i), and follow dmon from e around the polygon. We thus 
find B tension and 3 compression. Then 4 and F are found as 
before for apex g^ 4 tension and F compression ; and then we 
come to the next apex and the next weight. This is laid off 
downwards fi'om the end of the preceding, and then we follow 
round, finding C tension and 5 compression ; and so on. 

10. As another example, let us take the 

BOOF TRUSS, 

given in Fig. 6, PI. 3. This truss is given by Stoney, Vol. I., 
page 128. Dimensions : span, 80 ft. : rise of top and bottom 
flanges, 16 and 10 ft. respectively. Hadii, 58 and 85 ft. The 
figure shows two different kinds of bracing. In the left-hand 
part the extreme bay of the lower flange is half as lotlg again 
as the othei's. The upper flange is divided into 4 equal bays. 
In the right-hand section, both flanges are divided into 4 equal 
bays, and every alternate brace is therefore nearly radial. Each 
upper apex in both cases is supposed to sustain a weight of 
one ton. 

The strains in the various pieces are given in Fig. 6 (a). 

We form the force polygon by laying off the weights from 
to 7 and then laying off the reactions 3.5 apiece, upwards, we 
come back to 0, and the force polygon is closed as it should be, 
since the sum of the reactions must be equal and opposite to 
the sum of the weights. Starting then with the reaction at the 
left support A, we go through from apex to apex in a manner 
precisely similar to the previous case. The operation is so 
simple that it is hardly necessary to detail it again, but we 
recommend the reader to go over it with the aid of Fig. 6 (a), 
lettering the figure as he proceeds. The dotted part gives the 
strains for the right-hand half. 

DIAGRAM FOB WIND FORCE. 

11. It is of considerable importance to investigate the influ- 
ence of a partial load, such as that caused by the wind blowing 
on one side of the roof, and this by the aid of our method we 
can easily do. 

From the experimental formulee of Hutton,* 



* Iron Bridges and Boofs, Tin win. p. 120. 
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P„=P8in. i^-««»-*-i 
Ph=P sin. i ^8*«»-* 
P^=Pcot. isin. i^-w«*' 

where P is the intensity of the wind pressure in lbs. per sq. ft. 
upon a surface perpendicular to its direction, i is the inclination 
of any plane surface to this direction ; P„ is the normal pres- 
sure, Ph the horizontal component of this normal pressure, and 
P^ its vertical component. 

That is, if the wind blows horizontally, P^ is the horizontal 
and P^ the vertical component of the pressure on the roof. If 
we take P=40 lbs., which probably allows sufficient margin 
for the heaviest gales, we have the following values of the nor- 
mal pressure and its components for various inclinations of 
roof surface : 

^^^^ Lbe. per square foot of Borface. 

Pn Pv Ph 

5« 5.0 4.9 0.4 

10* 9.7 9.6 1,7 

20* 18.1 17.0 6.2 

80<» 26.4 22.8 13.2 

40'» 33.3 25.5 21.4 

60» 38.1 24.5 29.2 

60o 40.0 20.0 34.0 

80» 40.4 7.0 39.8 

90» 40.0 0.0 40.0 

The load at each joint may be taken as equal to the pressui*e 
of the wind striking a surface whose area is equal to that por- 
tion of the roof supported by one bay of the rafter, and inclined 
at the same angle as the tangent to the rib at the joint. Thus 
we can calculate Pi, Pg, Ps, P4, (Fig. 6), resolve these forces into 
their horizontal and vertical components, and find the reactions 
at the supports as well as the horizontal force at the left abut- 
ment, which in our construction is supposed to be fixed. Should 
the wind be supposed to blow from the right side, the strains 
would be entirely different, and it would be necessary to form 
a secxrtid diagram. Each piece must be proportioned to resist 
the strains arisins: in either case. The forces P. * and their 
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horizontal and vertical components, as also the reactions, being 
known, we can now form the force polygon. 

Thus in Fig. 6 (i), we lay off the forces P4,i, make a c e^[ual 
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to the vertical reaction at A, a 5 = the sum of the horizontal 
components, or the horizontal force at A, and o i the vertical 
reaction at the right support. This last line should close the 
force polygon and bring us back to o. 

Now starting at the left support, we have the vertical reac- 
tion a c, the horizontal force a J, and the wind force Pi, in 
equilibrium with A and B. Closing the polygon by lines par- 
allel to A and E, we obtain the strains in these pieces, £ ten- 
sion and A compression. At the next apex we have A and Pg 
in equilibrium with 1 and B. Completing the parallelogram, 
we find 1 compression and B compression. At the next apex 
1 and E are in equilibrium with 2 and P, and we find P and 2 
tension and so on. * The upper flanges are in compression and 
start from the ends of the forces P^ Pg, etc. The lower flanges 
radiate from b. If we were to carry out the construction for 
the rest of the frame, the upper flanges after D would i*adiate 
ivom 0. 

A comparison of Fig. 6 (a) and (b) shows that whereas under 
uniform load the strain in 1 is tension, for wind force the same 
brace is in compression. In fact in the first case aU the braces 
are in tension, while in the second 1, 3, and 6 are compressed, 
and 3 and 5 quite severely. The strains in the bracing gener- 
ally are much greater in the second case. 

Were we to consider the wind as blowing from the other 
i i^ ^ side, or what is the same thing, suppose the right end fixed and 

^^ J the left supported on rollers, then the horizontal reaction a b 

will be applied at the right abutment. In this case the lower 
flanges will radiate from a instead of J, and the firet upper 
flange will start from o. Supposing the firat two lines of this 
new diagram drawn, as indicated by the dotted lines, and fol- 
lowing round from b to <?, and so round to a and back to J, it 
may easily happen that the last upper flange is in tension and 
the last lower flange in oo repression / that is, a completelPBversal 
of the ordinary condition of strain. 

For an excellent presentation of the above method, we refer 
the reader to Iron Bridges and Roofs, by W. C. Unwin, pp. 
128-140. The above method is there referred to as ^'Prof 
Clerk MaxweWs Method^^ and as such is known and used in 
England.* 

* PhiL Mag. , April, 1864. and a Paper read before the BritlBh Association for 
the Adyanoement of Science, by Prof. MaxweU, in 1874. 
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BRIDGKS. 

19. For bridges the strains due to a uniform load are of 
course easily found. In most cases a rolling load can be man- 
aged also, wiiluyut making a separate diagram for each position 
of the load. Thus, if we diagram the strains for the load at 
the first and last apex, the strains due to intermediate loads 
will be multiples or submultiples of these, provided all the 
bays are equal. A calculation for a simple Warren girder of 
small span, and a consideration of the reaction for each position 
of the load, will at once illustrate what is meant. [Compare 
Stoney, Theory of Strains. Pp. 99-111, Vol. I.] 

Thus Stoney, in his Theory of Strains^ Vol. I., p. 99, gives 
the girder represented in Fig. 7, PI. 2, span 80 ft., depth of 
truss, 5 ft., 8 equal panels in upper flange, 7 in lower. 

For the first weight of 10 tons, P^, the strains are given by 
Fig. 7 (a) to a scale of 10 tons to an inch. We form first the 
force polygon by laying off from o, 10 tons, to Pi. From the 
end of this line we lay off upwards the reaction at right abut- 
ment = j^ of 10 tons, or 1.25 tons ; and then the reaction at the 
left abutment = |^ of 10 tons, back to 6>, thus closing the force 
polygon. [Note. — ^In any structure which holds in equilibrium 
outer forces, the force polygon must close. If it does not, there 
is no equilibrium, and motion ensues (see Art. 20).] Com- 
mence now with the reaction at a in the frame diagram, Fig. 7, 
because here we have a known reaction, a o (force polygon), 
and only two unknown strains to be determined. Drawing 
lines parallel to A and 1, we obtain the strains in A and 1. 
Then pass on to apex J. With the now known strain in 1, we 
can determine 2 and E. 

Passing now to the next apex, we have A and 2 known, and 
also the weight Pi. Join therefore Pi and E [Fig. 7 (a)] by 
lines parallel to B and 3. B and 3 are both in compression. 
We find diagonal 2 also in compression, and 1 in tension. That 
is, hoth the diagonais under the weight are compressed^ as evi- 
dently should be the case. From 4 on we have tension and 
compression alternately. 

Fig. 7 (J) gives the strains due to the last position of the load 
Pf. The strains in the diagonals are evidently all equal, and 
alternately tension and compression. 

Now it is not necessary to construct more than these two dia- 
grams. From these two alone we can determine the strains for 
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any intermediate weight. Thus scaling off the strains in Fig. 
7 {a) and (5), we can tabulate them under Pi and P7, as shown 
by the table. 



DIAOONAL& 


Pi 


P, 




P. 




P4 




P. 




P. 




Pt 




+- 


T 


1 


—12.4 


—10.6 


— 


8.9 — 


7.1 


•— 


5.3 


— 


3.5 


— 


1.8 




—49.6 


2 


+ 12.4 

+ 1.8 
- 1.8 


+ 10.6 
—10.6 
+ 10.6 


+- 

+ 


8.9 + 
8.9 — 


7.1 

7.1 
7.1 


+ 
+ 


5.8 
5.3 
5.3 


+ 
+ 


3.5 
3.5 
3.5 


+ 
+ 


1.8 


^40 6 




3 


1 
1.84. 1.8 


—37.2 


4 


8.9 


+ 


1.8 


+37.2 


— 1.8 


6 


+ 1.8 


+ 8.6 


— 


8.9- 

1 


7.1 


— 


5.3 


— 


3.5 


— 


1.8+ 5.3 


—26.6 


6 


~ 1.8 
+ 1.8 


— 3.5 
+ 3.5 


+ 
+ 


8.9 + 
5.3- 


7.1 
7.1 


+ 


5.3 
5.3 


+ 


3.5 
3.5 


+ 


1.8+26.6 
1.8+10.6 


5.8 


7 


-17.7 


8 


- 1.8 


— 8.5 


— 


5.3 + 


7.1 


+ 


5.3 


+ 


8.5 + 


1.8 +17.7 


10.6 



















Now the reaction at the left abutment due to Pj is twice 
as great as that due to P7. Hence the values in the column 
for P5 will be twice as great ; in the cohimn for P5 three times 
as great, and so on. For similar reasons the strain in 5 for 
P2 will be twice that for P^. In column P2, then, from 5 
down we multiply the strains in P^ by 2. In Pj from 7 down 
by 3. Thus we fill out the table of strains completely, and find 
the maximum tension and compression. A similar procedui*e 
will give the flanges.* 

APPLICATION TO AN ARCH. 

13. For a " braced arch '^ (Stoney, p. 136) as represented in 
Fig. 5 {g) pi. 2, the strains in every piece due to any load are 
in similar manner easily found by firet finding the componenta 
of the load acting at the abutments, and then proceeding as 
above. Thus for a load Po, the left half of the arch is in equi- 
librium with the forces acting upon it ; viz., a horizontal and a 
downward force at a, and a horizontal and an upward force at 
A. The resultant of the forces at a must then pass through 



* The reader not familiar with the aboye method of tabulation will find it 
further illustrated in Art 7 of the Appendix. He cannot do better than tc 
refer to it here and now. 
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a and A, and be equal and opposite to the resultant at A. The 
resultant at the right abutment must pass through that abutfnent, 
and also through the intersection of Pg with A a. So for any 
other force, as Pj, we have simply to draw B a to intersection 
with Pe, and then P^ A. We can now decompose Pe or P2 along 
the resultants through the abutments thus found. Thus resolv- 
ing Pj along A a and P2 B, Fig. 5 (^), we find the force acting at 
apex a. This force resolved into A and 1 gives the strains on 
these pieces both compressive. Passing then to the next apex, 
we obtain the strains in 2 and E. Then to the next, and we 
get 3 and B, compression and tension respectively, and so on, 
as shown by diagram, Fig. 5 («), which, it will be seen at once, 
18 similar to Fig. 6 (a), already obtained for the " semi-arch," 
except that the strain in A is less than for the semi-arch and 
compressive, while B C and D are in tension. The reason is 
obvious. At a [Fig. 5 (c)] the resultant lies between A and 1, 
and therefore causes compression in both, while it passes out- 
side of the arch entirely, to the right of the apex for diagonals 
3 and 4, and hence causes tension in B C and D. Fig. 5 {d) 
gives the strains due to Pg. Here the resultant or reaction at 
A is first found and resolved into 9 and H, and then we go 
through the frame as before. We see that 4 and 5 under the 
load are both compressed, that B and P are in tension and G 
and H, as also the entire upper chord, in compression. The 
work checks from the fact that the line closing the polygon 
fonned by B and 2 should be exactly parallel to and give the 
strain in diagonal 1, or A and 1 should be in equilibrium with 
the resultant through a [see Fig. 5 {d)']. 

In every case of the kind we first, then, have to draw the 
fro/me didgram. Then lay off ^\^ force polygon which should 
close. Finally we construct the strain diagram. The frame 
diagram should be taken to as large a scale as possible consist- 
ent with reasonable size, and the scale for the force and strain 
diagrams as smaU as possible, consistent with scaling off the 
sti-ains to the iiequisite degree of accuracy. A small frame 
diagram does iiot give with the proper accuracy the relative 
positions and ihclinations of the various pieces, so as to ensure 
the proper direction for the lines of the strain diagram. A 
slight deviation from parallelism causes sometimes considerable 
variation. Nevertheless with practice, care, and proper instru- 
ments the accuracy of the method is surprising ; even in C/Om- 
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plicated Ptructures, the variation resulting from performing 
the operation twice being inappreciable. Every symmetrical 
frame gives also a symmetrical strain diagram, and the aecu* 
racy of the work is tested at every point by this double sym- 
metry, and finally by the end or last point of the second half, 
exactly coinciding with the last point of the first half. Thus 
in Fig. 6 (a), if we had but one system of triangulation carried 
through the frame, the strain diagram for the right half would 
be precisely similar and symmetrical to that already found for 
the first, and the end of the last line would fall, or should fall, 
precisely upon the point h of the first. If it does not, and the 
error is too great to be disregarded, then by checking corre- 
sponding points in each half, we can find the point where the 
error was committed. In any case errors do not accurmdate. 
Thus, armed with straight edge, scale, triangle,^ and dividers, 
we can attack and solve the most intricate problems, without 
calculation or tables, with ease, accuracy, and great saving of 
time. 

METHOD OF SECTIONS. 

14. The results obtained by the above method are best 
checked in general by Hitter's '* method of sections," or the 
use of moments.* This consists in supposing the structure 
divided by a section cutting only three pieces. We can then 
take the intersection of two of these pieces as a centre of mo- 
ments, and the sum (algebraic) of the moments of all the 
exterior forces, such as reaction, loads, etc., upon one of the 
portions into which the structure is divided by the section, with 
reference to this centre of moments, must be balanced by the 
moment of the strain in the third piece, with reference to this 
same point. Thus in Fig. 6, PI. 2, required the strain in D. 
Take a section through D, 7 and H (right half of Fig.), and let 
a be the centre of moments. The moments of the strains in 7 
and H are then, of course, zero, since these pieces pass through a. 
The moment of the strain in D with reference to a must then 
be balanced by the sum of the moments of all the outer forces 
acting upon the portion to the left (or right) of the section. 

Thus, strain in D multiplied by its lever arm with respect to 
a, is equal to moment of reaction at A, minus sum of the mo- 
ments of loads between A and a, all with reference to a. If 

* Ikush- tmd Brucken-Oonstructionen, Bitter. Hannoyer, 1878. 
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we take the direction of rotation of the forces on the left of the 
section when in the direction of the hands of a watch as posi- 
tive, and find the moment of strain in D negative^ it shows 
negative rotation about a, and the strain in D to resist this rota- 
tion must act away from J, or be tensile. If the resultant 
rotation of the outer forces is on the other hand positive, the 
strain in D must act toward J, and D is therefore compressed. 

This method of calculation, it will be observed, is both sim- 
ple and general. It can be applied to any structure, when the 
outer forces are completely known, and only three pieces are 
cut by the ideal section. 

15. It is unnecessary to give here further applications of our 
graphical method. The reader can easily apply it for himself 
to the " bowstring girder," bent crane, etc., and satisfy himself 
as to its accuracy, and the ease with which the desired results 
are obtained. 

Enough has been said to indicate the many important appli- 
cations which even at the very commencement of our develop- 
ment of the graphical method we are enabled to make, and 
here we shall close our discussion of forces lying in the same 
plane and having a common point of application. As we pass 
on to forces having different points of application, we shall 
have occasion to develop new principles and relations not less 
fruitful and useful in their practical results.* 

* We refer the reader here to the Appendix to this chapter for further 
fllnstrations of the application of the above principles, as weU as for informa- 
tion upon seyeral points of considerable practical importance. We would also 
remind him here once for all, that the Appendix to this work was not in- 
tended to be disreg^arded, but has been thought desirable in order to avoid 
encumbering the general principles with too much of detaU in the text. We 
eaxnestlj request him to neglect no reference to it which may be made in the 
text. 

He wUl do well in the present case, after first making himself familiar with 
the above points, to solve for himself with scale and dividers a number of 
similar problems, checking his results alwajs by the method of moments. 
He wiU thus in a vezy short time master the method, and be able to solve 
readily and accurately eveiy problem of usual occurrence in practice. 
Though the method is vezy simple, acttuil practice with tfie drawing board u 
h§re inditpeneable. 
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CHAPTER II. 



F0BCE8 IN THE BAKE PLANE — ^DIFFERENT POINTS OF AFPLIOATION. 

16. Retnltant off Two Forces In a Plane— DilTereiit 
Pointi off Application. — Heretofore we have considered 
forces having a common point of application, and have seen 
that in any case the direction and intensity of the resultant is 
easily found by closing the force polygon. 

But suppose we have two forces Pi P2 having different 
points of application Ai A, ; required the position and direc- 
tion of the resultant [PL 3, Fig. 8]. 

Any force acting in a plane may he considered as acting al 
any point in its line of direction. 

Pi and Pa may then be supposed. to act at th^ir common 
point of intersection a, and through this point the resultant 
should pass. The case reduces therefore to a common point 
of application. The resultant is given in intensity and direc- 
tion as before by the force polygon (J), and its position is deter- 
mined by the point of intersection a. At this point, or at any 
point in the line through a, parallel to 2, the resultant may 
be supposed to act. 

But the direction of the forces may not intersect within 
reasonable limits, or the forces may be supposed parallel to 
each other, so that they may not intersect at all. In any case 
the force polygon will still give the intensity and direction of 
action of the resultant, but its position in the plane of the 
forces remains yet to be determined. Now we have sejen [Art. 
5] that we can decompose a force into two components in any 
desired directions, by choosing a *^poh " and drawing lines to 
the beginning and end of the force in the force polygon. Let 
us choose then a pole C [Fig. 8 (J)] and decompose the result- 
ant thus into two forces given in intensity by the lines C 
and 2 C. The forces Pi P2 being supposed to act at the 
points Ai A3 in the common plane, at what point in the plane 
and in what direction must the resultant 2 be applied to keep 
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this plane and hold the forces in equilibrium? The direction 
of action of the resultant is given at once from the force poly- 
gon [Art 5 (J)]. It must act in a direction from 2 to 0, and 
must be equal to 2 0, taken to the scale of force. Now at any 
point in the line of direction of Pt, as for instance 1, let us 
suppose the component given by C to act. What is then the 
resultant of Pi and CO? A glance at the force polygon gives 
us 1 Cy because this line closes the polygon made by C 0, 1 
and 10. At I then, the three forces So (parallel and equal to 
C 0) Si (parallel and equal to 1 0) and P| are in equilibrium, 
and there is no tendency of the point 1 to move. But 1 O or 
Si may be considered as acting in the plane at any point in its 
line of direction ; therefore at 2 its intersection with Pg pro- 
longed. Suppose at 2, Ss or 2 C to act. We see at once from 
the force polygon that 2 0, O 1 and P, are in equilibrium. 
There is therefore no tendency of the point 2 to move, and the 
two forces Pi Pj are then in equilibrium with O 0, 1 C, C 1 
and 2 0. But since the resultant of C and 2 C or of So and 
Sa is also the resultant of the forces, and since it must there- 
fore act through the point of intersection of So and Sj : we 
have only to prolong these lines to intersection b. Through 
this point the resultants R1.2 must pass and acting downwards 
(from to 2) as indicated in the Fig., it replaces Pi P2. Act- 
ing upwards it would hold them in equilibrium. We thus 
easily find the point 2 in the plane at which 2 C or S2 must 
be applied, when C or S© a^cts at 1, and So Sa are thus found 
in proper relative position. The position, intensity, and direc- 
tion of the resultant are thus completely determined. 

Had we taken any other point than 1, as the point of applica- 
tion of O 0, wc should have found a different corresponding 
point for application of 2 O, but in any case the prolongations 
of 2 C and O would intersect upon the line a b, prolonged if 
necessary. The same holds true for any position of the ^^pole " 
C. This construction is eWdently general whatever the posi- 
tion or whatever the number of the forces. We may thus 
obtaiu any number of points along the line a b ; that is, the 
resultant also, may act at any point in its line of direction. 

[Note. — That b is a point in the resultant of Pi and'P^ can 

be proved in a method purely geometrical. In the two " comr- 

jplete quadrUateraJs " 1 2 C and 1 b 2 a^ the five pairs of 

oorrespondmg sides. 1 and a 1, 1 2 and a2,2C and b 2,C0 
2 
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and 3 1, C 1 and 1 2, a^e paraRei each to each^ therefore the 
sixth pair 2 and a b micst also be parallel ; b is therefore a 

point of the reavZtant passing through a j parallel to 2.] 

lY. The above Construction holdt yood equally ireil Tot 
Parallel Forces. — By means of it we find in PI. 3, Fig. 9 (a) 
and {h) and Fig. 10 (a) and (i), the resultant of a pair of paral- 
lel forces, in the first case, both acting in the same direction ; 
in the second, in opposite directions. 

In both cases we have simply to choose a pole C, and draw 
So Si and S^. Then taking any point c in the line of direc- 
tion of Pi, as a point of application for So, draw through this 
point Si, thus finding rf, the point of application for S3. S^ 
and S3 prolonged, intersect npon the resultant, whose intensity, 
direction, and position thus become fully known. 

18. Property off tlie Point b. — It is plain that thus a point 
of intersection d, through which the resultant must pass, can 
always be found, provided So and S3 do not fall together in 
the force polygon, or intersect without the limits of the draw- 
ing. By properly choosing the position of the pole C, this can 
always be avoided if the points 2 and in \X\q force polygon do 
not theinsdvea coincide^ i.e,^ if the force polygon does not close. 

The point J, Figs. 8, 9, and 10, which by reason of the arbi- 
trary position of the pol'C may lie anywhere upon the resultant, 
has a remarkable property. If we draw a line m n through 
this point parallel to Si, and let fall from it perpendiculars pi 
and P2 up<m Pi and Ps, then in all three cases, and therefore 
generally, the triangle cmb is similar to G 1, and d b n ia 
similar to 1 C 2. Hence we have the proportions — 

1 :1 C y. cm: mb, and 
IC1I2 y.nbind. 

From these proportions we find 

1 :1 2 y, cm x nbimb x nd. 

Now the triangles c m b and d n b have the same height 
above the base m n ; the bases m b and b n are therefore pro- 
portional to their areas. But their areas are equal to half their 
sides cm and n d multiplied by jpi and^ respectively. Hence 
we have from the above proportion, since cm^ndy 

01x12 ynd xp%\ndxpxor 
01\12yp^:p^. 
or Pi : P3: '.p%:px. 
That is, the perpendiculara let faU from any point of the 
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restdtant upon the oamponentSy are to each other inversdy as the 
components. Kegarding any point of the resultant as a centre 
of moments, the moments of the forces tlien are equal, and of 
course the forces themselves are inversely as their lever arms. 

19. Equilibrium Polygon. — If we consider the forces Pt 
P,5 Figs. 8, 9, and 10, held in equilibrium by their components 
G 0, 1 C, and 2 C, G 1, which act parallel to the lines So Si 
ai\d Ss ; then regarding the line Sx or cd SiS part of the mate- 
rial plane in which the forces act, G 1 and 1 G balance one 
another, and cause either tension or compression in c d. Sup- 
pose the resultant R is to act so as to cause equilibrium, or 
* prevent the motion of the plane due to Pi and P2. Then R 
must act upwards in Figs. 8 and 9, and downwards from 2 to 
in Fig. 10. In Figs. 8 and 9 then, So and Sg act a/ioay from 
c and d (Art. 4), and in Fig. 10 towards e and d. Following 
round the force polygon, we find in the first two cases c d in 
tension^ in the last c d in compression. 

In the first two cases, the points of application c and d of So 
Pi and S3 P2 if connected by a string stretched between c 
and d will be perfectly fixed and motionless ; while in the lat- 
ter case, the string must be replaced by a strut. In case of 
tliree or more forces the polygon or broken line which we thus 
obtain, by choosing a pole, drawing lines to the beginning and 
end of the forces in the force polygon, and then parallels to 
these lines intersecting the lines of direction of the forces in the 
force diofframy we call the " string ^^ or ^^/uni<nUar polygon^^ 
or the " strv4, polygon^^ according as the forces act to cause 
tension or compression along these lines. We can apply to 
both cases the general designation of polygon of equilibrium or 
^'' egailibrium polygonP^ The perpendicular let fall from the 
pole G upon the direction of the resultant in the force polygon, 
we call the ^^poU distance " and shall always designate it by 
H. The straight line joining the points c and d^ or the begin- 
ning and end of the equilibrium polygon, we call the ^^struV* 
or ^' tie line " or generally the " closing line " and designate it 
by Ii. The convenience and application of these terms and 
conceptions will soon appear. In the present case of only two 
forces, the equilibrium polygon becomes a straight line and 
coincides with J^ or cd. 

[Note. — ^We repeat that in order to determine the quality of 

- — ■ 1 

* The term ** eqaiUbritun polygon^' is preferred to ^^fonioolar," as it ex- 
presBes the idea generaUy, without implying either tension or compressiofi 
aline, in the sides. 
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the strain in c d, we have only to follow round the force poly- 
gon in the direction of the forces^ and then refer to tlie &rc<5 
diagram. Thus Fig. 9, at c, Pi S© and Si act, and are in equi- 
librium. The corresponding closed figure is given in the force 
polygon (a). So acts away from o, Pi acts downwards from 1. 
Continuing this direction we find Si acting from 1 towards C. 
Reversin^g this direction (Art. 4), we find that the resultant 
which replaces S© and Pi acts from O to 1. Referring now to 
the force diagram (A), and transferring this direction to the 
point c, we find this resultant acts to pull c away from d or 
contrary to the direction of the force 1 C which replaces S2 and 
Pg. The strain in <? rf is therefore tension. 

A much better way of arriving at the same result is to con- 
sider the triangle c J rf as a jointed yro^me which holds in equi- 
librium the forces Pi Pj and Ri^. Then the strains in any two 
pieces c d, c b^ meeting at a point, are in equilibrium vnth the 
force or forces acting at that point. 

We have then the force Pi acting at apex c, decomposed mto 
strains along c b and c d (Art. 5) represented by O and 1 C in 
the force polygon. All three are in equilibi^um. Pi acts 
down. Follow down then f ix)m to 1 from 1 to O and O to 0. 
Refer back now to apex c of the frame and transfer these 
directions. The strain \tlc d acts away from the apex c and is 
therefore in tension, while the piece c b would be in compres- 
sion, since the direction of C is towards apex c. 

See also " practical applications " of the preceding chapter 
for illustrations of this. In the same way follow found 1 O 
Fig. 10 {a) and refer to (6) and Sq is in cornpression.'] 

30. Case off a Couple. — In Article 18 we remarked that the 
pole can always be chosen in such a position as to give S© and 
S2 intersecting within desired VimitSj provided that So and S3 or 
the point and 2 do not coincide. This case however actually 
happens, witli a pair of equal and opposite forces — that is, with 
a couple. 

Tlius in Fig. 1 1, PI. 3, we have two equal and opposite forces 

Pi, P2- 

The force polygon closes: therefore the resultant is zero. 
So and S9 are parallel, hence their point of intersection in the 
equilibrium polygon is infinitely distant. By changing tlie 
position of the pole, we see that S© and S% may take any poBi- 
tions in the plane. 
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Two forces therefore which form a couple cannot he repldced 
hy a single force. Their resultant is an indefinitely small force 
situated in any position in the plane of the forces, at an infinite 
distance. 

31. CondUlons of E^ulllbriain.— If then, similarly to Art. 
4, any number of forces lying in the same plane and having 
different points of application, are in equUihrium-^ the force 
polygon always cioses. 

For this reason, as already repeatedly seen in the practical 
applications of our last chapter, the force polygon formed by 
the exterior forces must always close. 

But inversely, if the force polygon closes, it does not follow 
that the forces are in equilibrium — a couple may result 

To determine whether this is the case inspect also the ^' equi- 
librium polygon." If this also closes [i,e.^ if S© and S^ inter- 
sect] the forces are in equilibrium. If this does not close [i.e.^ 
if Sq and S^ are parallel] there is no single resultant, but the 
forces can be replaced by a covpUj and this couple, as we have 
seen, may have any position in the plane. 

Thus if we suppose in Fig. 11, PL 3, P^ and Pg decomposed 
into their components Sq, Si, and S^, Sj, the compressive strains 
in S^ at c and d are equal and opposite [see (a)]. We have 
then So and S, remaining, which again form a couple which 
must have the same action as the first 

Hence we see that one couple can he replaced hy another with- 
out changing the action of the forces. 

It is easy to determine a simple relation between any two 
couples. 

If from c we lay die a equal to o 1, and c o equal to Co, we 
have o a parallel to C 1 or S^, and therefore to c ^. Join a d and 
o d. The triangles cd a and cd o having a common base c d 
and their vertices o and (» in a line parallel to cdj are equal in 
area. The side oa oi one is known, and the opposite apex lies 
in the line of the force P^ Its area is then ca = 'Pi multiplied 
by half of the perpendicular distance of P^ from Pg, and is 
therefore completely determined. So also for the other trian- 
gle, one side of which o c is one force of the new couple, and 
the opposite apex of which lies in the other force B^. 

Hence — a couple can be turned at wUl in its plane of action^ 
and the intensity and direction of its forces can be changed at 
wUl if the area of the triangle the base of which is one of the 



22 FORCES IN THE SAME PLANE. [CHAP. n 

new force%^ and whose opposite apex lies in the other force^ is 
constant; or when the prod/uct of the immensity of the forces 
into their perpendicular distance remains the same. The di- 
rection of rotation, of course, must also remain the same. 

We shall see further on the significance of this area, or of 
this product — so much is clear, that a couple (or infinitely small, 
infinitely distant force) is completely determined in its plane 
when the direction of rotation is given, and the area of the tri- 
angle or value of the product to which it is proftortional, is 
known. The couplo itself can be replaced by any two parallel 
equal and opposite forces whatever, if only the triangle having 
one fprce as base, and the opposite apex in the other, has a given 
constant area.* 

d3« Force and Equilibrium Polygom for any mnmber 
of Forces In a Plane* 

In PI. 3, Fig. 12 (J) we have the forces Pj^ acting in various 
directions and at different points of application. P^ and Ps 
form a couple ; that is, are equal, parallel, and 'opposite in di- 
rection. Required the position, intensity and direction of action 
of the resultant. 

First, form the force polygon^ Fig. 12 (a), by laying off the 
forces to scale one after the other in proper direction. Tlius 
we have 1, 1 2, 2 3, 3 4, 4 5 in Fig. 12 (a) parallel respec- 
tively to Pi Pj Pg, etc., in Fig. 12 (J). The line necessary to 
close the polygon, 5, is the resultant in intensity and direc- 
tion. In intensity because the length of 5 taken to the scale 
of force, gives the intensity of the resultant; in direction 
bec^ause acting from 6 to it produces equilibrium, while act- 
ing in the opposite direction, from to 5, it replaces the forces. 

We have, therefore, only to find the position of the resultant 
in the plane of the given forces in Fig. 12 (b). Hence : 

Second, choose anywhere a ^^pole " as O, and draw the lines 
or rays, or " strings " Sq S^ S, S^ 84, etc. S© and 85 are evi- 
dently components of the resultant, since they form with it a 
closed figure in the force polygon. 

Third, form the equilihriwm polygon ahcdeo'j Fig. 12 (S), 
as follows : 

Draw a line parallel to S© intersecting Pi (produced if neces- 
sary) at any point as a. From this point draw a line parallel 

* M*mente der OrapJdschen Statik. BauBchinger. MtLnchen. 1871. Pp^ 
11, 12. 
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to S| to intersection with P, (also prodaced if necessary) at h. 
From b parallel to S^ to c;, then parallel to Ss to ^, aad finally 
parallel to S4, to intersection e with P5. Through this last point 
draw a line parallel to the last ray S5. Now So and 85 are corn- 
]x»nents of the resultant *0 5 [Fig. 12 (a)] and are found in 
proper relative position. Produce them, therefore, to intersec- 
tion o\ Through this point the resultant must pass. Drawing 
then through o\ a lino parallel to 5, we have the resultant in 
proper position, and acting in the direction indicated in the fig- 
ure, it produces eguilibrium. 

Any other point than a, upon the direction of Pi, assumed as 
a starting point, would have given a different point 0' ; so also 
for any other assumed position of the pole C. But in every 
case we shall obtain a point upon the line of direction of R1.5 
already found. The reader may easily convince himself of this 
by making the construction for different poles, and points of 
beginning. 

Now the polygon or broken line, ab c d e^we call the equi- 
librium jH)lygon — ^that is, it is the position which a system of 
strings or struts^ Po ^ S2, etc,y would assume under the action 
of the given forces at the assumed points of application. 

Thus Pi acting at a, is held in equilibrium by the forces along 
So Aud Si, P3 acting at ft, by Si and S3 and so on. If we join 
any two points in the line of direction of Sq, and S9, as m 71 by 
a line, we have then a joirUed fram^^ which acted upon at the 
apices a. . ,e by the forces Pi. . .P5, and at m and n by Sq and 
S5 is in equilibrium. 

For S^ acting at m^ we see from the force polygon may be 
replaced by a force a parallel and opposed to the resultant R 
and a force C a acting along the line L. In like manner Ss may 
be replaaed by (i^ C and 5 a parallel and opposed to the result- 
ant The two forces a C and C a being equal and opposed 
balance each other through m n, wliile the sum of a and 5 a 
is equal and opposed to the resultant 5. There is, therefore, 
equilibrium, and m and n may be considered as the points of 
support of the frame acted upon by the forces Pi. . .P5 at the 
apices a, . .^, a and 5 a being the upward reactions at the 
points of support. 

As to the ^t/6^'fy of the strains in the different pieces ; as 
before the reaction at w, viz., a 0, is in equilibrium with the 
strain in m n and m a. Following round, then, in the force 
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polygon from a to 0, to C and O to a, and referring back to 
the frame, we find strain in m n acting towards apex m, there- 
fore compressive; strain in m a acting aioat/ from m, thei^fore 
tensile. In like manner Si St Sg are in tension, while S^or de 
and Ss or ^ n are compressed. 

Hence we may^ any two points of the equilibrium polygon 
by joining them by a line. The forces acting at these points 
are at once found by drawing from G in the force polygon a 
parallel to this line to intersection with resultant. Thus a C 
(since we have taken m n parallel to S|) is the force in mn and 
a 0,5 a, are the forces opposed to the resultant at m and n. 

93. Influeoce of a Couple. — Among the forces in Fig. 12 
there are two, P^ and Ps which are equal, parallel and opposite, 
the direction of rotation being as indicated by the arrow. Ex- 
amining the equilibrium polygon, we see that the influence of 
the couple is to shift S^ through a certain distance parallel to 
itself to S^ Now suppose the forces composing the couple 
were not given, but the value of the couple known, from the 
direction of rotation and the area of the triangle A^ P^ P^, 
which has its base equal to one of the forces and a height equal 
to tlieir perpendicular distance. In this case the lines 1 2, and 
Ss in i\\e force polygon, would disappear, but we can none the 
less find the point d, and from this point continue the polygon 
by drawing S4 and S5, and thus find the same points e and o* as 
before. To do this we have simply to apply the principle 
deduced in Art. 21, that one couple can he replaced by another 
provided the area of the triangle is constant. 

In the present case we must replace the given couple by 
another whose forces are Si and S^, having the same direction 
of rotation. 

Lay off then from a, a i equal by scale to Si as given in the 
force polygon. Describe upon Si the triangle a g h equal to 
the given area A9 P2 Ps* Draw g i, and then through h,hk 
parallel to g i. The point k is upon the line of direction of 
Sg, or in other words the area of the triangle ik a\% equal to 
a g h. The proof is easy. The two triangles i g h and i g h 
are equal, since they have the same base i g, and height. But 
if from the triangle a ^ ^ we subtract i g h, we obtain agh^ 
If from the same triangle a { ^ we subtract i g h, which is equal 
ioi g h, we obtain ik a. Equals subtracted from equals leave 
equals. Hence ik av& equal to a ^ h. 
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If then through k we draw a line parallel to Ss and pi'oduce 
it to d^ we have the same point as before, and thus from d^ can 
continue the polygon. 

[Note that the directioy of rotation shows the side of Si upon 
which the point k micst JuU. S^ acts away from a [from 1 to 
O in (a)] hence for rotation as shown by the arrow, g must fall 
above S^, and Sj is shifted v/pioards, 

94. Order ofForees Immaterial. — As in the case of a com- 
mon point of application, so also here, the order in which the 
forces are laid off is itnmaterial. To prove this for two forces 
is sufficient, as by continued interchange of two and two, we 
can obtain any desired order. 

Let the two forces be P4 and P5 (Fig. 13, PI. 8) existing either 
alone, or in combination with others preceding and following. 

Taking the forces first in the order P4 P5, we have the equi- 
librium polygon S3 S4 S5, (J) giving the point a in the result- 
ant Taking them now in reverse order, P5 P4, we have the 
polygon Sb S'5 S'4 giving the same point a in the resultant. The 
resnltaJit in the force polygon (a), viz., 5, is of ' course un- 
changed in intensity and direction in either case. It is required 
to prove that iu tlie second case the last string S'4 is not only 
parallel to S5 in the first, but coincides with it. 

This is easy. The resultant of P4 P5 goes through «, the in- 
tersection of Sb t^^d ^5- ^^^^ same resultant in the se(;ond case 
must also pass through the intersection of Sg and SV But Ss is 
the same in position and direction in both cases. If the second 
point of intersection does not coincide with a, still it must lie 
somewhere upon S3. Hence as the resultant must pass through 
both points, it must coificide with this last line ; viz., S3. But 
this is not possible, as the resultant must also pass through d^ 
the point of intersection of the forces, or when these do not 
intersect must be parallel to them. As therefore S'4 must be 
parallel to S5 (shown by the force polygon), the intersections in 
each case must coincide, as also the lines S'4, S5 themselves, and 
the polygon from e on has the same course in either case. 

25. Pole taken npon cloilng line. — ^We have seen (Art. 
20) that when any number of forces are in equilibrium both 
the furce and equilibrium poh'gon must close. There is one 
exception to this statement. Since the pole may be taken any- 
where, suppose it taken somewliere upon the line dosing the 
force polygon. This line, as we know, is the resultant, and 



26 F0B0B8 IN THE SAHB PLANE. [CHAP. U. 

holds the other forces in equilibrium. But now the equilibrium 
polygon evidently vrill not dose. On the contrary, the firet and 
last strings will be parallel. This position of the pole should 
then in general be avoided. For any other position of the pole 
our rule holds good ; viz., 

If the force polygon closes as also the equilibrium polygon^ 
the forces are in egriilibrium. If the equUihri/am polygon 
however does not dose^ the forces cannot be replaced by a single 
force but only by a couple. The forces of this couple act in 
theparaUd end lines of the equilibrium polygon^ and are given 
in intensity and direction of action by the line from the pole 
to the beginning of th^ force polygon [beginning and end coin- 
ciding]. 

36. Relation betireen two equlllbriam polygons ivltli 
different poles. — We may deduce an interesting relation be- 
tween the two equilibrium polygons formed by choosing differ- 
ent poles, with the same forces and force polygon. 

Thus with the forces Pi P2 Pj P4, we construct the force 
polygon Fig. 14 (a), PL 4. Then choose a pole C and draw So^, 
and thus obtain the corresponding equilibrium polygon S^^ab cd 
S4 Fig. 14 (6). Choose now a second pole C. Draw S'04 and 
construct the con'esponding polygon S'o a' V c' d' S'4. [In our 
figure ,c and d fall accidentally nearly together.] 

Join the two poles by a line C C. Then — any two corre- 
sponding strings of these ttjoo polygons intersect upon the saTne 
straight line M N paralld to G C Thus So and S'o intersect 
at g, S'l and S^ at ^, S'2 and S^ at 2, S\ and S3 at n, S'4 and S4 at 
m — and all these points g^ k, I, n and 7/i, lie in the same 
straight line M N parallel to the line C C connecting the 
poles. 

The proof is as follows.* If we decompose Pi into the com- 
ponents So Si and S'o S'l, these components are given in inten- 
sity and direction by the corresponding lines iu the force poly- 
gon. If we take the two first as acting in opposite directions 
from the two l^t, they hold these last in equilibrium. The 
resultant therefore of any two as S© and S'o must be equal and 
opposed to that of the remaining two, Si and S\, and both re- 
sultants must lie in the same straight'line. This straight line 
must evidently be the line g k joining the intersections of So S'o 

* BUemenis der OraphUehen StatUc, Baaschinger. Milnohen, 1871 . F{>. 
18-19. 
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and 8i 3\, But from the force polygon we see at once that the 
resultant of S© and S'o is given in direction and intensity by 
C C, and this is also the resultant of Si and 8\. The line join- 
ing g and k must therefore be parallel to O O'. For the second 
force Pg we can show similarly that the line joining k and I is 
parallel to O C. But ^ is a common point of both lines — whence 
ff k and I lie in the same straight line parallel to C C. 

[Note. — The pure geometric proof is as follows : The two 
complete qitadrilaterals 1 0' O and g k a' a have f/oe pairs of 
corresponding sides parallel^ viz., 1 and a a\ a a' 1 C and 
a' kjQ and a g^o C and a' g^ 1 C and a k; hence the sixth 
pair are alsoparaUdj viz., O C and g k. In Wee 'inanner for 
1 2 C 0' and IkV b and so on,"] 

We can make use of this principle in order from one given 
equilibrium polygon S^abcdS^ and pole, to construct another, 
the direction of C being known. For this purpose, having 
assumed the position of the first string S'o we draw through its 
intersection g with So a line M N parallel to O 0'. The next 
string must therefore pass through the intersection a' of S'o and 
Pi and through the point ^, of intersection of the second string 
of the first polygon and the line M N. It is therefore deter- 
mined. The next side must pass tlirough b' and Z, and 
so on. 

[Note. Observe that the intersections r and r' of the first and 
last lines of both polygons must lie in a straight line parallel to 
4, the direction of the resultant.] 

37. Mean polygon of equilibrium. — Since the pole may 
have any position, let us suppose it situated in one of the angles 
of the force polygon. It is evident that the first line of the 
corresponding equilibrium polygon, then coincides with the first 
force. If now the pole be taken at the beginning of the first 
force in the force polygon, then the first side of the correspond- 
ing equilibrium polygon will coincide with the first force, and 
the last line will be the res'ultant itself in proper position. 

Take for instance, the pole at o in the force polygon. Fig. 15 
(a), PL 4. The first side S© reduces to zero. The next Si coin- 
cides with 1. In {b) therefore Pi is the first side of the equi- 
librium polygon. The next side S2 corresponds with Sj in (a). 
Thus we obtain the polygon abode, the last side of which S7, 
is the resultant itself That is, Sj is the resultant of Pi and Pa, 
83 of Pi^, S4 of Pi4 and so on. Every line in the polygon then 
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is the resultant of the forces precieding, and we call such a 
polygon the mean polygon of equilibrium. 

If we wish to find the mean polygon for P^7 we have only tc 
take the new pole C at 2 in the force polygon (a). According 
to the preceding Art., each side of the new polygon must pass 
through the intersection of the corresponding side of the first 
with the line S2 which passes through a and is parallel to C C. 
Thus S'4 must pass through h' and o. S\ through c' and n, aiid 
so on. S', is the resultant of Pg?, and since S3 is the resultant 
of Pi^; S7, the resultant of P1.7, must pass through the intersec- 
tion m of S'7 and Sj, 

We observe here again the influence of the couple P5 and P^. 
S4 and S 4 are simply shifted through certain distances, without 
change of direction, to S« and S'g ; and as we have seen above, 
knowing tiie direction of rotation, and the moment of the couple, 
we might have omitted it in the force polygon and still obtained 
S7 and S'7 as before. 

3§. Une of pressures in an arch. — The practical applica* 
tion of the above will be at once seen in the consideration of 
an arch. Thus with the given horizontal thrust applied at a 
given point of the arch, and the forces Pi^, we construct the 
force polygon C <? 5, and then the line of pressui^es abed, 
[Fig. 16, PI. 4.] 

Required with another thrust H' = (? C' acting at another 
point, and the same forces Pj^j, to construct the corresponding 
line of pressures. To do this we have only to lay off o C equal 
to the new horizontal thrust, then choose a point of the force 
line, as 3, as a pole and draw the corresponding polygon, 
h op k ; the point of intei*section, i, is a point u|X)n the line 
m n parallel to ^ O, and upon this line will be found the inter- 
section of corresp(mding sides of the two polygons. Thus from 
the intersection of the side ap of the firet polygon with m, n^ 
draw a line to o and we have a'. From the intersection i of 
the second line of the firet polygon draw a line to a', and wo 
have J' a\ and so on. 

119. — The preceding articles comprise all the most important 
principles of the Graphical Method which can be deduced in- 
dependently of its practical applications. Future principles 
will be best demonstrated, and at the same time illustrated, by 
considering the various special applications of the method, and 
to these applications we shall therefore now proceed. 
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CHAPTER III. 



OENTBE OF GRAVITY. 



M. General Method. — One of the most obvious applica- 
tions of our method, as thus far developed, is to the deter- 
mination of the centre of gramty of areas and solids. We 
shall confine ourselves to areas only, merely observing that all 
the principles hitherto developed apply equally well to forces 
in space. The forces being given by their orthographic pro- 
jections upon two planes after the manner of descriptive geo- 
metry, the projections upon each plane may be dealt with as 
forces lying in that plane, and thus the projections of the force 
and equilibrium polj'gons, the resultant, etc., determined. 

A body under the action of gravity may be considered »s a 
body acted upon by parallel forces. The resultant of these 
forces being found for one position of the body [or the body 
being considered as fixed, for one common direction of the 
forces] may have its point of application anywhere in its line 
of direction. 

For a new position of the body [or another direction of the 
forces] there is another position for the resultant. Among all 
the points which may be considered as points of application of 
these two resultants there is one which remains unchanged in 
position, whatever the change in direction of the parallel forces. 
This point must evidently lie upon aU the resultants, and is 
therefore given by the intei-section of any two. 

It is hardly necessary to give illustrations of the method of 
procedure. 

Generally, we divide up the given area into triangles, trapez- 
oids, rectangles, etc., and reduce the area of each of these fig- 
ures to a rectangle of assumed base. The heights of these 
reduced rectangles will then be proportional to the areas, and 
hence to the force of gravity acting upon them ; i,e.y to their 
weights. Consider then these heights as forces acting at the 
centres of gravity of the partial ai'eas. Construct the force 
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polygon by laying them off one after the other. Choose a pole 
and draw lines from it to the beginning and end of each force. 
These lines will give the sides of the funiovlar or equilibrium 
polygon. Anywhere in the plane of the fignre, draw a line 
parallel to the first of these pole lines (Sq). Produce it to inter- 
section with the first force (Pi), prolonged if necessary. From 
this intersection draw a parallel to the second pole line (Si), and 
produce to intereection with second force (Pg). So on to last 
pole line, which produce to intersection with first pole line. 
Through this point the resultant must pass, and of course it 
must be parallel to the forces. 

Now suppose the parallel forces all revolved say 90°, the 
points of application remaining the same. Evidently the new 
force polygon will be at right angles to the first, as also the 
new pole lines, each to each. It is unnecessary then to form 
the new force polygon. The directions of the new pole lines 
are given by the old, and this is all that is needed. 

Anywhere then in the plane of the figure, draw a line (S'o) 
perpendicular to the firet pole line (So) previously drawn, and 
prolong to intereection with new direction of first force (Pi'). 
Through this point draw a perpendicular (Si') to second pole 
line, to int-ersection with new direction of second force (Pj') 
and so on. We thus find a point for new resultant, parallel to 
new force direction. Prolong this resultant to intersection 
with firbt and the centre of gravity is determined. 

[Note. — If the area given has an axis of symmetry^ that can 
of coui-se be taken as one resultant, and it is then only necessary 
to make one construction in order to find the other.] 

The given area of irregular outline must, as remarked above, 
be divided by parallel sections into areas so small that the out- 
lines of these areas may be considered as practically straight 
lines. The forces are then taken as acting at the centres of 
gravity of these areas. This division will give us generally a 
number of triangles and trapezoids. 

It is therefore desirable to reduce graphically to a common 
base the area of these triangles and trapezoids, and for this pur- 
pose the following principles will prove of service : 

33. Reduction of THausIe to equivalent Rectangle of 
given Rase. — Let h be the base and h the height. Then area 

= — . Take a as the given reduction base, and let x represent 



CHAP, ul] centre of gravitt. 81 

the heiglit of the eqnivaleiit rectangle. Then 

hh h X 
ax = — or — = — r. 
2, a i * 

Now a, J, and h being given, it is required to find x graphi- 
callj. 

Let A B C be the triangle, and D the middle of the base. 

[Fig. 17, PI. 5.] Lay off A B = A and A P = a. Draw P D, 

and parallel to F D draw E x. Then A a; is the required 

height. 

^ A a; AE x h 

For : --— = --— or T-7 = -. 

AD A F ib a 

As to the centre of gravity of the triangle, it is at the inter- 
section of the lines from each apex to the centre of the opposite 
side ; since these are medial lines 

33. Redaction off Trapezoid to eqalTalent Rectangle. 

— In the trapezoid A B C D, Fig. 18, PI. 5, draw through the 
middle points of A D and B C perpendiculars to D C, and pro- 
duce to intersections E and F with A B produced. 

Then lay oSlP g = a= the given reduction base, and draw 
g E intersecting D C in a;. Then H a; is the required height. 

^ EF H X EF X 

For _i — = =^=z or = =-= ; 

T g HE a HE' 

hence afl; = EFxHE = area. 

To find the centre of gravity ^ draw a line through the mid- 
dle points of the parallel sides A B and D C. Prolong A B and 
CD and make Ca = AB and A & = G D and join a and b. 
Then the intereection of a b with the axis of symmetry gives 
the centre of gravity. 

The construction for the reduction of ^ paraUdogra/m, is pre- 
cisely similar. [Fig. 18 (5).] 

The points F and E here coincide with A and B, and we 
have 

A (9 A B 7 . _ 

-^ - = = — ,oraaj = AxAB=: area. 
A a g 

The same construction also holds good, of course, for a rect- 
angle or square. The centre of gravity in each case is at the 
intersection of two diameters, since these are axes of symmetry. 

34. Reduction off <|aadrilateral9 €^enerally. — In general 
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any quadrilateral may be divided into two triangles which may 
be reduced separately, or into a triangle and trapezoid. 

It is also easy to reduce any quadrilateral to an equivalent 
triangle^ which may then be reduced by Art 32 to an equiva- 
lent rectangle of given base. 

Thus we reduce the quadrilateral A B G D [Fig. 18 (c)] 
to an equivalent triangle by drawing C Ci parallel to D B to 
intersection Ci with A B, and joining C^ and D. The triangle 
D B Gi is then equal to D B G, and hence the area A D Ci is 
equal to A B G D. The triangle A D G^ can now be reduced 
to an equivalent rectangle of given base by Art. 32. 

The centre of gravity of the quadrilateral may be found as 
follows : 

Draw the diagonals A G and B D and mark the intersection 
E. Make A Ei = G E and B Es = D E, also find the centres 
Oi and Os of the diagonals A G and B D. Join O^ Ei and Oi 
E2 ; the intersection S of these two lines is the centre of gravi- 
ty required. 

The above is snfiicient to enable us to find the centre of gravity 
of any given area of regnlar or irregular outline. The method 
may be applied to finding the centre of gravity of a loaded 
water-wheel (as given in Der Constructeur^ Reuleaux, Art. 47), 
and many similar problems. The reader will have no difficul- 
ty, following the general method indicated in Art. 30, in mak- 
ing such applications for himself. The method itself is so sim- 
ple that it is unnecessary to give here any practical examples 
in illustration. We sliall, moreover, have occasion to return to 
the subject in the consideration of moment ofmertia of areas. 

We pass on therefore to the moment of rotation of forces %n 
a plane. 
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CHAPTER IV. 



MOMESrr OF ROTATION OF FOBOEB IK THE SAME FLAKE. 

85, The ** Moment " of a Foree aboat any Point is the 

product of the force into the perpendicular distance from that 
point to the line of direction of the force. The importance 
and application of the " moment " in the determhiation of the 
strains in the various pieces of any structure will be evident by 
referring to Art. 14, where Ritter's " method of sections " is 
alluded to. In general, when the moments of all the exterior 
forces acting upon a framed structure are known, the interior 
forces, or the strains in the various pieces, can be easily ascer- 
tained. 

As we shall immediately see, these moments are given 
directly in any case by the ^^ equilibrium polygon,'^^ 

36. Cnlmann't Principle. — If a force P be resolved into 
two components in any directions as & C, i Ci (Fig. 19, PL 5), 
and these components be prolonged, it is evident that the 
mom^erU of P with reference to any point as a situated any- 
where in the line c d parallel to P, is P x ha. But if from O 
we draw the perpendicular H to P, then by similar triangles, 

ViUWodiba; 

Pxh a=:Hxcd, 

That is, the moment ofV with respect to any point a is eqical 
to a certain constant H midtiplied by the ordinate o rf, paral- 
lef' to V and limited by the components prolonged. The con- 
stant H we call the ^^pole distance,^'* 

This holds good for any point whatever, and we have only to 
remember that if we assume the ordinates to the right of P as 
positive, those to the left are negative. 

We can choose the pole O where we please, and thus obtain 
various values for H, but for any one value the corresponding 
ordinates a^'e proportional to the m>oments. 



o 
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The above principle is due to Cul/mann^ and Mdll be referred 
to hereafter as Culmann^8 principle, 

37. Application of the above to Eqalllbrlam Polygoii. 

— ^Let Pm be a number of forces given in position as repre- 
sented in Fig. 19 {a) PI. 6. By forming the ybrc« polygon Fig. 
19 (i), choosing a pole O, and drawing S^, Sj, S^, etc., we form 
the equilibrium polygon abed ef^ Fig. 19 (a). 

The resultant of the forces Pi^ acts in the position and direc- 
tion given in the Fig. Kow, as we have seen in Art 22, 
regarding the broken line ab c d e ba a system of atrvngs^ we 
may produce equilibrium by joining any two points as a and^^ 
by a line^ and applying at a and y the forces S^^ and S4. Let us 
suppose this line a f perpendicular to the direction of the 
resultant. Since we can suppose the broken line or polygon 
fastened at any two points we please, tliis is allowable, and 
does not affect the generality of our conclusion. 

Then the compression in the line a f \^ given by H, the 
^' pole dAstcmce^^ er the distance of the pole O from the result- 
ant in the force polygon. We have therefore at a the force 
H and Vi = H acting as indicated by the arrows. At a then 
Vi acting up, H and S^, acting away from a, are in equilibrium, 
or Vi is decomposed into H and S^, as shown by the force 
polygon. 

According to Oulmann^a principle then, the moment of Vi 
with reference to any point, as m or 0, is equal to H x o ?/fc. 
Therefore H being known, the ordinates between a f and So 
are proportional to the moment of Vj at any point. Vj acting 
upwards gives positive rotation (left to right) with respect 
to m. 

At the point J, Pj may be replaced by a force K parallel to 
R and a force K 1 along S^ [see force polygon]. This we see 
at once from the force polygon where K and K 1 make a 
closed polygon with P^ and taken as acting from to K and 
K to 1, replace Pi. But these two forces are in equilibrium 
with Si and S©, or 1 O and C [see force polygon], and since 
K 1 and 1 K balance each other, all the forces acting at b may 
be replaced by S©, K and K 0. We have then at b the force 
K resolved into components in the directions So and Si- 

By OvJ/mami^s principle^ therefore, the moment of O K 
about any point as m, is proportional to the ordinate n m, and 
since K acts downward this moment is negative. Hence the 
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resuUant moment htmor o of the components at a and b par- 
allel to R, is proportional to the ordinate o n. 

So for 9Jij pointy the ordinate included by the polygon ab c 

d ef^ and the do»mg line af^ to the scale of length multiplied 

by the ^^pole distance ^^ H to the scale of force^ gives the mo- 

fnent at thatpoifU of the components pa/raUel to the restdtant 

The practical importance and application of this principle 

will appear more clearly in the consideration of parallel forces 

in the next Chapter. 
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CHAPTER V. 



/ 

MOMENT OF BOTATION. — PARATJ.KT» F0BC3Sfl. 



3S. Eqalllbriam Polygon. — Since the forces acting upou 
structures are generally due to the action of gravity, these 
forces may be considered as parallel and vertical, and in all 
practical cases therefore, we have to do with a system of paral- 
lel forces. 

Given any number of parallel forces Pj^, PL 6, Fig. 20 ; 
required to find the direction, intensity and position of the 
resultant, and the moment of rotation at any point. 

1st. Draw the force polygon. In this case it is, of course, a 
straight lino. 

2d. Choose 9k pole 0, and draw the lines So, Si, Sa, etc. 

3d. Draw the string or equilibrium polygon ah o d e f. 
Considering this polygon as a system of strvnga^ the forces will 
be held in equilibrium if we join any two points, as a and g^ 
by a strut or compression piece, and apply at a and g the up- 
ward forces Vi and Vj. 

4th. Prolong a h and fg to their intersection o. Through 
this point the resultant must pass. It is of course parallel and 
equal to the sum of the forces. 

Now, if a ^ is assumed horizontal, the perpendicular H to 
the force line, or the ^^pole distanoey^ divides the resultant 5 
into the two reactions Vi and V2 (Art. 22). 

All the forces in the equilibrium polygon have the same 
horizontal projection H, in the force polygon. 

Let a g represent a ieam resting upon supports at a and g. 
We have then at once the vertical reactions Vi and V, or A 
and 5 A, which, in order to cause equilibrium, must act ujp- 
v>ards. 

For the moment at any point, as o, due to Vi, we have, by 
Culmann's principle, m multiplied by H. The triangle formed 
by ah,ag, and Pi, gives then the moment of rupture at any 
point of the beam as far as Pi. For a point o^ beyond Pi^ the 
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moment due to Vi, must be di/minisJied by that doe to Pi, since 
these forces act in opposite directions, and rotation from left 
to right upon the left of any point is considered positive. We 
see at once from the force polygon that Pi is resolved into Sq 
and Si or into a h and b g. Hence the moment at o due to Pi 
is mn multiplied by H. The total moment bX o is then mo — 
mn= nOy multiplied by H. 

Hence we see that the ordinatea to the equilibrium polygon 
from the dosing line a g^ a/re proportional to the total mo- 
menta / while the ordinate at any point between any two adja- 
cent aides of this polygon^ prolonged^ represents the momerit at 
that point of a force acting in the vertical through the inter- 
section of these two sides. 

[The reader should make the construction, changing the order in which 
the weights are taken, and thus satisfy himself that the order is a matter 
of indifference. As to the direction of the reactions Vi, Va, it must be 
remembered that a & is to be replaced by Vi and H, hence Vi must be op- 
posed to O 0, the direction obtained by following round in the force poly- 
gon the triangle 1 O. Force and distance scales should also be assumed. 
Thus the ordinates to the equibbrium polygon scaled oft say in inches, and 
multiplied by the number of tons to one inch, and then by the **pole dis- 
tance " taken to the assumed scale of distance, will give the moments of 
any point.] 

The resultant of any two or more forces must pass through 
the intersection of the outer sides of the equilibrium polygon 
for those forces (Art. 16). Thus, the resultant of Pi and P2 
must pass through the intersection of ab and c d. Of Vi and 
Pi, through the intersection o£ a g and b c/ of Pi Pg and Pg, 
through intersection of ab and d e, and so on. In every case 
the intensity and direction of action of the resultant is given 
directly by simple inspection of the force polygon. 

Thus from the force polygon we see that the resultants k 2 
and k 3 of Vi Pi P3 and Vi Pi Pa Pa, act in diferent directions. 
Their points of application are at the intersection oi cd and de 
respectively with a g, or upon either side of d in the equilibrium 
polygon. At d the ordinate and hence the moment is greatest, 
and at this point the tangent to the polygon is parallel to a g. 
If we had a continuous succession of forces ; Hag, for in- 
stance, were continuously or uniformly loaded ; the equilibri- 
um polygon would become a curve, and the tangent at d would 
then coincide with the verj short polygon side at that point 
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The points of application of the resultants of all the forces 
right and left of d are then at the intersection of this tangent 
with a, g^ or at an infinite distance. 

At d then we have a couple^ the resultant of which is as we 
have seen (Art. 20), an indefinitely small force acting at an 
indefinitely great distance. That is, with reference to d^ the 
forces acting right and left cannot be replaced by a single 
force. 

Hence generally : at the point of maximum moment (" cross 
section of rv/ptuTe^\ the resultant of the outer forces on either 
side reduces to an indefinitely small and distant force, the 
direction of which is reversed at this point, and the point of 
application of which changes from one side to the other of the 
equilibrium polygon.* 

The " cross section of rupture " then^ is thatj>oint where the 
weight of that portion of the girder hetween it and the end is 
equal to the reaction at that end^ or where the resuUoM dianges 
sign. 

The value of the moment at this point, is therefore equal to 
the product of the reaction at one end into its distaruse from 
the point of application of the equal resultant of all the loads 
between that end and the point. 

Thus for a beam uniformly loaded with w per unit of length, 

the reaction at each end is —^' From the above, the cross sec- 
tion of rupture is then at the middle. The point of application 
of the resultant of the forces acting between one end and the 

middle is at -tj hence the maximum moment is-^r x-7 = -s-. 

4 2 4 o 

39. Beam nrlthTwo Equal and Opposite Forces beyond 
the Sapports. — The ordinates to the equilibrinm polygon thus 
give, as it were, a picture or simultaneous view of the change 
and relative amount of the moments at any point. The point 
where the moment is gi-eatest, i.e., where the beam is most 
strained, is at once determined by simple inspection. 

Let us take as an example a beam with two equal and oppo- 
site forces beyond the supports. Thus, Fig. 21, PL 6, suppose 
the beam has supports at A and B, the forces being taken in 
the order as represented by Pi Pj. We first construct the force 

* Die Oraphigche StaUk.—CxilmBjm, p. 127. 
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polygon from to 1, and 1 to 2 or 0. Next choose a pole C, 
and draw Sq Si and S,. Draw then a parallel to So till intersec- 
tion with first foroe^ P^ then parallel with Si to second force^ 
Pa, then parallel to S^ or S^ to intersection with vertical through 
support B, and finally di-aw the closing line L. A line through 
C, parallel to Ii, gives as before the vertical reactions. Follow- 
ing round the force polygon, we find at A the reaction downr 
ijoa/rdsj since Sq acts from C to and is to be repldced (Art. 4) 
by Xj and Vi; at B reaction upwards^ since Pa acts up, and fol- 
lowing round, Sj acts from to C. Both reactions are equal to 
a 0. At A then the support must be above, and at B below the 
beam. The shaded aroa gives the moments to pole distance H. 
Had we taken the pole in the perpendicular through o, Sq would 
have been parallel with the beam itself. This is, however, a 
matter of indifferonce. The moment area may lie at cmy in- 
clination to the beam. We also see hero again the effect of a 
oowple (Art. 23). Sq is simply shifted through a certain distance 
to Sa, parallel to Sq, and therefore the moment at any point be- 
tween Pa and B is constant. This is generally true of any 
couple, as we have already seen, Article 21, and may be proved 
analytically as follows : 

Let the distance between the forces be d^ = A B, Fig. 29. 
Then foranypoint ^, wehavePx(«+B<?)— PxB<?=P [a4-B(? 
— B o] = P a. For 0* between A and B, P x A o'+P x o* B= 
P [A (?'+<?' B] =Pa. 

So also for any point to the left, the same holds true. 
Graphically the proof is as follows : 

Decompose both forces into parallel components. Fig. 28. 
Then for any point, as o, we have the moment M = H x w n— 
Hxmj9 orM=— Hx np. But n /? is the constant ordinate 
between the parallel components A 72. and A j>. 

We see, therefore, liy simple inspection, that the distance of 
Pj and Pa from the support B, Fig. 21, has no influence what- 
ever upon the moment or strain in A B, provided the distance 
between the points of application remains the same, and that 
the moment at all points between Pa and the support B is con- 
stant and a maximum. From B and Pa the moments decrease 
left and right, and become zero at A and Pf 

40. Beam urith Two Equal and Oppottte Forces be- 
tween the Two Snpporto. — ^Let the beam A B, Fig. 24, PI. 6, 
be acted upon by the two equal and opposite forces Pj Pg. 
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Construct the force polygon 012. Choose a pole O and draw 

0, C 1, C 2. Parallel to O 0, draw the first side of the equi- 
librium polygon to intersection -with first foroe Pi; then paral- 
lel to 1 to aecoTid force P2 ; then parallel to G 2 to (Z. Join d 
and 0. Parallel to this draw O a in force polygon. Then a 
is the vertical reaction at A, which acts upwards, since it must 
with O a replace O ; and O 0, when we follow round from o to 

1 and 1 to C, acts from C to 0. 

We have the same vertical reaction at B, but here, since we 
must follow from 1 to 2 and 2 to O, O 2 acts from 2 to C, hence 
following round, the reaction at B is downward. The shaded 
area gives the moments to pole distance H, as before. 

We see at once that at a certain point e tKe moment is zero. 
Left and right of this point the moment is positive and nega- 
tive. At the point itself we have a pomt of infiectionj and 
here, since the moment is zero, there is no longitvdinal strain. 
At b and c the moments are greatest ; here the beam is most 
strained, and at these points, therefore, are the ^^ cross sections 
of rupture." Here again, if we had taken the pole O in the 
perpendicular through a, the closing line of the polygon o d 
would have been horizontal. It is, however, indifferent at 
what inclination a d may lie, but we may if we wish make it 
horizontal 7ioWj and then lay off from its new intersections with 
Pi and P2 along the directions of these forces, the ordinates 
already found at h and c, and join the points thus obtained with 
the ends oi od {i,e., with its intersections with the verticals 
through the supports). The ordinates of the new polygon 
thus found will be for any point the same as before, and will 
also be perpendicular to the beam. 

[Note. — ^Had we taken the forces precisely as above but in rewrw order, 
the force line would be reversed, and we should have and 2 in place of 1, 
and 1 in place of and 2 ; that is, in place of O 1 we should have O and 
O 2. Constructing then the equilibrium polygon by drawing a line paral- 
lel to new O to intersection with new Pi, then parallel to new O 1 to in 
tersection with new P«, then parallel with new O 2 to intersection with 
vertical through B, and finally joining this last point with intersection of 
the first line drawn (O 0) with vertical through A, we have at first sight a 
very different equilibrium polygon. This new polygon will consist of ftw 
parts. If the ordinates in one of these parts are considered positive, those 
in the other must be negative. The difference of the ordinates in these two 
portions for any point, will give the same result as above. This, by mak* 
ing the above construction, the reader can easily prove.] 
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41. Many other problems will readily occur, which may in a 
Bimilar manner be solved. The weights may have any position, 
number and intensities desired ; in any and every case we have 
only to construct with assumed pole distance the corresponding 
eqailibrium polygon, and we obtain at once the moments at 
every point. By the use of convenient scales, numerical results 
may be obtained which may be checked by calculation, and 
the practical value and accuracy of the method thus demon- 
strated. 

The above principles will be sufficient for the solution of any 
such problem which may arise, and we shall therefore content 
ourselves with the above general indication of the method of 
procedure, and pass on to the consideration of a few cases 
where the above needs slight modification, and which, from 
their practical importance, and the ease with which they may 
be treated graphically, seem worthy of special notice. 

IST. BEAM OR AXLE — ^LOAD INOLINED TO AXIS.* [Fig. 25, PI. 6.] 

We have here simply to draw the " closing line "AC paral- 
lel to the beam or axle. From d draw d B parallel to the force 
P, then di-aw A B in any direction at pleasure, and join B C. 
We have thus the equilibrium polygon ABC, the ordinates to 
which, as d Byj>a7*allel to the force P, will give the moments, 
provided we know the corresponding pole distance. 

But this can easily be found. As we have already seen, the 
force polygon being given, the equilibrium polygon may be 
easily consti-ucted. Inversely, the equilibrium polygon being 
given, the force polygon may be constructed. Thus from A 
draw A c equal and parallel to P, and then draw c C^ parallel 
to B C. A a and h c are the vertical reactions Pi and P2 ; a J 
is the horizontal component of the force which must be resisted 
at one or both of the ends ; and the moments at any point are 
given by the ordinates parallel to P multiplied by the perpen- 
dicular distance from Ci to A c. K we suppose the force P, as 
in the Fig., as causing two opposite vertical forces, instead of 
acting directly upon the axis, we have only to prolong A B to 
Bi and join Bi B2, and then the ordinates of A Bi B2 C parallel 
to P or A Cy multiplied by H (perpendicular distance from C^ 

to Ac) will give the moments. 

,- ■ ' 

* See Der Oomtructeur, Reuleaox. 
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2d. foecb paballel to axis. [Fig. 26, PI. 6.] 

We have an example of this case in the " bayonet slide " of 
the locomotive engine. 

We have here two pairs of forces, the reactions Vi and Vj 
and the forces over B^ and Ba. The points of application of 
these last change of course periodically, but for any assumed 
position the moments are easily found. Thus draw A Bi at 
pleasure, and B2 parallel to it, and join Bi Ba and A C, and 
we have at once the equilibrium polygon. To find the corre- 
sponding yj>rc«j?(?Zyy(?n, suppose Pi applied at 5, aud join h with 
the other support Make b equal to P then cd = Yi. Lay 
off then Aa = od = Y2 and draw a Ci, which is the pole dis- 
tance. Draw Ci e parallel to Bi B2. Then A e and e A are the 
forces acting over B3 and Bi, and A a is the reaction Vi. The 
case is, indeed, precisely similar to that in Art. 40. 

[Note. — ^The moment area should properly be turned over upon A O aa 
an axis, so that A a should be laid off and e fall bdow A, This can, how- 
ever, cause no confusion.] 

The application of the method to car axles,* crane standards, 
and a large number of similar practical cases in Mechanics is 
obvious. The formulas for many of these cases are too com- 
plex for practical use ; in some, no attempt at investigation of 
strain is ever made, the proportions being regulated simply by 
" Engineering precedent " or rules of thumb. Those familiar 
with the analytical discussion of such cases will readily recog- 
nize the great practical advantages of the Graphical Method. 

3d. beam OB AXLE ACTED UPON BT F0BCB8 LYING IN DIFFERENT 

PLANES. 

The analytical calculation in such a case for instance is of 
considerable intricacy, but by the graphical method, on the 
contrary, the difficulty of investigation is scarcely greater than 
before. 

Thus, let Fig. 27, PI. 7, represent a beam acted upon by two 
forces Pi and Pj not in the same plane. 

First, we draw the force polygons A Oi M and D Qs 2 for the 
forces Pi and P2, having both the same pole distance G Oi = 
O^ H, the pole Qa being so taken that the closing lines of the 

♦ Der Constructear^ Reoleanx, pp. 216-223. 
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corresponding polygons A &' D and A c" D coincide. This is 
easily done, as if the closing line of the second polygon for any 
assumed position of O3 (O, H being equal to G Oi) does not co- 
incide with A D, the ordinate at d' can bo laid off from C and 
A d* D thus found in proper position, and then the pole Og can 
be located. It will evidently be at the intersection of the ver- 
tical O2 O', with d* D. 

The two force polygons being thus formed, we construct the 
polygon A O" D by drawing lines B B", E B", O O", etc., so 
that their angles with the vertical shall be equal to the angle 
between the planes of the forces, and making them equal to 
the ordinates B J", E «", O </', etc., respectively. Join V B", 
d E", /' P", d C, etc., and lay off the ordinates B J, E <?, P/, 
<J, etc., respectively equal. The ordinates to the polygon* 
thns obtained, viz. : A h efo D multiplied by the pole distance 
Oi Q or O3 H, give the moments at any point. A b and e D 
are straight lines, h efo is a curve (hyperbola). If we drop 
verticals through O^ and O,, and draw the perpendiculars 0/ M, 
0'^ ; A M is the reaction R^, and D K the reaction R3, both 
measured to the scale of the force polygon. Their directions 
are found by the composition of A G and H 2 and D H and 
6 M respectively, under the angle of the forces. 

4th. oombined twistino and bendinq moments. 

In many constructions pieces occur which are subjected at 
the same time to both bending and twisting moments. Both 
can be represented and given by moment areas. Thus, Fig. 
28, PL 7, represents an axle turning upon supports at A and B 
and having at C a wheel upon which the force P acts tangenti- 
ally. We have then a moment of torsion M^. = P R and reac- 

tions Pi = P —3— and Pj = P -—- ; s being the distance of P 

from B, and a of P from A. 

Let the bending moments be represented by the ordinates to 
the polygon a01>\ then laying q& ao equal to P and drawing 
O parallel to J c, we find the corresponding pole distance 
k, and the reactions Pi and P3 equal to ^ ^3^ and h respec- 
tively. 

Now, in the force polygon Oao thus found, at a distance 
from O equal to R, draw a line m n parallel to P. This line 
TO n evidently gives for the same pole distance the moment of 
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torsion P x R. Laying off O'Ci = J J', = m 71, we have the 
torsion rectangle Ci 6' b C. 

Now the combined moment of torsion Mt and bending M^ is 
I Mb+fv^lMg + 3W?* We make then 0' Co equal to f C Oi = 
imn and C Oj equal to f O C = Mb, and draw C2 J. Then 
any segment of any ordinate, ^^ff^ is f oiff\ Revolve now 
C Co with C as a centre, round to C and join C'o Cj. Then 
Pa C'o is equal to f \/Mj -l-I^> and therefore with Cj as centre 
revolving Cj C'o to Cg, we find the point Cg, C Cj being equal to 
f Mb+f V^ + M?. In the same way we find any other 
point as^, by laying off //'o equal \^f% joining ,/i and f\ and 
making f^ f^ equal to ^ ^ The line ^f%\ thus found is a 
hyperbola, and the ordinates between it and h C give the com- 
bined moments [for pole distance O Tc\ at any point 

[Note. — ^We suppose the axle to turn freely at A, and the working point 
or resistance beyond B ; hence the moments left of the wheel are given by 
the ordinates to a O.] 

5th. application to OBANK AlTD AXLE. 

The above finds special and important application in the case 
of the crank and axle. 

Thus in PI. 8, Fig. 29, let E D C B be the centre line of crank 
and shaft. Lay off a P equal to the force P acting at A, choose 
a pole o and draw oa oV and the parallels a and a B. Join 
E and ^'and draw o'Pi parallel to E d. Then P Pi is tlie 
downward force at E and P^ a the upward reaction at D. The 
ordinates to E ^ a to pole distance P, give the bending mo- 
ments for the shaft. Make a P equal to the lever arm R, then 
F G is the moment P R, and we unite this as above with tlie 
bending moments and thus find the curves 0' d* e* the ordinates 
to which give the combined moments at every point of the 
shaft [see 4th]. 

For the arm B C, make the angle Oq B C equal to D a (/, 
and then the horizontal ordinates to a© B give the bending mo- 
ments for the arm. Make C c^ equal to C c and we have the 
torsion rectangle C Cb ^0 R> ^^^ as in the previous case we unite 
the two and thus find the curve Jo ^ F> the horizontal ordinates 
to which from B C give the required combined moments, to 

— ^— ^^-^^-^^^— ~^~^-^^^^^— ^^— — — 

♦ D&r Gonstructeur^ Reuleaux, p. 52, Art. 18. 
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polo distance o P. Tlius K'h ^ = | H Ap , H i = f B Jq, and 

H A == Ap A' + A' i= I M,,+ I i/Mj+1^. 

The application of the method when the crank is not at right 
angles to the shaft, as also when the crank is double, and gener- 
ally in the most complicated cases, is equally simple and satis- 
factory. Our space forbids any more extended notice of these 
applications, and we must refer tlie reader to Der ConstructeuVy 
by F. HeideatiXj Braunschweig^ 1872, for further illustrations 
and applications of the method to the solution of various practi- 
cal mechanical problems. 

4S. Conttnnoiit lioadlng—lioad Area. — Thus far we have 
considered only concentrated loads. But whatever may be the 
law of load distribution, if this law is known, we can represent 
it graphically by laying off ordinates at every point, equal by 
scale to the load at that point. We thus obtain an a/rea bounded 
by a broken line, or for continuous loading, by a curve, the 
ordinates to which give the load at any point. This hfod a/rea 
we can divide into portions so small that the entire area may 
be considered as composed of the small trapezoids thus formed. 
If, for instance, we divide the load area into a number of trape- 
zoids of equal width, as one foot one yard, etc., as the case may 
be, then the load upon each foot or yard will be given by the 
area of each of these trapezoids. If the trapezoids are suffi- 
ciently numerous, we may consider each as a rectangle whose 
base is one foot or one yard, etc., as the case may be, and whose 
height is the mean or centre height. The weight therefore for 
each trapezoid acts along its centre Ime, We thus obtain a 
system of parallel forces, each force being proportional to the 
area of its corresponding trapezoid, and equal by scale to the 
mean height or some convenient aliquot part of this height. 
We can then form the force polygon ; choose a pole ; draw 
Unes from the pole to the forces ; and then parallels to these 
lines, thus forming the string or eguilibriura polygon ; and so 
obtain the graphical representation of the moments at every 
point. 

Since, however, the polygon in this case approximates to a 
curve, that is, is composed of a great number of short lines, the 
above method is subject to considerable inaccuracy, as errors 
multiply in going along the polygon. 

This difficulty can, however, be easily overcome. 

Thus we may divide the load ai-ea into two portions only, and 



9 

■ 

/ 46 MOMENT OF KOTATION — ^FARALLEL FORCES. [CHAP. V. 

then draw the force and equilibrium polygon, considering each 
portion to act at its centre of gravity, and so obtain an equili- 
brium polygon composed of three lines only. These lines will 
he tanfferUs to the equilibrium curve. (Art. 76.) We thus have 
three points of the curve, and its direction at these points. 
In this manner we may determine as many points as may be 
necessary, without having the sides of the polygon so short or 
so numerous as to give rise to inaccuracy. 

43. — ^The above will appear more plainly by consideration 
of a 

BEAM X7NIF0BMLT LOADED. 

The curve of load distribution becomes in this case a straight 
line. The load area is then a rectangle, and hence the load per 
unit of length is constant. Let us now divide this load area 
[Fig. 30, PI. 8], into four equal parts, and considering each por- 
tion as acting at its centre of gravity, assume a scale of force, 
and draw the force polygon. Since in this case the reactions at 
the supports must be equal, we take the pole C, in a perpendi- 
cular to the force polygon at the middle j>oint. This causes the 
closing line of the equilibrium polygon to be parallel to the 
beam itself, which is often convenient. We now draw C 0, C 1, 
etc., and then form the polygon a o e g h. The lines a^a Cy 
6, etc., of this polygon, are tangent to the moment curve at 
the points J, djfy and A, where the lines of division prolongea 
mset the sides. The curve can now be easily constructed, as 
will appear from the next Art. 

moment Carre a Parabola. — Suppose we had divided the 
load area into only two parts, of the length x and l — x [Fig. 
80, PI. 8]. Then the moment polygon would be o a ^ A, and 
the horizontal projection of the tangent line a k would be ^ a; 
+ i (Z-») = J Z. 

That is, the horizontal projection of any tangent line to the 
moment curve is constant. But this is a property of thej^^aro- 
hola. The moment curve for a uniform load is therefore a 
pa/raholay symmetrical with respect to the vertical through the 
centre of the beam. 

If, then, we divide o C and A into equal parts, and join cor- 
responding divisions above and below, we can construct any 
number of tangents in any position. 

fNoTB.— We may prove analytically that the moment carve U a parabola. 
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and hence fhat the line a i must he a tangent. Thus the moment at anj 
point 18 

p being the load per unit of length, I the length, and the reaction at snp- 

p I n 

port therefore -i-^. Hence y = ^^ (Ix — «') for origin 0. 

When the origin is at <2, representing horizontal distances by f/ and ver- 
tical by s^f we have a; = - — ^', and y = h — ^^h being the ordinate at 

middle = ^r=. 
Hence by sabstitntion 

or reducing 

y'^=^—7f 
P 

which 18 the equation of a parabola haying its vertex at d,^ 

We may of course take the pole anywhere, and hence H may 
have any value. It is in general advantageous in sach caseb 

{i.e.j for uniform load) to take H = ^' We have then 

I I 

and for y = ^, or for the middle ordinate, we have so = j' 

To draw the moment curve we have then simply to lay off 
the middle ordinate equal to ^th the span. The curve can then 
be constructed in the customary way for a parabola. Any 

ordinate to this curve multiplied by H = ^ will then give the 

moment at that point. 

Enough has probably now been said to illustrate the applica- 
tion of our method to the determination of the moment of rota- 
tion, bending moment, or moment of rupture. The reader 
will have no difficulty in applying the above principles to any 
practical case that may occur. 

It will be observed that the customary curve of moments in 
the graphic methods at present in general use, comes out as 
a pa/i'ticvia/r case of the equilibrium polygon for uniform 
load. 

This polygon has other interesting properties, which we shall 
notice hereafter. For instance, just as its ordinates [Fig. 30] 
are proportional to the bending moments or moment of rotation. 
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BO also its a/rea is proportional to the moments <?/*the moments, 
or the momerU of inertia of the load area. 

As to the shearing force at any point of a beam submitted 
to the action of parallel forces, the reactions at the ends being 
easily found as above by a line parallel to the closing line in 
the force polygon, we have only to remember that the shear at 
any point is equal to the reaction at one endy minus aU the 
weights between that end and the point in question. 

Thus for a uniformly distributed load vs^e have simply to lay 
off the reactions which are equal to one-half the load, above 
and below the ends, and di*aw a straight line, which thus passes 
through the centre of the span. The ordinates to tliis line are 
evidently then the shearing forces. If we have a series of con- 
centrated loads, we have a broken line similar to A'^ 1' V 2', 
etc., Fig. 32, PI 7, where each successive weight as we arrive at 
it, is subtracted from the preceding shear. 

44« Beam contlnaounljr lioaded and also Subjected to 
tbe Action off Concentrated Toads. — In practice we have 
to consider not only a continuously distributed load, such as the 
weight of the truss or beam itself, but also concentrated forces, 
such as the weight of cars, locomotives, etc., standing upon or 
passing over the truss. 

In PI. 8, Fig. 31, we have a contimious loading represented 
by the load area A a h 1^^ and in addition four forces P'14. 
Now, since tlie total moment about any point is equal to the 
sum of the several moments, we can treat each method of load- 
ing separately and then combine the results. Thus with the 
force polygon (J) we obtain the equilibrium polygon A' 1 2 3 
.... B' f or the continuous loading, and with the force polygon 
{a) the equilibrium polygon A' 1" 2" ^" B" for the con- 
centrated loads. If now in (5) we draw O L parallel to the 
closing line A' B', and in {a) O" L' parallel to the closing line 
A' B", we obtain at once the reactions at the supports for each 
case. 

Thus for continuous loading we have L for reaction at A, 
and 10 L for reaction at B ; for the concentrated loads, L' 0' 
at A and 4' L' at B. These reactions hold the beam in equi- 
librium. 

For any cross-section y, the sJiear to the right is composed of 
the two components Ij 7 and L' 3' {i.e., is equal to the reactions 
minus the forces between cross-section and support). The mo- 
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ment of L 7 is given by the ordinate o y to the corresponding 
polygon, and we may consider L 7 as acting at the point of 
intersection a of the side 7 8 with A' B' (Art. 38). In the same 
way 1/ 3' acts at b. We may unite both these reactions and 
find the point of application of their resultant Cy by laying off 
in force polygon (b) 7 b equal to I«' 3', and then constructing 
the corresponding equilibrium polygon e ad o. The resultant 
R passes through c. This construction remains the same evi- 
dently, even when the points a and b fall at different ends of 
the beam, as may indeed happen. The components will then 
have opposite directions, and must be subtracted in order to 
obtain the resultant. 

The total moment of rotation at y is proportional to the sum 
oi mn and o y. The greatest strain is where this sum is a 
maximum. In order to perform this summation and ascertain 
this point of maximum moment it is advantageous to construct 
another polygon instead of A' 1" 2", etc., whose closing line 
shall coincide with A' B'. This is easy to do, by drawing in 
force polygon {a\ Ii'O' parallel to A' B', and taking a new pole 
C the same distance out as before, that is, keeping H constant, 
and then constructing the corresponding polygon A' 1' 2' 3', etc. 

Thus the ordinate j? y gives the total moment at y. We can 
make use here also of the principle that the corresponding sides 
of the two polygons must intersect upon the vertical through 
A' (Art. 26). We have thus the total moment at any point, and 
can easily determine the point of maximum moment or cross- 
section of rupture. This point must necessarily lie between 
the points of maximum moments for the two cases, or coincide 
with one of them. In the Fig. this point coincides with the 
point of application of P'2. 

4ft. Cane of Vnlform Load. — If the continuous load is uni- 
formly distributed we can obtain the above result without 
being obliged to draw the curve. As in this case we have a 
very short construction for the determination of the point of 
greatest moment, it may be well here briefly to notice it. 

If we erect ordinates along the length of the beam as an axis 
of abscissas, equal to the sum of the forces acting beyond any 
cross-section, the line joining the end points of these ordinates 
has a greater ot less inclination to the axis according as the 
uniform load is greater or smaller. At the points of applica- 
tion of the concentrated loads this line is evidentlv shifted 
4 
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parallel to itself. Since at the point of maximum strain the 
sum of the forces either side is zero, this point is given by the 
intei*section of the broken line thus found with the axis. 

Thus in PL 7. Fig. 32, let A B be the beam sustaining a uni- 
form load, and also the concentrated loads P^ P^ Ps P4. The 
reaction of the uniform load at the supports is equal to half 
that load. To find the reactions for the concentrated loads we 
draw the force polygon 12 3 4, choose a pole O, then con- 
struct the equilibrium polygon A' 1 2 3 4 B', and parallel to 
A' B' draw C L. L and L 4 are the reactions at A and B. 
Now through L draw Ao Ij horizontal, make it equal to the 
length of the beam, and take it as axis of abscissas. [It is of 
course advantageous here to lay ofE the forces along the verti- 
cal throtigh B, as done in the Fig. Then A^ falls in the vertical 
through A and 1© 2© 3© 4© are directly under the forces them- 
selves.] 

The ordinate to be laid ofP at Ao is equal to L + half the 
uniform load. Between Ao and lo the line A'l 1' is inclined to 
the axis at an angle depending upon the uniform load. Lay off 
L U equal to this load and draw Ao U. A'^ 1' must be parallel 
to this line. At 1' the line A'l 1' is shifted to 1", so that 11" 
is the load Pi. Then 1" 2' is parallel as before to Ao U, and 
2' 2" is the load P2, and so on. The intersection % with Ao I* 
gives the point of maximum moment or Gross-section of rup- 
ture. The force P2 at this point in our Fig. is divided, as shown 
by Ij in the force polygon, into two portions, one of which is to 
be added to the forces left, the other to the forces right. The 
ordinate y^ y' at any point gives the sh^a/r or sum of the forces 
acting at that point. This force acts up or down according as 
the ordinate is above or below the axis. 

Moreover, the area between the broken line and axis Ao-L, 
limited by this ordinate, gives the moment of rotation of the 
forces beyond the section y, areas below the axis being nega- 
tive. For a section at 3, therefore, we have area A© A'j 1' 1" 
2' 2o, minus 2© 2" 3' 3" z' z^^ or what is the same thing, the area 
^0 z' 4' 4" B'l If, since the sum of the moments of all the forces 

is zero. 

46. Influence of a Concentrated lioad, passing oTor tlie 
Beam. — If in addition to the already existing uniform and 
concentrated loads, a new force operates, we have by (44) simply 
to construct for this new force its force and equilibrium poly- 
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gon, and unite the forces and moments thus found with those 
already existing. 

In PI. 7, Fig. 32, we have assumed a new force P'l near the 
left support The force polygon is 0' V 0', the pole distance 
being taken the same as before. For any one position of this 
force we have then the equilibrium polygon A' 1' B'', and 
drawing a parallel O' Ii' to A' B'' we obtain the reactions 0' !■' 
and Ii' 1', which must be added to the reactions ahready ob- 
tained. 

If now we take a section y between P\ and the point of max- 
imum moment 2o before found, the sum of the forces either 
side of this section undergoes the following changes : Upon 
the side where P'l lies, and the point 2q does not lie, where 
therefore the sum was originally an upward force, we have the 
downward force L' 1' (equal to algebraic sum L' 0' + 0' 1'). 
The sum of the forces at the section, or the shearing force, is 
therefore diminished. 

The total rotation moment is, however, increased by the 
amount indicated by m, n. Both changes, that of the sum of 
the forces and the moment of rotation, increase as P'l ap- 
proaches y, and are therefore greatest when P'l reaches y. 

If PjL passes y, this point is in the same condition as z with 
reference to the former position of P'l ; that is, the force and 
point 2o are now both on the same side of the section. For 3, 
then, the original downward force to the left is increased by the 
force I*' 1'. To the right the upward force is increased by 1' L'. 
In like manner the moment of the forces beyond z is increased 
by the amount indicated by op. This change is greatest when 
P'l reaches 3. 

Therefore when a load passes over the beam the sum of the 
shearing forces is diminisJied in all sections between it and the 
original point of greatest moment, and increased in sections be- 
yond this point, while the moment of rotation, or bending 
moment, for all cross-sections is increased. These changes 
moreover increase for any section as the load approaches that 
section. The shear at any point is therefore least, and the mo- 
ment greatest, when the load reaches that point. As soon, how- 
ever, as the load passes this point, the shear passes suddenly 
from its smallest to its greatest opposite value, and then dimin- 
ishes as the load recedes, together with the moment of rotation. 
On the other side of the point 2o of original greatest moment, 
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the shear and moment increase as the load approaches, and 
become greatest for any point when the load reaches that point. 
At the moment of passing, these greatest values pass to their 
smallest values, and increase afterwards as the load recedes. 

Since by the introduction of the load the shear for points 
upon one side of 2q is diminished (between 2o and the load), and 
on the other side increased, and the greatest moment is at the 
point where the shear is zero, it follows that the point of greatest 
moment moves in general towards the load. At a certain point, 
then, both meet. As the load then advances this point accom- 
panies it, passes with it the original position, and follows it np 
to the point where it would have met the same load coming on 
from the other side. From this point, as the load continues to 
recede, it returns, and finally reaches its original position as the 
load arrives at the further end. 

It is evidently of interest to learn the position of these two 
points, where the load meets and leaves the point of greatest 
moment, or cross-section of rupture, and this in Fig. 32 we can 
easily do. 

When P'l arrives at 1', we have evidently the reactions by 
laying off L E equal to P'l, drawing Aq E, and through its 
intersection with the vertical through the weight drawing the 
horizontal A'q BV Ij B'o is then the inci*ease of reaction at B due 
to P'l. The entire reaction is B'o B'^, and the broken line A'l 
1' V\ etc., holds good still, if we merely change the axis from 
Ao L to A'o BV The point of greatest moment, which is still 
the intersection of the broken line with the new axis, in the 
present case is not changed by reason of the ovei-powering in- 
fluence of P3. It does not move to meet the load, but awaits it 
until it reaches Pj, and until, therefore, the new axis takes the 
position A"o B'V 

If, however, the force P'l comes on from the rights we have 
the reactions for any position as 2, by laying off A^ E' equal to 
P'l, drawing L E', and then the horizontal A'"o B'"o through the 
intersection of L E', with the vertical through z. Then Ao A'^j 
is the reaction at A, due to this position of the load. The in- 
tersection x\ corresponding to a?, shows the point to which the 
point of greatest moment 2© moves to meet the load. As the 
load passes towards the left, this point moves towards the right, 
and both come together evidently at the point Vi, correspond- 
ing to the new axis Ao^ Bo^. The point of greatest moments 
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passes then from 2o to Vq, and beyond these two limits it can 
never pass. 

Our constraction, then, is simply to lay oflf the load in oppo- 
site directions perpendicularly from each end of the axis Ao L, 
and join the end points Aq E and L E'. The intersections of 
tliese lines with the diagram of shear give the points 2q and 
Vq i-equired. ^ 

47. lioad SjrtteniA.* — Concenti*ated loads occur in general 
in practice in a certain succession, as for instance the forces 
acting at the points of contact of the wheels of a train of cars 
passing over the beam, and it is necessary then to investigate 
the influence of different positions of the train. It evidently 
amounts to the same thing whether we suppose the weights to 
move over the beam, or suppose the weights stationary and the 
beam to move. In either case we obtain every possible posi- 
tion of every weight relatively to the ends of the beam. 

The severest load to which we can subject a railway truss, for 
example, is when the span is filled with locomotives. If we 
suppose, for illustration, in round numbers, the distance between 
the three axles of the locomotive 3 ft. 6 in., between the 
axles of the tender 5 ft. 6 in., between the foremost tender 
and the back locomotive axle 4 ft., and the entire length of 
locomotive and tender 34: ft. 6 in., and then suppose the weight 
upon each locomotive axle 13 tons, and upon each tender axle 
8 tons, we have a system of weights in fixed order and at fixed 
distances, and the truss should be investigated for a series of 
these systems, as many as can be placed upon the span, passing 
over it from one end to the other. 

In PL 9, Fig. 32 (a), we assume two such locomotives as 
shown by Pi.iO) and construct the force and equilibrium poly- 
gons. The forces are symmetrically arranged with respect to 
a central point, and the pole in the force polygon is therefore 
taken perpendicular from the middle of the force line. 

Now the system of forces being as represented, suppose the 
span to shifi. Thus suppose the span of a given length repre- 
sented by Si Si in the Fig. Then 6 is the line closing the 
polygon for this position of the span, and a parallel to 6 in 
the force polygon, viz., O It gives the reactions at the ends. 
lot now the span move from Si Si to ^5 «5 ; we have a new po- 

* Ekmente der Oraphise/ie/i Stuti/Cj Bauschlnger. 
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sition for the line closing the polygon and new reactions. As 
the span continues to shift to the right, the lines closing the 
polygon revolve, and as their projections are always constant, 
viz., equal to the span, they are all tangent to 2Lj>arabolaj which 
they therefore envelop. 

48. Propertiei of this Parabola. — This parabola has sev- 
eral important properties which will aid as in the investigation 
of the case above proposed.* In PL 9, Fig. 32 (d), let XX be 
the line along which the span is shifted ; a M and a N the 
outer sides of the polygon, intersecting at a, along which the 
closing lines slide as they revolve. For a given position 8 a ot 
the span, a- o- is the corresponding line. Sq «o is the position of 
the span, for which the centre, Cq, lies in the vertical through a. 
In this position <7o o-q is tangent to the pajrabola at 6>o, its middle 
point, and upon this line lie the centres of all the other lines 
(taken of course as reaching from a N to a M). Now the 
point of tangency, )8, of any other line, as o* cr, with the parabola, 
is as far from the centre of that line^ 7, a* th^ centre of that 
line is itself from Cq. We have then only to make c h equal to 
c^ and drop a perpendicular through h to find fi. Thus for 
the position s^ s^ and the line cti (Ti, to find the point of tangency 
Si, make Ci d^ equal to c^ c^, and draw d^ h^ perpendicular to 
intersection with cti Cy, 

Inversely we may find that position for the span «^, for which 
the vertical through a gwen point, i, shall pass through the 
point of tangency. 

We have only to move the span so that its middle point g 
shall be as far from c^ as it is already from the given point, or 
make c^ equal to J. (See Art. 75.) 

If we shift now the span s «, and at the same time the point 
h through an eqiuil distance^ the intersections of the vertical 
through J, with the corresponding closing lines of the polygon, 
will all lie upon the same line a cr. 

If therefore h\ is such an intersection, h has been moved from 
h to J'l, and hence the span from sstos^ s^. 

49. Different Cases to be Investlgr&ted. — ^We are now 
ready to investigate the effect of a live load such as represented 
in PI. 9, Fig. 32 (a). For the determination of the proportions 
of the truss the following points are specially important : 

* See Elemente der Grap/aschen Statik^ Baoschinger, pp. 108-114. AIbo, 
IHe Qraphische Statik, Galmaim, pp. 136-141. 
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1. When a certain number of wheels pass over the truss, but 
without any passing oflP, or new ones coining on ; what position 
of the system gives the maximum mouient at any given cross- 
section not covered by the system, and how 'great is this 
moment i 

2. Under the same supposition as above, what position of the 
load gives the greatest moment for a given point covered by one 
of the load systems ! 

3. Among all the various points of the span, at which is found 
the greatest maximum moment, for what position of the load 
does it occur, and how great is it ? 

4. If the number of wheels is indeterminate, how many must 
pass on, and what position must they have to give at any point 
the greatest maximum moment; where is the corresponding 
cross-section, what position must the load have, and how great 
is this maximum moment ? 

The three first questions are easily solved by the aid of the 
above properties of the parabola, enveloped by the closing lines 
of the equilibrium polygon, corresponding to different positions 
of the span. 

Thus, as regards the first question, let the given cross-section 
be by PI. 9, Fig. 32 ((2), and suppose the span s s in the position 
where the vertical through b intersects o* ir at the point of tan- 
gency fi. When now the span shifts, the intersection of the 
ordinate tlux)ugh 6, with the corresponding tie line, will always 
lie upon a a. But this ordinate gives the reduced moments for 
b (reduced to pole distance H.) The greatest of these moments 
will then .be simply the greatest of the ordinates between a a 
and the polygon, and will always be found at an angle of the 
same. When found, we have at once the position of b, and of 
course of the span with reference to the given loads. This is 
always such that a wheel stands over the given section. 

Thus in Fig. 82 (a), supposing the four wheels Pg to P9 to 
pass over the span ti t^ we seek the position of the load to give 
the greatest moment at a point ^ of the span from the left, 
therefore ^th from the middle. 

We lay off the span in such a position, ^ f^, that its centre is 
distant from the intersection a of the outer lines of the poly- 
gon by ^th of the span. 

The ordinate through the given point now passes through the 
point of tangency of the tie line and parabola. We draw this 
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tie line ^ 9, and seek the greatest ordinate between it and the 
polygon. This we find at 7, and directly above 7 the given 
point must lie, and hence we have the position of the span, viz., 
1 1. If the scale of tons is ten tons to an inch, of distance 5 ft. 
to an inch, and the pole distance H is assumed 12^ ft. = 2^ 
inches, the scale of moments will be 10 x 2.5 x 5, = 125 ft. tons 
to an inch. 

As to the second question ; the position of the span required, 
is that where the vertical through the given point of the system 
S Fig. 32 (a), intersects the corresponding tie line at its point 
of tangcncy with the parabola ; all other tie lines intersect this 
vertical in a point between the tangent point and the polygon. 
The middle of the span must then lie midway between the in- 
tersection a of the outer polygon sides and the point «, where 
tlie vertical through S meets the line X X. Thus the span has 
the position ^ ^. 

The third question, finally, is easily solved if the parabola en- 
veloped by the tie lines is drawn. The greatest ordinate be- 
tween this parabola and the polygon gives the greatest moment, 
and the point and the position of span required, since the 
middle of the span must be half-way between the point given 
by this ordinate and a. 

The greatest moment is always found upon an ordinate 
through an angle of the polygon. 

If, however, the parabola is not drawn, we find by trial at 
several angles, drawing the tie lines and comparing the corre- 
sponding ordinates, the ordinate required. Here the following 
considerations may aid : 

When the load is uniformly distributed, the maximum mo- 
ment is in the middle of the span, and at the same time in the 
vertical through the intersection a of the outer polygon sides. 
The polygon itself becomes a parabola. The less uniform the 
load is, the more this point approaches the heaviest loaded side, 
as also the intersection a, though not in the same degree. For 
loads not exceedingly unsymmetrical the point may be sought 
for, then, in the neighborhood of a, «.^., near the resultant of the 
forces acting upon the truss. Thus in our example we are jus- 
tified in selecting the corner 7 of the polygon, nearest the point 
of intersection a. 

50. .m o»t anffavorable Position off lioad upon a Beam of 
given Span. — The fourth question above requires a somewhat 
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more extended consideration. The most unfavorable position 
of a system of given concentrated forces is when it causes the 
greatest moment at the cross-section of rupture. This position 
is from the preceding, given hy taking the centre of the beam 
midway between the vertical through the point of intersection 
of the outer sides of the eqnilil)rium polygon and the nearest 
angle of the same. If with this centre we increase the span, 
the maximum moment increases until the span has the greatest 
length possible without more wheels coming on. 

Thus for the two wheels P4 and P5, PL 9, Fig. 32 (a), a is 
the intersection of the outer polygon sides, and 4 the nearest 
polygon angle. The almost equally near angle 5 gives at any 
rate no greater moment. In order then that these two weights 
may cause the greatest maximum moment, the middle of the 
beam must lie half-way between Oi and 4 ; and as the span 
increases in length this moment increases, and is then greatest 
when the span reaches to Si or Pj. 

If now the span still increases so as to also include P3, the 
point of intersection of the outer polygon sides recedes to og, 
where in our Fig. it coincides almost exactly with the polygon 
angle 4, Here then, approximately at 4, we must locate the 
centre of tlie beam. If we take the same length of span as 
l)efore^ that is, make the half span a, s^ equal to tlie distance 
from 81 to the point midway between a^ and 4, we see by draw- 
ing the closing lines for these two positions of the span, that 
the maximum moments measured upon the vertical through 4 
are almost exactly equal in each case. For a smaller length of 
Bpan including the three w^ei^hts, the maximum moment de- 
creases, and is less therefore than the maximum moment already 
caused by the two wheels. The span tti 81 may then be regarded 
as the greatest for which the two wheels P4 P5 give the greatest 
possible maximum moment. As the spacers ^3, upon which we 
have now three wheels, increases, the moment increases, and is 
greatest when the span, its centre always remaining now at Oj 
reaches to ^'2 or to P2. 

If now it still increases so as to also indude P2, the intersec- 
tion of the outer polygon sides retreats to 03. The nearest 
polygon angle is still 4, and midway then between a^ and 4 we 
must now locate the middle of the beam. If from this centre 
we lay off the half span equal to o^ s\^ to s^, and draw the clos- 
ing line for this |X)sition of the span, we see as before that the 
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moinent given bj the ordinate at 4 is for either case almost 
exactly the same. Any less span inelnding the four weights 
would give a less moment ; less, therefore, than the moment 
already caused by the three weights. The span ^'j ^'2 ^'^^^^ 
precisely as before, is the extreme limit upon which the 
three wheels P3 to P5 cause the greatest possible maximum 
moment. 

In a precisely similar manner we find that the span s's ^'s 
with a centre midway between 03 and 4 is the limiting span for 
the four wheels Pj to P5. 

If now the span still increases so that Pi comes on, the inter- 
section of the outer polygon sides falls in our Fig. nearly at s^ 
and since this point also happens to correspond almost exactly 
with the angle 3, we take the centre of the beam at 81, The 
greater the span now becomes, the greater the maximum 
moment. The greatest length, however, which the span can 
have without including P^, is twice «i 6, or twice the distance 
between 81 and Pg. If Pe also comes on, the intersection of the 
polygon sides is found at 05, and the nearest polygon angle is 4. 
Midway then between 05 and 4 is the new centre of the beam, 
while before Pe came on, it was nearly at «i. But for centre 
81 the half span was Si 6, while now it is somewhat less than 
4 6 ; therefore considerably smaller. Since, however, we wish 
to follow the span as it continues increasing, we must compare 
those two spans which are equal before and after the coming 
on of Pe. The right-hand ends of these spans, viz., ^'4 and ^5 
must evidently be distant each side of 6, by the half distance 
of their centres 81 and 4, or a^ (more accurately the point half- 
way between 05 and 4, but 05 and 4 lie in our Fig. so nearly to- 
gether that the centre cannot be indicated more exactly). We 
make then 81 8'^ = 02^5 = M^ 6, provided that M^ is taken half- 
way between the centre 81 and og. 

An exact construction shows that the maximum moments for 
these two spans, the one given by the ordinate through 3, the 
other by the ordinate through 4, are almost exactly equal, and 
moreover, that the maximum moment for the span Si Sj of equal 
length whose centi-e is at Mi is also almost exactly equal, when 
measured upon the vertical through Mj. We can therefore 
take Si Si as the limit of those spans for which the five wheels 
Pi to P5 cause the greatest maximum moment. 

Taking on now the seventh wheel, the intersection of the 
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outer polygon sides is at o^ and the nearest polygon angle is 5. 
Half-way between a^ and 5 we mnst then take the centre, while 
before it lay at a^ (nearly). If we take then M3 half-way be- 
tween O) and this new centre, we find precisely as before the 
span S2 Sg with centre M2) &^d right end at P7, as the limiting 
Bpan for the six wheeli P^ to Pe. The same holds good for the 
span 1^ Ss with centre M3, for the seven wheels Pi to P7, and 
so on. If J according to supposition, Pg P4 P5 are 3 ft. 6 in. 
apart, P2 and Pa 4 ft., and Pi and P2 5 ft. 6 in. apart; then for 
spans up to «i «i = say 8 ft, the two wheels P4 Ps will give the 
greatest maximum moment, and their place upon the beam is 
given by the position of the centre (half-way between a^ and 4). 
From about 8 ft. to 15 ft. span, or ^^ *8 the three wheels Ps to P5 
give the greatest maximum moment, and the centi*e of the span 
is located at Oj. For spans from 1 5 ft. to 19 ft. span, or s'^ s\y 
the four wheels Pj to P5 give the maximum moment, and the 
centre is at 81 ; and so on. Thus for a span of any given length 
we have at once the weights and their pf)8ition, in order to 
cause the greatest maximum moment, as also the place of this 
moment, viz., the point vertically over that angle of the equi- 
librium polygon nearest the centre of the span. The ordinate 
through this point included by the equilibrium polygon, and 
the closing line for the given span, taken to the moment scale 
gives this moment at once ; or this ordinate taken to the scale 
of force must be multiplied by the previously assumed j}ole 
distance. 

51. Oreatett Moment of Rapture eansed by a System of 
norlng Ijoads at a given €ros»*l^etlon off a Beam of given 
6|Nin. — For beams or trusses of long span, which are as a rule 
caused to vary in cross-section, it is not suflScient merely to find 
the greatest maximum moment which a given system of con- 
centrated forces can cause ; we must also know for a number 
of individual cross-sections, the maximum moments which can 
ever occur. 

For this purpose the force and equilibrium polygons being 
first constructed, we shift as above the given span along a 
horizontal line, and draw for each successive position of the 
span the corresponding closing line in the equilibrium polygon, 
marking the point where each closing line is intersected by a 
vertical through the giveu cross-section, which of course moves 
with the span, keeping always the same position with reference 
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to the. ends. The points thus obtained form a curve, and the 
greatest ordinate between this curve and the polygon gives the 
greatest moment which can act at the given cross-section. 
Tliis greatest ordinate will always be found at an angle of the 
polygon, and hence a weight must always rest upon the cross- 
section. Since the cross-section itself must lie upon this ordi- 
nate, we have directly the position of the span with reference 
to the given forces. The closing line for this position being 
then drawn, a parallel to it in the force polygon gives the reac- 
tions for this position. 

The reader will do well to make the construction indicated 
for an assumed span and system of weights, to convenient scales, 
checking the results by computation.* 

The alx)ve method applies more particularly to solid or 
^^ plate " girders, beams, or trusses. It may of course be applied 
to framed structures also, such as those illustrated in chapter 
first. Thus the moment at any point, divided by the depth of 
truss at that point, gives the strain in flanges. The more pre- 
ferable, as perhaps also the simplest method of determining the 
strains in such cases, however, is to find the reactions due to 
each individual weight. Each reaction can then be followed 
through the structure, as explained in that chapter, and the 
strains in every member for every weight in every position can 
thus be obtained and tabulated. An inspection of the table 
will then give at once the strains due to the united action of 
any desired number of these weights. 

We have thus two methods for the solution of such cases ; 
first, by the composition and resolution of forces, and, second, 
by the equilibrium polygon and moments of rupture, and may, 
if we choose, check the results obtained by one method by the 
other. In most practical cases involving framed strtuituresy 
however, the first method is preferable as being simpler, quicker 
of application, and of superior accuracy. 

For solid-built beams or "plate girders," etc., the second 
method comes more especially into play. The determination 
of the strains in a structure of this kind fi-om the known mo- 
ment of rupture at any point, requires a knowledge of the 
m,<mient of inertia of the cross-section at that point, and this 
may also be found by the Graphical method. 

* This construction is given in Art. 15, Fig. YIII., of the Appendix. 
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CHAPTER VI. 



MOMENT OF INBBTIA. 



59. Thus far we have seen that by the graphic method we 
can in any practical case determine the moment of the exterior 
forces acting upon a piece at any cross-section of that piece. 
But the exterior forces p^ive rise to and are resisted by molecu- 
lar or interior forces. Now the moment of the exterior forces 
being found, the cross-section of the piece at any point being 
known, and one of the dimensions of this cross-section being 
assumed, it is required to find the other dimension, so that the 
strain per unit of area of cross-section shall be less than the 
recognized safe strain of the material as found by experiment. 

The moment of the exterior fc^rces at any cross-section we 
call the moment of rupture ; and designate it by M. Let d = 
the depth of cross-section.* 

y = the variable distance of any fibre above or below the 
neutral axis. 

j8 =: the breadth of the section at the distance y from the 
neutral axis, and consequently a variable, except in the case of 
rectangular sections. 

s = the horizontal unit strain exerted by fibres in the cross- 
section at a given distance c from the neutral axis. 

Then since the fibres exert forces which are proportional to 
their distance from the neutral axis or to their change of length, 
the unit strain in any fibre at a distance y from the neutral 

axis will be — ^. Let the depth of this fibre be d y, then, since 
the breadth of section is )8, the total horizontal force exerted 

by the fibres in the breadth )8, will he — /3 yd y. The moment 

c 

of this force about the neutral axis will he—jS 9^ d y, and the 



* Theory of Strains^ Stonej, p. 43. Art 67. 
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integral of this quantity will be the sum of the moments of all 
the horizontal elastic forces in the cross-section round the neu- 
tral axis, that is, equal to the moment of rupture of the section 
in question. We have therefore 

For a rectangular cross-section, for instance, fi is constant 

and equal to the breadth h, Kepresenting the depth by d we 

h d^ 8 
have M = -^-^r — , or if we make o the distance of the extreme 
12 c ' 

fibres = ^ 

„ 8hd^ 

from which M being known, as also «, if we assume h we can 
find d or the reverse. 

The integral /y8 i^dyis the raomervt of inertia of the cross- 
section, and may be defined as the sum of the products obtained 
iy multiplying the mass of each elementary particle by the 
square of its distance from the axis, [See Supplement to Chap- 
ter VI L, Art, 10.] 

From the above, we see its importance in determining the 

strain at any distance from the neutral axis, or in proportioning 

the cross-section, so that the resulting strain shall be less than 

a given quantity at any point. We see also that for a recton- 

b d^ 
gular cross section the moment of inertia is ^j-^, where b is the 

breadth and d the depth. 

53. Graphical Determlnatloii. — ^We have already seen 
that the moment of a force, as Pi (PI. 6, Fig. 20) with reference 
to any point, as <?, is given by the ordinate n m multiplied by 
the constant H (Art. 38). The ordinate n m then represents 
the product of Pi multiplied by the horizontal distance of h 

from n. But the area of the triangle b nmi^mny.^ b n = 

Pi X o J w^, that is, the area of the triangle b nm represents 

one-half the moment of inertia of Pi with respect to o. Just 
as the exterior ordinates of the equilibrium polygon have been 
shown to have a certain significance, and to represent the mo- 



CEAP. Yl.] MOMENT OF INEBTIA. 63 

inenta of the forces, so the exterior arem of the equilibrium 
polygon represent the moments of the moments, or the moments 
of inertia. Thus in PL 8, Fig. 30, tlie exterior parabolic area 
oQh should be one-half the moment of inertia of the rectangle 
or load area op r A, with reference to the resultant of the area 
forces as an axis. 

Let us see if this is so. The area of the triangle o A C is -^ 

A X the ordinate S C. This ordinate S O gives, as we have 
seen, the moment, with respect to S, of the reaction. We can 
therefore find its value. Thus if p is the load per unit of length, 

and I is the length, ^^ is the reaction, and ^-r- this moment. 

The area of the triangle ^ G A is therefore ^ x ^^-j- = ^-. 

The parabolic area odh h \ oi the circumscribing rectan- 
gle. This rectangle is I xSd. The ordinate Sd is equal to 
SC — rfC. We have already found SO and dC is the sum of the 

moments of Pi and Pj, or ~- x 7 = ^^-q-. Hence S <z = -^-r-- — 
-^ = ^^— . The area of the circumscribing rectangle is then 
^. Two-thirds of this is -—-. which subtracted from =~- 
gives. for half the moment of inertia 5-: pV. Hence the 

moment of ineitia is ^tj i^ ^j *^ should be. 

54, We see therefore the significance of the area of the equi- 
librium polygon. 

If, when a number of forces are given, we fonn the force 
polygon, and then the equilibrium polygon, the ordinates to 
this last give the moments to the assumed pole distance. If 
now we take these moments themselves as forces applied at the 
j^ame points, form a new force polygon with new pole distance, 
and new equilibrium polygon, the ordinates to this new polygon 
to the new pole distance will give the moments of the moments 
or the numients of inertia of the forces. The same method is 
applicable to moments of a higher order, but in practice we 
have only to do with those of the second order alone. 

W. Radios of Oyration. — The moment of inertia of a 
system of parallel forces Pi Pj etc., in a plane, with reference 



64 MOMENT OF INERTIA. [OIIAP. VL 

to an axis from which the points of application are distant qi q^, 
etc., is then 2 V ^, This is tlie product of three quantities, 
one of which is Tneasured by the scale of force, and the other 
two by the scale of length. We can therefore regard it as the 
product of the square of a certain length by the sum of the 
given forces, or -Z ¥ ^ = X? S P. We call k the radius of 
gyration. 

In order to find the moment of inertia of a system of parallel 
forces then, we must by the preceding Art. construct two force 
and equilibrium polygons. If the pole distances are H and H', 
and the segments into which the axis is divided by the produced 
sides of the polygons are P'l P 2 and P"i P' j etc., respectively, 
then 

SPf= HH'^P" 

and the radius of gyration is given by 

HH'JP"= i?£P 



k=\/. 



^ _ HH'^P" 

or, a; = V 

-^P 

This expression is easy to construct. Thus for example in 
PI. 11, Fig 33, let nC be the first force polygon, o n the force 
line, containing the forces P ; O the pole, and H the pole dis- 
tance. Make o h equal to the second pole distance H,' and draw 
h parallel to n Cemd c t parallel to H. Then 

, HH' 

c t = h = 



=v/; 



ZP 



whence k= yJhXP" 

If, therefore, in Fig. 33 (6), m"o m"n is the segment of the 
axis cut off by the outer sides of the second equilibrium poly- 
gon, that is, if m' o w'n = S P", we have only to prolong m"o 
m'n to Ij, making m" L = A, and describe a semicircle upon 
m"o L) and erect the perpendicular m" ky which will be equal 
to k. In general, the pole distance H and H' can be taken ar- 
bitrarily, but it is often advantageous to take H (sometimes H' 
also) equal to S P. Then 



Jk = |/ H' X P" 



We should then have in Fig. 83 simply to increase m'^ m*\ 
by the second pole distance H', and then proceed as al>ove to 
find h 
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It is to be remembered that gi ^2? etc, the distances of the 
points of application of the forces from the axis, may be meas- 
ured in any direction^ and H is parallel to this direction, and 
is not therefore necessarily perpendicular to o n. 

The above will be rendered plain by reference to Fig. 84, 
PI. 10. We suppose four forces applied at the points A^ .^ / g 
A4 respectively, and acting parallel to XX. Eequired the mo- 
ment of inertia of these forces and the radius of gyration, the 
distances ji j,, etc., being measured parallel to Y Y. Fii-st we 
form the force polygon by laying off along X X, 1, 1 2, 2 3, 
34, parallel, and in the direction of action of the forces, choos- 
ing a pole C, and drawing O 0, 1, O 2, etc. We now construct 
the corresponding equilibrium polygon, 01, in, nm, miV, 
etc. The segments 01', 1'2', 2' 3', etc., represent the «^a^w?ai 
moments of the forces with reference to X X. That is, these 
segments to the scale of force multiplied by the pole distance O y 
jparallel to YY to the scale of distance, give the statical moments 
of the forces. Now we take these segments themselves as forces, 
and suppose them acting at the former points of application. 
With the same pole as before we draw CO, CI', 02', etc., and 
form the corresponding equilibrium polygon 01, III', nni', etc. 
The sum of the segments of XX cut off by the outer lines of this 
polygon, or oy, to the scale of force multiplied by HH' or O^ 
gives the mom,erU of inertia of the forces with respect to XX. 

This moment then is M = y x C y* 
where Oy = -^P" and"Oy"* = HH'. 
The radius of gyration k is, as we have seen, given by 

i = ^HH'^^F'^ ^p i^^j^g ^q^^j to 4 in the Fig. Hence 



= v/ 



Oy" X Oy 



04 

If, then, we lay off c? = 4, and make (j = O y, and make 
the angle dee 9^ right angle, we shall find a point e to the right 

and Otf will be equal to -^ = ^-p. Upon ey now describe 

a semi-circle, the point of intersection V with the perpendicular 
through will give (Art. 55) 

y^ = Y Q± ~ V — ~£lp — = AJ = radius of gyration. 

The square of this line, then, multiplied by 2" P or 4, will give 
5 
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at once the moment of inertia of the given four forces with 
reference to X X and Y Y as axes. If we were to suppose the 
same forces with the same points of application to act parallel 
to Y Y instead of X X, the distances qi q^ being measured par- 
allel to X X instead of Y Y, we should have the force polygon 
Oi O li 2i 3i 4i instead of 12 3 4, and a precisely similar 
construction wonld give ns o x multiplied by pole distance for 
the moment of inertia, and a' for the radius of gyration. We 
recommend the reader to follow through the construction as 
shown by Fig. 34. 

56. CarTe of Inertia— Elll|Me and Hyperbola off Inertia. 

— If having found the i*adius of gyration as above, we lay it off 
from the axis on either side, in a direction parallel to the dii-ec- 
tions in which ji ^2? etc., are supposed measured, and through 
the points thus determined draw two parallels to the axis M' 
and M" on either side, and then suppose the axis to revolve in 
the plane of the forces about any point as O situated in the 
axis ; the lines M' and M" also revolve and enclose a curve of 
the second degree, whose centre coincides with O. Thus, if in 
PI. 10, Fig. 34, we lay off O J along Y Y on both sides of X X 
equal to o ¥ = k already found, and then let X X revolve 
about O, K J and J K will also revolve, and enclose either an 
ellipse or hyperbola. 

In order to prove this, take O as an origin of co-ordinates. 
Let the co-ordinates of the points of application of the forces A, 
A„ etc., be x^ y„ aj, j„ etc. From each of these points A draw 
parallels to the axis of y, intersecting the axis of x in the points 
0. Then O = x, A C = y. Now pass through the point O 
an axis of moments M in any direction, and project for each 
point OCA parallel to this axis upon the line q, which meas- 
ures the distance of each point from the axis of moment {not 
necessarily perpendicular distance). This projection is evi- 
dently equal to q. Denote by a and j3 the ratios by which dis- 
tances along X and Y must be multiplied, in order to obtain 
their pi'ojections upon q, by lines parallel to M. Then 

y = aaj -h/9y 
for each point of application, and hence 

i:F^ = 2:'P{ax + l3yy 
or since for c»ne and the same axis M, and direction q^ a and fi 
are constant, 
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In this expression a and /S will vary with the position of M 
and the direction of q, but £P a?^ £P i^ remain unchanged. 
These last expressions are, however, nothing more than the mo- 
ments of the second order (moments of inertia) of the given 
force system with reference to the co-ordinate axis, the distances 
of the points of application being measured in the direction of 
the axis. They are known if the force system is given and the 
co-ordinate system assumed. 

If we put .JP a? = a* -^P, 2"P 2/* = J* -2" P, -2" P a? y ^/^^ -TP, 
h and a, etc., are the radii of gyration of the moments of inertia 
with reference to x and y, and the above equation becomes 

If we conceive for the assumed position of M, the radius oE 
gyration k to be found, and M' and M" drawn on either side 
at a distance ± ^j measured parallel to j, and indicate the dis- 
tances cut off by these lines from the co-ordinate axes by ± x^ 
± y^y and then project these distances parallel to M upon the 
direction of q or ky we have k = a Xe=^ fi y^j whence 

rC /^ fU 

a = — p = — 
and these values substituted in the above equation give 

-TP j« = >5? 2:P f-H-- +^1= ± *» -TP 



where i? is essentially positive in the second term. 
Hence, 

ir2-^—t + /,=±^ W 

«e ye aJe % 

If we suppose the axis M to change its position revolving about 
0, the segments x^ y^ cut off from the axes of x and y by 
M' and M'' alone will change in this equation. It is therefore 
the equation of the curve enclosed by M' M". If this curve is 
known for a given force system, then the moment of inertia for 
any axis passing through its centre is easily found. We have 
only to draw parallel to the axis two tangents to this curve, one 
on either side, and measure their distance from M, in the direc- 
tion in which the distances g of the points of application from 
the axis are taken. This distance is the radius of gyration, 
and the moment of inertia is simply the product of its square 
by the algebraic sum of the forces. 



€8 MOMENT or INERTIA. [CHAP. TI. 

We call the curve represented by the above equation there- 
fore, the ourve of inertia. If we refer the curve to co-ordinate 
axes which coincide with the conjugate diameters, the equation 
becomes 

where x and y are the new ordinates, and A, B, the conjugate 
semi-axes of the curve. A and B are therefore the radii of 
gyration of the force system, measured in the direction of the 
co-ordinate axes, and hence 



where x and y are the co-ordinates of the points of application 
of the given forces. 

Since 2' P g^ = ^ 2" P if the sign of ^P j* is the same as 
SPy i? is positive. When, on the other hand, these signs are 
different, i? is negative. That is, when all the forces act in 
the same direction ^ is positive, and we have 

x^ y^ 

which is the equation of an ellipse. 

If, however, the parallel forces act in different directions, k^ 
may be positive or negative. For cases where X? is negative, 
either A* or B* will be negative, and we shall have 

A^ B' 

— — — - = ± 1 

fl? y^ "^ 



or, 



Both cases coincide. The double curve consists of two hyper- 
bolas with common assymptotes, common centre, and equal 
semi-axes. For eveij axis M passing through the common centre 
O, we have a pair of parallel tangents either to one or the 
other hyperbola. The corresponding i? is positive for the one, 
negative for the other. 

If, then, in the method of construction to which we shall 
presently refer, the square of the semi-axis B, which lies in the 
axis of Y, is negative, that hyperbola whose imaginary axis lies 
in y gives ^ positive, the other gives A? negative, and reversely 
for the other case. If the axis of moments M coincides with 



OHAP. YI.] MOMENT OF INEBTIA. 69 

one of the common assymptotes, the radius of gyration and 
moment of inertia with respect to it of the given force system 
is zero. 

67. Constraetion of the Carve of Inertia. — The curve of 
inertia for a given system of parallel forces and given centre 
O, is determined by the direction of any two conjugate diame- 
ters, sincie as we have seen in Art. 55, PL 10, Fig. 34, these 
directions being assumed we can find the radii of gyration with 
respect to XX and Y Y, and can thus determine O a and O &, 
the semi-diameters. We have then to develop a principle by 
means of which these directions may be determined. 

If we denote the distances of the points of application of the 
forces from the axis of M measured in any direction by y, then 
the statical moments of the forces, P y, are indeed dependent 
upon the direction in which y is measured, but their relative 
values remain the same. If then being found for any direction 
of y, these statical forces are considered as being themselves 
parallel forces acting at the points of application, and their 
centre of action is found (for gravity — centre of gravity) for 
some other value of y, this centre of action remains unchanged. 
For any axis passing through this centre of action the sum of 
the moments of the forces is zero. If therefore we take a point 
O in the axis M as origin of a system of co-ordinates, whose 
axis OX may lie at will in the plane of the forces, while O Y 
passes through the centre of action ; the sum of the momeiits 
of the statical moments P y, considered as forces acting at the 
points of application, with reference to O Y, will be zero. 
These moments however, provided that the distances of the 
points of application are measured along the co-ordinate axes, 
are the moments of inertia^ viz., £'P y x. If these are zero we 
see that the general equation of the curve of inertia (1) Art. 56, 
becomes that of a hyperbola referred to its conjugate diameters 
as axes. With the centre O therefore, the line joining O with 
the centre of action^ gives the direction of the conjugate di- 
ameter of the curve. 

This is the principle required. By means of it we can find 
tlie conjugate diameters of the inertia curve, for a given centre 
0, and thus construct it. 

ft§. Constraetion of the Carre of Inertia for ffonr paral- 
lel forees In a Plane. Example. — As an example let us 
take the four parallel forces in PL 10, Fig. 34, supposed 
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to act in differeut dii'ections, parallel to X X at the points 

Ai Ah ^^^• 

As before we have the force polygon C 1 2 3 4 for an arbi- 
trary axis as X X, and from the corresponding equilibrium 
polygon, we determine the statical moments with reference to 
X X, 01' V2'j etc., to the basis C 0. These moments we again 
consider as parallel forces acting at A^ A,, etc., for which we 
have O 1' 2' 3' 4' and corresponding equilibrium polygon 
cm' ni', etc. We then determine the centre of action S, by 
a second polygon 0" I n" in", etc., the sides of which are 
respectively perpendicular to the first, according to the process 
for finding the centre of gravity, Art. 30. T/ie line Joining O 
with S gives the direction ofYY^ the diameter of the curve 
conjugate to XX. To find the length of the semi-diaraeters 
Oh and O a, we must find the moments of inertia of the forces 
with reference to X X and Y Y, taking the distances of the 
points of application as xaedAxxveA parallel to these lines. 

Therefore instead of C 0, we must take C y as basis or pole 
distance, and then find the radii of gyration as already indi- 
cated in Art. 55, viz., O b' and O a'. These distances laid off 
along Y Y and X X give the semi-conjugate diameters of the 
curve of inertia. 

Fromi the Fig. we see that the fortte Pi whose direction from 
left to right we shall always consider positive, and JS P = 4 
have the same sign. On the other hand the total moment of 
inertia y and the moment of inertia of Pj, viz., 1" have dif- 
ferent signs. The square of radius of gyration Jf = — ^-p — ^ 

is therefore negative, the radius itself or the semi-diameter O h 
is imagkiary. 

In similar manner, we see that O a the radius of gyration for 
Y Y is real, since the total moment of inertia O x and X P = 4^, 
have the same signs. The curve is then a double hyperbola 
with the conjugate semi-diameters O a and O b. 

It is then easy to find the assymptotes K K and J J, and by 
bisecting the angle which they make, the principal axes A A 
and B B. In order to find the length of these axes, we have 
the well-known principle that for any point as a, the product 
oiak and kO{ak being parallel to the assymptote J J) is equal 

1 /A«4-»\ 

to -T the sum of the squares of the semi-axes I — j — I. If then 
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we find kly the mean pix^portional of O A and ka^ and lay it off 
tioioe from O to D along the assymptote O K, O D is the diag- 
onal of a rectangle whose sides are the principal axes. We 
thus find the vertices A, A, B, B. 

We can thus construct the curves. Then for any position 
of the axis X X as it revolves about O, we can find the cor- 
responding radius of gyration and consequently the moment of 
inertia, by simply drawing tangents to the curve above and 
below the new position of X X Siud jparalld to it. The radius 
of gyration thus obtained measured to the scale of length and 
multiplied by the algebraic sum of the forces, or 4 to the 
scale of force, will give the moment of inertia required for the 
assumed position of the axis. 

59. Central Carre. Central Ellipse. — If the point O about 
which the axis turns coincides with the centre of action (or 
gravity) of the forces, we call the curve enclosed by the paral- 
lels M' M" at the distance k on either side, the central curve. 
Wlien the parallel forces all act in the same direction this curve 
is always an ellipse. 

For the central curve the principle proved in Art. 57 and 
the method of construction given in Art. 58, are no longer 
applicable, for the algebraic sum of the statical moments of 
the given forces is zero for every axis through the centre of 
gi-avity. We cannot therefore find the centre of gravity of the 
moments of the forces, when considered as forces themselves 
and applied at the given points of application. 

K we divide, however, these moments considered as forces 
into two portions or groups, and find the centre of gravity of 
each group, the line joining these two points has an important 
property, viz., that for every moment axis parallel to it, the 
aUgebraie sum of the moments of the statical Tnoments consid- 
ered as forces^ that is, the algebraic sum of the moments of 
inertia of the forces, is zero. In other words, £V e e' \% zero, 
e being the distances of the points of applicaticm from the first 
axis, which passes through the centre of gravity of the forces, 
and e' the distances from the axis parallel to the line joining 
the two centres of gravity of the two groups of statical moments 
considered as forces. If we draw then through the centre of 
gravity of the forces themselves the moment axis X X, and 
take it as the axis of abscissas of a co-ordinate system whose Y 
axis passes also through the centre of gravity of the forces and 
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is parallel to the line joining the two centres of gravity of the 
statical moments considered as forces, then the moments of 
inertia ZV y x are zero, and hence as in the preceding Art. 
this axis ofY is conjugate ^ X X. 

This holds good not only for the central curve, but also for 
every inertia curve, whose centre O instead of coinciding with 
the centre of gravity of the forces, lies in the axis passing 
through that centre. In this case also the axis through the 
centre O parallel to the line of union above, is a conjugate to 
X X. Still more, the half length of this conjugate diameter is 
in both cases the radius of gjTation of the force system for the 
axis X X and tlie direction of Y. 

Hence in every inertia curve of a system of parallel for^ces^ 
whose centre lies in an aacis passing through the centre of grav- 
ity of the forces^ the diameters conjugate to this axis wreparal- 
lei and equal. All these inertia curves are therefore touched 
by two lines parallel to this axis and equally distant on either 
side. This distance is the radius of gyration for this axis. 

For anv such inertia curve, whose centre O is distant % from 
the centre of gravity S of the forces, we call E and S the par- 
allel conjugate axes to S O for this curve, and the central curve 
respectively ; q and q the distances from them of any point of 
application, these distances measured parallel to S O, and con- 
sidered positive when the point of application lies on the same 
side of E or (S respectively as the centre of gravity S from B. 
Then i, the distance apart of E and (£ is essentially positive, 
and if we indicate by a and a the lengths of the semi-conjugate 
diameters for the inertia and central curve respectively, we 
have 

a» 5'P = STq'and c? SP = SP^ 

where q and q stand in the simple relation 

q = ?+»'. 
Hence 

5'Pq» = 5'P(j+*V = 2"Py«-h2i2'Py+t^2'P. 

Since S passes through the centre of gravity 5'P J = o, and 
therefore 

SPq*:=SPq'WSP==a*SP. 
Hence 

an equation which gives the relation between the lengths of 
the semi-conjugate diameters of the central and any inertia 
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curve, whose centre lies upon an axis through the centre of 
gravity of the forces, at a distance i from this centre. 

Any two curves at equal distances either side of the centre of 
gravity are therefore equal. If the semi-diameter of the central 
curve a is real, and therefore a? positive, a* is also positive and 
greater than a?. All the inertia curves are therefore of tlie 
same kind as the central curve, and enclose the centre of grav- 
ity. If, however, a* is negative, and the central curve there- 
fore an hyperbola; all those inertia curves whose centres are 
distant from the centre of gravity by a distance i less than a 
are hyperbolas also. For a distance i equal to a, the curves re- 
duce to straight lines equal and parallel to the conjugate diame- 
ter of the central curve. For i greater than a, the curves be- 
come ellipses. 

M. Centre of Aetton of tbe Statical Moments of the 
Forces.* — We again suppose, through the centre of action of 
the forces S [Fig. 35, PI. ll] a line NN drawn which cuts the 
central curve at A and A'. Two such points we have in every 
case, except when the curve is an hyperbola, andN N coincides 
with an assymptote. 

Let S be the conjugate axis to NN in the central curve, E a 
parallel to it through any point o distant t from S, and also 
conjugate to N N in the inertia curve whose centre is o. Then 
since the statical moments of the forces with reference to N N 
is zero, the centre of action of the statical moments with re- 
spect to £, considered as forces acting at the points of applica- 
tion, will be somewhere upon N N. It is required to find 
where. 

We call q the distance of any point of application from B, 
measured parallel to N N, and positive when upon the same 
side of IS as S, then i is essentially positive. 

As before, q is the distance of the points of application from 
6, also measured parallel to N N, and positive in the same 
direction as q. 

Then we have always 

q = q+i. 
and for the moments of inertia of the forces with respect to iS 
ande 2:Pq2 = ^P(y-hi)2=5'P2^+*'2:P 

or when a is the semi-diameter of the central curve,SA= S A' 
and 2'Pq«= (a«f^2)^P 

♦ See Supplement to Ohap, VIL^ Art. 10, latter part. 
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Let now m be the distance of the centre of gravity or action, 

of the moments of the forces with respect to E, from £, and m 

its distance from % positive the same as q and g. Then 

m = m+i 

and since the snm of the moments is equal to the moment of 

the resultant : 

^Pqa = m-JPq. 

But the sum of the moments P q of the forces with reference 

to E, is equal to the product of the sum of the forces into the 

distance i of the centre of gravity of the forces from E. Hence 

and therefore 

or, m- i ■= a? -f t*. 

Introducing the value for m 

(m + t) i = a' -f i* 
or in i = a*. 

If now a' is positive, which is always the case for an ellipse 
as central curve, in is also positive, and is therefore to be laid 
off from S along N N on the .opposite side of S from o. If 
then we conceive an axis E' drawn parallel to E, and symmet- 
rical with reference to S, which axis we shall call for conven- 
ience the sym/metricaZ axis to E, we see from the above relation 
that M is the pole of this axis in the central curve. 

If, however, c? is negative, therefore a imaginary, m is nega- 
tive, and must be laid off from S towards o, and the point M 
thus found is therefore the pole of the axis E itself, or in the 
case of an hyperbola is the pole of E' in that hyperbola which 
is not cut by N N, and for which therefore A A' is imaginary. 

Hence we have the principle — 

If we consider the statical moments of the forces with refer- 
ence to any axis a^'El as themselves fo^'ces acting at the given 
points of application^ the centre of gravity of tliese moment 
forces does not coincide with the centre of gravity of the origi- 
nal forces^ but is the pole * in the central curve of an axis E' 
parallel and symmetrical to E. 

In those cases where the central curve beciomes an hyper- 

* PoLAB LiNB OF A PoiNT, in the plane of a conic section, is a line snch, 
that if from any point of it two straight lines be drawn tangent to the conic 
section, the straight line joining the points of contact wiU pass through the 
given point, which is caUed a poU, 
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bola, we must observe whether the diameter conjugate to the 
moment axis is real or imaginary. In either case the centre of 
gravity is the pole of the line symmetrical to the moment axis 
in that hyperbola for which that diameter is real or imaginary. 

The construction is given in PI. 11, Fig. 35. 

Upon So' = S we describe a semi-circle. With S as cen- 
tre, and S A' = a = semi-diameter of the central curve, describe 
an arc, and from the intei-section with the semi-circle drop a 
perpendicular upon 8o\ The point M thus found is the centre 
of gravity of the moments. For : a^ = a IS? -h m^ and a M* 
= m (i— m) hence a* = m'-f-m i— m* = m i. The central curve 
being known as also the distance i, the point M can be readily 
found. 

•1. Cases irtaere the Direction of the Coi^usate Axis of 
the Inertia Carre can be at once Determined. — There are 
certain special and practical cases in which the conjugate direc- 
tions or axis of the inei*tia curve can be at sight determined, so 
that only the length of the semi-diameters remains to be found. 
The most important of such cases are as follows : 

(1.) When in a system of parallel forces, these forces can be 
Bo grouped in pairs, that the lines joining the points of appli- 
cation of each pair are all parallel, and the centres of gravity 
of each pair all lie in the same straight line. Then for the 
central curve and all inertia curves whose centres lie upon this 
Btraight line, the direction of the axis conjugate to this line is 
the same as that of the lines joining the points of application 
of each pair. 

This is easy to prove. For, for each pair, the sum of the 
moments with respect to the line joining their centres of gravity, 
is zero. These moments regarded as forces and applied at the 
points of application, give therefore for each pair two parallel 
opposite and equal forces, the sum of the moments of which 
for any line parallel to the line joining the points of applica- 
tion, is zero. This is the case for all the pairs, and therefore 
the direction of the lines joining the points of application is 
that of the axis conjugate to the line joining the centres of 
gravity, for the central curve as also all inertia curves whose 
centres lie upon this last line. 

(2.) When the forces can be so grouped that the points of ap- 
plication of each group lie in parallel lines, and the centres of 
gravity of the groups lie in the same straight line. Then this 
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straight line gives the direction for the central curve and every 
inertia curve whose centre lies upon it, of the diameter conju- 
gate to an axis passing through the centre and parallel to the 
lines joining the points of application. 

For if we take any such axis, the points of application of the 
forces in each group are equally distant. The statical moments 
for each group are then proportional to these distances. If, 
therefore, they are considered as forces, their centre of gra\dty 
coincides with that of the forces themselves, and lies therefore 
in the line joining the centres of gravity of the groups. The 
centre of gravity of the whole force system lies then in this 
line, which is therefore the direction of the axis conjugate to 
the line parallel to the lines joining the points of application, 
in the central curve, and also all curves whose centres lie upon 
this line. 

(3.) When the forces can be so grouped that the centres of the 
central curves of each group lie in the same straight line, and 
the diameters in each curve conjugate to this line, are parallel. 
Then in the central curve of the entire system, the diameter 
conjugate to this line is also parallel to these diameters. For, 
for any axis parallel to these diameters, the centres of gravity 
of the moments of the forces in each group lie upon the line 
joining the centres of the curves. The centre of gravity of the 
moments for the entire system lies then also upon this line, 
which is therefore the direction of the axis conjugate to an axis 
parallel to the diameters of the curves, for any inertia curve 
whose centre lies upon this line. 

In all these cases, if the directions thus found are perpendicu- 
lar, we have to do with the principal axes. 

03. Practical Applications. — We can now apply the above 
principles to practical cases, and as in the determination of the 
moment of inertia of irregular figures, we have to deal with 
triangles, parallelograms and trapezoids, we have first to con- 
sider these three cases. 

1st. The Parall^gram. PI. 11, Fig. 36. 

The moment of inertia of a parallelogram is, as is well known, 

M = jg a 5*,* a being the breadth and h the depth. 




ax* dx=z— ab* 
12 
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Hence i? = — J* = radius of gyration, or i = -* /-6 x ^S. 
That is, the radius of gyration is a mean proportional between 

— 6 and —6. 
2 6 

The centre of gravity of the parallelogram is at O the inter- 
section of the diagonals, and this is thei-efore the centre of the 
central curve. 

If we suppose the parallelogram divided into lamince parallel 
to D C, and suppose each lamina divided by G H parallel to 
BC, the centres of gravity of each will lie upon GH. Right 
and left of G H we then have a group of forces whose points of 
application lie in lines parallel to G H, and the lines joining 
any pair, one on each side of G H, are parallel. By (1) of the 
preceding Art., therefore, GH and EP are conjugate axes of 
the central curve. For the lengtlis of the half diameters, we 

find the mean proportional between -^ b and ^ ^j ^ <3J and -^ a, 

respectively, by the half circles B F and BH. We thus find k 
and k\ and can then construct the central ellipse directly, or 
fiud the principal axes, and then construct it. The centre of 
action of the moments of the parallelogram, with reference to 
any axis parallel to AB, is as we have seen. Art. 60, the pole of 
a line parallel and equally distant from Oon the otlierside. If 
we draw this line then, as D C, then from G draw two tangents 
to the central ellipse, and unite the points of tangency by a 
line ; the intersection of this line with O G is the centre of 
gravity of the moments of the forces themselves considered as 
forces, or area of the parallelogram, with reference to A B. 

2rf. Triangle. PL 11, Fig. 37. 

The moment of inertia of a triangle for the axis BC is 

jft a A* * whence i? = -^ A^, and for an axis B P distant i = 
Q A, which passes through the centre of gravity, 

a« = ;P-^^ = ^A^ (Art. 69.) 



'/• 



i^^ dte =r JL a V, Abeing the line A D, a = B O. 



78 MOMKNT OF IKEBTIA« [OHAP. VT. 

The conjugate axes of the central curve are by principle 1 or 
2 of the preceding Art. B F and A D. 
The above value of a is then the length of the semi- diameter 

along A D, or a = y -^ A x -o A. That is, a is a mean propor- 
tional between ^ A and -« A. This is found by the semi-circle 

O D Fig. 37. 

The moment of inertia of the triangle with respect to A D is 

6 A (q^/ • ^^^ radius of gyration then is r ^ ("o^/ ~ 
^"Sv"^^)^ ^("5^) ^^ ^ mean proportional between -^ and 
^of gor DC. 

This is given by the semi-circle on D G = ^ D O, and we 

thus have the four points 1 2 3 4 of the central ellipse, and the 
semi-diameters 1 and 3, and can therefore construct it. 
From the central ellipse as before, we can find tlie centre of 
gravity of the moments considered as forces for any axis par- 
allel to B G or A D, as also in either case, the radius of gyration 
and therefore moment of inertia, for any axis passing through O. 

3d. Trapezoid. PL 11, Fig. 38. 

Here the lines E F joining the centres of the parallel sides, 
and GH parallel to these sides, and passing through the centre 
of gravity 0, are the conjugate axes of the central ellipse. 

For the axis A B and direction E F, the moment of inertia is 

a and b being A B and C D, and A = EF. The square of 
radius of gyration is then 

2 ('»+*) ^ 



n 



>■' 
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For the radius of gyration for G H, at a distance i=r—h 

a+2h 

f- we nave 

"^"^ ^-Qa+b^ Q^\a+b) I 18 ^ 9 



. A^.] A«. 



{a+by 
This radius a is half the diameter along £ P. 

To construct it, put (3 af = -xh^ + -. — T"Tv2 ^*' 

Describe a semi-circle upon E P, and at the centre Oi, and 
at the intersection of the diagonals A, erect perpendiculars 

i A« and Kl> = -^,,3 

2 (a + by 

E K = — — ^ A and K P = —y h. If therefore we lay off 

a -h b a + b 

K Ij equal to J M from J, we have 



oi J and K L. Then P P = - A« and K iJ* = 7^-;-^ ^^ ^^^^ 



and hence the half diameter sought is one-third P M. We 
thus find 1 and 3. 

To find the other serai-diameter we have the moment of in- 
ertia for E P and direction ^ H, j^- {o/^-^-a^b+a J^+ff*)*, 

hence the square of the radius of gyration is 

A 

^{cfl+a^bi-aP+b^ ^ 



^((Z+J)A 



-U^^-h-M^hil^)^ 



This last expression is easily constructed. In the right-angled 

triangle P B N, the hypothenuse P N = v/ (2 ^)* + (^ ^Y 
B N being made equal to E. If we describe then a semi- 
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circle npon P U = -5 P N, and make P W =- P N, P V is the 

Bemi-diameter sought. We thus find 3 and 4, and can now 
construct the central ellipse. This being constructed we can 
find the centre of gi-avity of the moments with reference to any 
axis parallel to A B or B P, according to Art. 60, or the moment 
of inertia for any axis through 0, by drawing a parallel tangent 
to the ellipse. The distance from to the point of tangency 
gives then the radius of gyration for that axis. 

4:th. Segment of Parabola. PL 11, Fig. 39. 

Let the segment be limited by B = 2 A, and A D = t 
Then it is evident that these two axes are conjugate (Art. 61), 
and the centre of the central curve is 0, the ratio of AO to 
OD being as 3 to 2. Hence AD and E'P', parallel to CD 
through 0, are conj ugate axes of the central curve. To find the 
length of the semi-diameters along these axes we find first the 
moment of inertia of the segment with reference to an axis Y Y 
parallel to B' P' and tangent to the parabola at A, We have 
then for this moment of inertia 

7 4 ^ , 



/ 



where ^ is the parameter of the parabola, and Z = A D. Since 

4 

the area of the segment is o A Z, we have for the square of the 

radius of gyration 

The square of the i-adius of gyration then foi E' P' whose 

distance from A is i = -r Z is 

5 

a being the semi-diameter along A D. It is easier here to com- 
pute a, viz., a = 0.26186 I, and lay it off from O, thus finding 
3 and 4. 

For the other semi-diameter we find the moment of inertia 
for A D and the direction B' P'. Thus 



•\ 



X 
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Tlie radios of gyration eqnared is, dierefore, 

■J S'*' 

and hence the radius of gymtion le /8 = 0.44721 A. Laying 
this off from 0, we obtain 1 and 2, and can therefore now draw 
the central ellipse. 

63. <k»mpeand or Irregular OoM-Sectlons. — £very cross- 
section may be divided up into trapezoids, triangles, parallelo- 
grams and parabolic segments, and tlie above cases will aid ns, 
therefore, in the application of tiie grapliic method to compound 
or irregular cross-sections. The engineer is often called upon 
to determine the moment of inertia of such sections as the T, 
double T, or different combinations of these in proportioning 
the different pieces of bridges, such as chords, struts, floor-beams, 
etc., as also in many other constructions. The calculation for 
Buch cross-sections is sometimes very laborious. As an example 
of the application of the graphical method best ilhistrating the 
above principles, we take the ci'oss-section shown in Fig. 40, 
PI. 12. 

First we divide the cross-section into a series of trapezoids. 
The first segment, bounded by a curve, we may consider a para- 
bolic area. These trapezoids we rednce to equivalent rectangles 
of common base a [Art. 32], and take the corresponding heights 
as forces. These forces we lay off in the force polygon and 
choose a polo C at distance H from force line, drawing O 0, C 1, 
2, etc. Parallel to these lines we have the first equilibrium 
pol^'gon I n m ...Vin, the intereection of the two outer 
sides of which gives the point of application of the resultant. 
The intersection S of the resultant with the axis of symmetry 
gives the centre of gravity of the cross-section [Art. 30]. The 
segments o 1', 1'2', 2'3', etc., cut off from o S, give the statical 
moments of the forces with reference to (? S to the basis H. 
We now choose another pole C at distance H', and form another 
foi*ce polygon, considering these moments as forces, and applied 
at the centres of action of the moments of the separate areas 
into which the whole ci'oss- section has been divided. These 
centres of action can be determined by forming the central 

curve for each area according to Art. 62, and then applying the 
6 



/ 



X' 



/^ 
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principle of Art. 60. A little consideration will show that these 
centres of gravity will coincide approximately with the centres 
<»f gravity of the areas themselves, except for areas (3) (4) (5) 
and (6). Finding then for these areas the centres of action of 
the moments consideied as forces, we construct the equilibrium 
polygon O' I' II' ... . Vin'. The distance 0" 8" cut ofif by the 
first and last sides of this polygon gives the moment of inertia 
to the pole distances H and H' and the reduction base a. Thus 
0" 8" measured to scale of force and multiplied by a H H' is 
tlife moment of inertia of the cross-section with reference to o S. 



The radius of gyratio * is then h 



:=. v/lL^ ^' ^"^" 



a08 



The division will be performed if we take HE' = 8 = -T P. 
This we can easily do now without drawing a new polygon, 
since what is required is the intersection of the outer sides only. 
Thus take a new pole / distant from o S, H' = 8. Now we 
know that each side of the new polygon for this pole distance 
will intersect the corresponding side of the first in a line paral- 
lel to o 0/ [Art. 27]. Since the new polygon may start from 
any point, we may take the first side to coincide with O VIII'. 
Then the line of intersection of any two sides is O viii' 8". 
Produce any side as IV' V to intersection e with this line ; from 
e draw e a^ parallel to 0^' 4'. 

Through al the intersection of o' T and V IV', the resultant 
of (1) (2) (3) and (4), must pass. The change of pole cannot 
afPect this resultant, which must therefore pass through o^', the 
intersection of e a^ with the vertical tlirough a! parallel to (?S. 
Hence 6^ a/ is the direction of the last side of the new poly- 
gon, and 8"0i" is the moment of inertia for the new pole dia- 

tance ^ 0/ = 8. The radius of gynition then is * = I^H 07^8". 
In other words, A is a mean proportional between H and O/'S". 
The construction of h is given by the semi-circle described upon 
0i"8" 4- H. The ordinate to this semi-circle through Oj" per- 
pendicular to oS gives k. We thus find the semi-diameter 
S a = S a' of the central ellipse. 

In order to find the other semi-diameter S S = S }', we might 
divide the cross-section into areas by lines parallel to S X, and 
then proceed as above. This is, however, unnecessary. With 
the same areas as before, we can find the central curve for that 
area on each side of XX, and then the centre of application of 
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tlie moment of each of these areas with respect to X X itself, 
considered as a force. The method of procedure is then pre- 
cisely as before. We draw a polygon the sides of which are 
respectively perpendicular to those of the first polygon, and 
thus find the statical moments 0"' 1'" 1'" 2'", etc., to basis H. 
Choosing then a pole 0'" at distance H'" and drawing the 

cori'espondi ng polygon, we have 8^^ for the moment of in- 



ertia. The radius of gyration is then k 



= |/?_^ ^'" ^ ^ ^^ 



a. 8 



We have taken H'" = g 8, hence * = \/ ^ h 08^. Hence k 

1_ 

is a mean proportional between 2^8^^ and H. The construo- 

1_ 
tion is given in the Fig. by a semi-circle upon H4- 2 ^ ^ ^^* ^® 

thus find the semi-axis S J' = S J, and can now construct the 
central ellipse. We have thus fonnd graphically not only the 
moments of inertia of the cross-section with respect to XX and 
Y Y, but, by means of the central ellipse, for any other axis in 
the plane of the Fig. passing through S. 

64. — The above method of procedure holds good generally 
for any cross-section, except that, when there is no axis of sym- 
metry, the centre of gravity must be found by a second equili- 
brium polygon whose sides are respectively perpendicular to 
those of the first. When the moment of inertia with reference 
to a single axis only is required, the above method becomes 
quite short and simple, as well as accurate. In our Fig. the 
ficale used as also the number of divisions taken make the pro- 
cess appear more complicated than it really is. 

With this we shall close our discussion of moment of inertia, 
merely observing, that all the principles deduced in this chap- 
ter for forces acting in a plane hold equally good for forces in 
tpace. The central curve then becomes an area, we have a mo- 
ment plane instead of moment axis M, and the ellipse and hyper- 
bola of inertia become ellipsoid and hyperboloid respectively. 

For a much fuller discussion of the subject than is possible 
here, we refer the reader to Cidmann^s Oraphiscke Stati/c, pp. 
160-206 ; also Bavsckingeff^B Elemente der Oraphischen Statik^ 
pp. 116-168. To the latter we are largely indebted in the 
preparation of the present chapter ; Plates 10 and 12 are, with 
slight alteration, reproduced from that work. 
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PART II. 



APPLICATION TO BRIDGES. 



05. — Under the head of Paralld Forces we have already 
given the general application of the graphical method to the 
determination of the moments and shearing forces in beams 
resting upon two supports only. We shall now take the sub- 
ject up more in detail, and show the methods of determining 
the maximum strains for all the possible conditions of loading 
which may occur in Bridge Girders. In the following we shall 
adhere closely to the development of the subject as given by 
WinJder. [DerBruckenbaUy Wien, 1872.] 

06. Forcef nrhlcli act upon a Bridge. — The forces which 
act upon a bridge may be enumerated as follows : 

let. The weight of the bridge itself. — This, previous to the 
calculation of the strains, is unknown, since it depends upon the 
intensity of the strains themselves. It is customary to assume 
the weight to begin with, by comparison with existing struc- 
tures of similar character, and then to find the resulting strains. 
The weight answering to these strains can then be easily ascer- 
tained ; the strength of the materials used being known, and 
compared with the assumed weight. According as it is less or 
greater, the weight was then assumed too great or the reverse. 
A second approximation to the true weight may then be made, 
and the strains proportionally diminished or increased. As 
rules for estimating the weight of bridge girders under 200 feet 
span, we have, for weight of girder G, 

where W = the assumed approximate total distributed load in 
tons, including the weight of girder ; 

I = length in feet ; 

d = depth in feet ; 
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^= the working strain in tons per sq. foot of cross-section. 
(See StoTiey, Theory of Strains^ vol. ii., p. 441.) 

We have also the rule : " Multiply the distributed load in 
tons by 4; the product is the weight of the main girders, end- 
pillars and cross-bracing in pounds per running foot." Iron is 
taken at 5 tons per sq. inch tension, and 4 tons per sq. inch 
compression. 

2rf. The movinff or live load / which is determined by tlie 
purpose of the bridge. This load can take various positions 
upon the bridge, and may even be divided into several por- 
tions. It is therefore an important problem to determine that 
distribution which shall cause the maximum strains. 

The live load is, as the term implies, in m-otion, so that, in 
combination with the deflection, there is a centrifugal force, 
or increase of pressure. This is, however, in practice disre- 
garded, while such a coefficient of safety is chosen in propor- 
tioning the parts, that the increase of strain due to this cause is 
fully covered. 

Sd. Horizontal forces^ caused by the wind and the passage 
of loads. 

ith» Pressures at the supports. The known forces cause re- 
actions at the supports, which evidently must also be considered 
as forces acting upon the bridge girder. For straight girders, 
these reactions are vei'tical, while in suspension and arch sys- 
tems they are inclined. 

67. Bridge lioadiHg. — The heaviest load to which a railway 
bridge can be subjected is when it is covered from end to end 
with locomotives. " The standard locomotive is assumed to be 
24 feet long, and to have six wheels with a 12-foot base ; to 
have half its weight resting on the middle wheels, and one- 
fourth on the leading and trailing pairs respectively, which are 
Bnpposed to be at equal distances on either side of the middle 
wheels." (See Stoney, vol. ii., p. 405.) The standard engine 
is assumed to weigh 24 tons, tSO tons and 32 tons, according to 
the construction. This makes the standard load 1 ton, 1^ ton, or 
H ton per foot of single line. Short bridges of less than 40 
feet span must be considered as subject to concenti'ated loads 
from single engines. 

The maximum load for public bridges is recommended by 
Stoney at 100 lbs. per sq. ft. 

M. In the Straight Tram all the Outer Forces act In a 
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Tertlcal Dlreetlon, — The strain in any cross-section depends 
upon, first, the resultant of all the outer forces acting either 
side of the cross-section ; and second, the statical moment of 
these forces with reference to the cross-section. The first, or 
the algebraic sum of all the forces acting between the cross- 
section and either end, we call the shearmg force for this cross- 
section, and indicate it by S. It is also designated as vertical 
force^ or transverse force. The moment of the resultant, or 
the algebraic sum of the moments of all the exterior forces, 
with reference to any cross-section, we call the moment for this 
cross-section, and indicate it by M. It is also called bending 
m^omentj or mom^erU of rupture. For example, in a lattice 
girder with horizontal fianges the strains in the web are pro- 
portional to the shearing forces, those in the flanges to the 
bending moments. 

The fihearing force is considered positive when it acts on the 
left side upwards, or on the right side downwards. The mo- 
ment M is positive, when on the left side the tendency of rota- 
tion is to the left, on the right side to the right, or when it tends 
to mxike the girder convex upwards^ that is, causes compression 
in the lower fibre or flange. 
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OHAPTEI^ VII. 



SDfPLB OIBDEB8. 

60. Action of Concentrated Loads— luTartable In Peti- 
tion. — By "simple girder" we understand a girder resting 
upon two supports only, in opposition to a continuous girder 
which rests upon more than two. 

Suppose a number of forces Pi . . . P5 acting at various points. 
[Fig. 41, PL 13.] We form the force polygon by laying off the 
forces to scale one after another ; then choose a pole O, and 
draw O 0, 1, 2, etc., to the points of division. Parallel to these 
lines we draw the lines of the equilibrium polygon between the 
corresponding force lines prolonged. If now we dose the poly- 
gon thus formed by the line A B, and draw through O the 
parallel O Ij to A B, the segments L and Ij 5 of the force 
line give the reactions Vi and Vj. Further, the shearing force 
between A and P^ is Sj = V^ = L ; between Pi and Pj, S3 = 
Vj— Pi ; at Pg, Pg = ^1— Pi""P25 6tc. That is, the shearing forces 
are the dwtances of the points of the force polygon from L. It 
is easy, then, to construct them, as shown in the lower shaded 
area of the Fig. (See also Art. 46.) 

If in the equilibrium polygon we let fall at any point a ver- 
tical as I K, and from K draw K L perpendicular to A B, and 
indicate by H the horizontal pull, by Ij the strain in A B, and 
by M the sum of the moments of all forces left of I K, then, 
for equilibrium about K, we have M = IjxKXj = IjxIK cos 
I K L, or, since the angle IKIj=:IjOHiu force polygon, 
L X 006 I K L = H, and hence M = H x I K, or representing 
the variable ordinate I K by y : 

M=:Hy. 

But H is the distance of the pole O from the foi*ce line ; 
the moment at any point is therefore proportional to the verti- 
cal height of the equilibrium polygon. (See also Art 38.) If 
we take H equal to the unit of force, we have 

M = y, 
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60 that in this case the moment at any point is directly given 
by the ordinate of the polygon at that point. It is this impoh- 
tant property of the equilibrium ix)lygon which renders it espe- 
cially serviceable in the graphical solution of this and similar 
problems. 

70. Concentrated lioad — Taiiable Position— Shearing 
Force* — If the load lies to the right of any given cross-section, 
then the shearing force at this cross-section will be S=Vi, or, 
since we regard a force to the left acting lip as positive, S is 
positive. As the load P moves towards the left, Vi or S in- 
creases. When the load is to the left of the cross-section, the 
shearing force at the cross-«ection is S = Vi — P, and since P 
is always greater than Vi, 8 is negative. The nearer P ap- 
proaches the cross-section, the smaller is S — algebraically. 

Hence : a concentrated load causes a positive or negative 
shear ^ according as it is to the i^ht or left of the cross-section 
considered^ and the shearing force is gi^eater the nearer the load 
is to the cross-section. 

Moments. — If the load lies to the right of the cross-section, 
the moment is M = — V^ aj, » being the distance of the cross- 
section from the left support. M is therefore negative and in- 
creases with Vi ; that is, as the load approaches the cross-sec- 
tion. If the load is on the left of the cross-section, M = — Vj 
(Z — aj), Vj being the reaction at the right support. Here also 
M is negative and increases with V^ ; that is, as the load ap- 
proaches the cross-section. 

Hence : a concentrated load wherever it lies causes in every 
cross-section a negative mornenty which for any cross-section is 

a maximicmy when the load is applied at that cross-section. 

71. Position of a given §y8teni of Concentrated Loadi 
cantlns jUaxImnm Shearing Force. — If Pi is the stmi of all 
the loads to the left of any cross-section, the shear at that cross- 
section is S = V, — Pi. As the system moves to the left with- 
out any load passing off the girder or any load passing the cross- 
section, Vi and therefore S increases as long as S is positive, or 
as long as Vi > Pi. If a load passes off the girder, then for the 
remaining loads S increases anew as the system moves to the 
left, until a load of the system passes the cross-section in ques- 
tion. The same holds good for a system moving to the right, 
where S is negative. 

Hence : the shearing force is a maximum for any pointy 
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when there is a load of the system at that pointy and the maxi- 
mum is positive or neffative^ according as the load Ues just to 
the right or left ofthepoiiyt. 

Since for a single load (Art. 70) S is positive or negative, ac- 
cording as the load is to the right or left, S will be in general 
a positive or negative maximum when all the loads lie to the 
right or left, and the heaviest nearest the cross-section. Only 
in cases where a small load precedes, can S be greatest when 
the second load lies upon the point in question. 

If P is the resultant of all the loads and /3 its distance from 
the right support, 

Vi = P £ and therefore S = P ^ - P^. 

Therefore 8 will vary as the first power of a?, the distance 
of the cross-section from the left support, provided that no 
wheel passes beyond the support. Therefore^ between any two 
cross-sections for which the load on the girder remains the 
samSj the shear S is represented by the ordinates to a straight 
line, 

79, Constrnctlon of the Mazimam Shearing Forcef.-- 
Construct the force polygon witli the given loads ; choose a 
pole O [PL 13, Fig. 42 (a)] and draw the corresponding equi- 
librinm polygon. It is required to determine the shear S at a 
cross-section distant x from the left support, under the supjx)- 
sition that the first load Px of the system, moving towards the 
left, acts at this cross-section. 

Determine upon the outer side Pi A of the polygon passing 
through the point P^, a point A distant from P^ by the distance 
(B, and then find the point B upon the polygon distant from A 
by Ij the length of span, and draw A B. Parallel to AB draw 
O Ij in the force polygon, then A Ii = Vi = S, the shear at Pi. 
Drop a vertical through B intersecting Pi A produced, in M ; 
then the triangles O A Ij and A M B are similar, and there- 
fore S = A I* = B M -, when a is the pole distance. If we 

choose a = Z, then 8 = B M. 

Hence : the maxvmum shearing forces are proportional to 
the vertical segments between the equilibrium polygon and the 
prolongation of the outer side taken at the end of the system^ 
or are equal to these segments if the pole distance is taken equal 
to the €pa/n / provided that the last load is at the cross-section. 



90 SIMPLE GIRDERS. [OHAP. VH. 

We have, therefore, tlie simple construction given in PI. 13, 
Fig. 42 (J). The positive and negative values of S equally 
distant fix>m the right and left supports are equal, so that it is 
only necessary to construct S for one value. [See also Art. 
78.] 

If the second load is to be at the cross-section, and if e is the 
distance between the first and second, we draw first a line 

whose equation is y = Pi — -. — , and construct, as above, a 

polygon, for which the second load lies on the right support B, 
and whose second side (between second and third loads) coin- 
cides with the above line. The ordinates to this line above the 
axis of abscissas will give maximum of + S. 

T3. Maxlmaiii moments.^ — Since, according to Art. 70, a 
concentrated load causes a negative moment at any point, 
wherever it may lie, we must have evidently loads upon both 
sides of any point, in order that the moment may be a maxi- 
mum. Since a single load causes a greater moment at any 
point the nearer it lies to that point, tlie greatest load must lie 
nearest the cross-section in question. The method of loading, 
causing maximum moments, can be best determined for a du- 
trihuted load (not necessarily uniform). In this case the equi- 
librium polygon becomes a curve [PI. 13, Fig. 43]. If in this 
curve we draw A B, and take C so that AO:CB;;aj:Z— «, 
then O D = M for x. Suppose A B to take the position A' B', 
die horizontal protection of O C being indefinitely small, 
then C D' = M -h <Z M. In order now that M may be a 
maximum, C D' must be equal to C D or O C parallel to D D'. 
If in the force polygon O Ai is parallel to A A', O B^ to B B', 
and O D| to D D^, then A^ D^ and D^ B^ are the loads upon 
A O and B O. 

Draw through O a vertical, and through A, A', B, B', paral- 
lels to C or D D' intersecting this vertical in E, E', P, P'. 

Then CE:CP;;AO:BO;:»:Z — «, 

O E' : C P' ; : A' C : B' G \\x:l-x\ 
therefore 

O B : C P ; : O B' : O P', or C E' : O B : : C P' : O P ; 
also O B' - O E : C P - C P : : O B : O P, 

that is, B E' : P P' : : a? : Z - aj. 

If now we draw through A' and B' parallels to C C, or D D' to 
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intersections H and I, we have A H = B B', I B' = P F'. Since 
the triangle A A' H is similar to O A^ D^ and B B' I to O B^ D^, 
aud since A' H = B I, we have 

AiDirBiDj:; AH : B'l ; : BE' : PP' ; ; » : Z-a. 

Since A^ D| equals the load Pi on A C^ and Bi D^ the load Pj 
on B O, we have Pi : P2 ! I » : l—x. 

The same will hold true approximately for concentrated 
loads. Hence, in order that the moment at any point may he 
a maximum^ the system of loads m^ust have such a position 
that the loads either side of this point a/re to ea^ other as the 
portions into whidt, the span is divided. 

In PL 13, Fig. 44, let O D give the moment at O. If the line 
A B moves so that the horizontal projections of A C and B C 
remain equal to x and l—x^ then as long as the ends A and B 
move on the same straight lines, the point C will also move in a 
straight line. The point describes, therefore, a broken line. 
The verticals between this line and the polygon correspond to 
the moments for various positions of the load and a given value 
of X. Evidently the greatest ordinate will be over an angle of 
the equilibrium polygon which is not under an angle of the 
line described by C — that is^ for M maximum, a load must lie 
upon the cross-section. 

For any cross-section^ then^ the moment is a muximurn when 
a had is applied at this cross-section. Which of the loads 
must be so applied is determined by the preceding rule. 

74« C)onf traction of IHaximain IHoineiits. — After the 
equilibrium polygon has been constructed, in order to iind M 
for a point O (PL 13, Fig. 46), we determine two points P and 
G upon the polygf)n which are distant horizontally from the 
load on the given cross-section corresponding to the angle E by 
distances A O, B O. Then draw P G, and the vertical K E is 
equal to M when the pole distance is unity. We make C I = E K. 
In this way we can construct the moments for different loads 
of the load system at the given cross-section, and thus determine 
that position of the load which gives the maximum moment at 
the cross-section. 

Generally when K E = y, and the pole distance is «, we have 
HLz^ay. The pole distance a is measured to the scale of 
force, and then y is given by the scale of length. The unit for 

M, in order that M may be equal to y, is evidently — th part of 

a 
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the unit of length (when the pole distance is a force units), or, 
what is the same thing, one unit of length is equal to a moment 
units. The same equilibrium polygon can be used for any 
number of giixiers of various spans, hence the method is of very 
rapid application. 

75« Absolute IHaziiiiaiii of IHoineiits. — Since for any cross- 
section M is a maximum when a load lies at that section, a load 
must also lie upon the cross-section for which M is an absolute 
maximum. 

If the line A B slides upon the equilibrium polygon, altering 
its length so that its horizontal projection is constant and equal 
to Ij it will envelop a portion of a parabola so long as its ends 
move in the same sides of the polygon. [PI. 13, Fig. 46.] The 
curve thus produced is therefore composed of portions of a 
parabola. Let the ordinate D G correspond to the moment at 
the point of application of the load P. DO will be evidently 
greatest when A B is tangent to the curve at C, so that th*^ 
maximum of the mamsnts ocGurrmg afD is gwen by the dis 
tcmce C D between the polygon and curve enveloped by A B. 

Let the prolongation of the sides upon which A B slides meet 
in E, and F G be the tangent to the parabola at the point H in 
the vertical through B, so that P H = H Gr, and let I be the in- 
tersection of A B and F G. Draw through A a parallel to E B, 
intersecting F G in K. Then the horizontal projections of A F 
and A K are equal, since those of E F and E G are equal. 

Since, however, the projections of F G and A B as also of 
A F and G B are equal, A K must be equal to G B. Hence 
A I = B I. In a parabola the distances of the three diameters 
passing through two points and the point of intersection of the 
corresponding tangents are equal, hence the projections of H I 
and C I are equal. 

Ths middle point 1 of the tangent A B lies^ then^ halfway 
between the angle D vertically below the point oftangency and 
the intersection E of the sides upon which it slides. 

Since the projection of A B is I, its construction is easy. 
The construction must, of course, be repeated for each angle, in 
order to determine that for which M is an absolute maximum. 

The above principle may, then, be thus expressed : The mo- 
ment at amy load is a Tnaamwum^ when, this load and the result 
%nt of all the loads are equally distant from the centre of the 
girder. (See also Art. 48.) 
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76. — ^In Arts. 46 to 60 the above principles have been already 
deduced so far as relates to the moments alone, and a reference 
to Art. 49 will show their application to the investigation of the 
effect of a system of loads moving over the girder. We pass 
on, therefore, to 

CONTINUOUSLY DISTRIBUTED LOADING. 

Snppose the load p per nnit of length laid off as ordinate. 
The area thns obtained we call the load area. PL 13, Fig. 
46 (J). 

The equilibrium polygon becomes here a curve, for which 
the same law holds good. If we draw tangents to the curve at 
the points D' and E' corresponding to D and E, intersecting in 
C\ then the resultant of the load upon D E passes vertically 
through O', or C is vertically under the centre of gravity of the 
area D D" fi ' E. 

If we consider the load area divided into a number of parts, 
the resultant for each will pass through the intersection of the 
tangents at the points vertically under the lines of division. 
Since these tangents are parallel to the lines in the force poly- 
gon corresponding to these lines of division, they form the 
equilibrium polygon for the concentrated loads, or resultants of ' 
the portions into which the load area is divided. 

Hence : if we divide the load area into portions, and replace 
each by a single force, the sides of the corresponding polygon 
are tangent to the equUibrium curve at the points correspond- 
ing to the lines of division. (Art. 42.) 

77. Total Uniform lioad. — In this case the reactions at the 

supports are Vi = Vj = -^pl. Hence, for any cross-section dis- 
tant X from the left support, the shearing force is 

1 
S = Vi— ^ ® = 2-^ ^^""^ ^^' 

For aj=^Z;S = 0. Sis greatest for a>= and for a? = Z ; 

that is, maximum S = + -^pl^ and S = — -^p I. 
The moment at any cross-section is 

M=— Va+o/>a? = — -^p X (l^x). 

M will be greatest f or a = q Z, and 
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Max. M - — -qP ?. 

The shearing forces are, then, given by a straight line inter- 
secting the span in the middle, the ordinate at either end being 

^pl. [PI. 14, Fig. 47.] 

The moTnents, as we have already seen [Art 44, Fig. 30], are 
given by a parabola whose vertex is in the centre of the span 

and whose middle ordinate is -^jp ?. Since we have seen [Art. 

o 

70] that a load at any point canses at every point a negative 
moment, the maximttm moment at any point wUl be when the 

whole span is loaded, 

79. Method of I/oading causing Maxlmaiii §heaiiBV 
Force. — We have seen [Art. 70] that a single load causes at 
any point a positive or negative shear, according as it lies upon 
the right or left side of the cross-section at that point. Hence, 
for a uniform load. 

The sheaHng force will he a positive or negative raaasim/am 
according as the load reaches Jrom the right or left support to 
the cross-section in question. Yot the positive maximum we 

have Vi = ^ (Z— a;) ^tt =o -P 7 ■ Therefore, max. + S = 
1 (l-xf 

For the graphical determination we can apply the method 
given in Art. 72, Fig. 42, by which we have for max. 4- 8 and 
max.— S two pa/raholas whose vertices are at the ends of the 

span, and whose ordinates at these points are +^ and — "^ 

Since, however, each point is found thus from the preceding, 
the construction is not very exact. We may deduce a better 
construction as follows. [PI. 14, Fig. 48.] Through any point 
F of the curve drop a vertical intersecting A B in O and the 
line B K parallel to the tangent at F in G. Let the tangent 

at F intersect AB in H. Then OH = BH ; hence, CF = 1 O O. 
We have, then, A E = 1 A D =.\p I. Since C F = ^ G, 
we have also AI =- AK; therefore, A I : A E ; : AK ; AD. 
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Hence the following construction : 

Make A B = 1 » Z. 

2 

Divide A E and A B into an eqnal number of equal parts, and 

draw lines from B to the points of division of A E, and verticals 

Uirough the points of division of A B. The curve passes 

through the points of intersection of corresponding lines. 

7#. MAre and Dead lioads. — Let j> be the load per unit of 

length for dead, and m for live load. The maximum moment 

for any point will be as before. 

M=~'^{j>+m) X (Z—aj); that is, will be 

given by a parabola whose middle ordinate is — - (^+m) ?. 
For the shearing force, we have 

Max.+S = \p (?-2 x) + )-m ^—fi^\ 

1 la? 
Max.— S =7: 1? (Z— 2 »)— - m -=-. 

2 -^ ^ '^ 2 I 

Indicate A C [Fig. 49, PI. 14] by x^, for which max.— S = 0, 
then 

=jp I (Z— 2 x^—m x^j 



m 
hence 



or flJi»+2^ZaH-^-? = 0: 






For the point D for which max. +S = 0, B D = aJi. The 
shearing force within A C is positive, within B D negative, 
while within C D it is both positive and negative. 

For Z = 5, 10, 20, 50, 75, 100, 150metrea. 

^ = 0.12 0.19 0.31 0.64 1.05 1.55 3.12 
m 

AC = BD = 0.24 0.29 0.33 0.38 0.42 0.44 OMl 
CD = 0.52 0.42 0.34 0.24 0.16 0.12 0.08Z; 

that is, C D dvnhinisJies with increasing span. 

ReeapltnlaUon.— For girders of a length of about 100 feet 
or more, then, we may consider the live load as distributed 
per unit of length. The maximum shearing force can then be 
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easily found according to the preceding Art., while the maxi- 
mum moments will be given by the ordiuates to the parabola 
for full live and dead load [Fig. 30, Art. 44], Yor 9, framed 
structure, we have simply to multiply the shear at any point 
by tlie secant of the angle which tlie brace at that point 
makes with the vertical, in order to find the strain in that 
brace. The moment, divided by the depth of truss at the point 
in question, gives the strain in the flanges. For Vijplate girder, 
the moment being found as above, and one dimension as the 
depth given, we can, from Art. 52, so proportion the other di- 
mension as that the strain in the outer fibre shall not exceed 
the amount allowable in practice. The preceding Art. as also 
Arts. 78 and 44 and 62 are all that we need to refer to for all 
practical cases of parallel fiange girders of large span. 

The preceding will complete our discussion of the simple 
girder. We have only to remark here that the strains due to 
rolling load will, in general, be most satisfactorily found by the 
method of resolution of forces, as illustrated in Art. 12. By 
this method we first find the reactions at the supports for a sin- 
gle apex load^ either graphically or by a simple calculation 

Vi= — -^ — ^ I, and then follow this reaction through the 

girder, and find the resulting strains. We can thus find and 
tabulate the strains in every piece due to a weight at each and 
every a])ex. The maximum strains can, then, be easily taken 
from the table thus formed. When the live load is supposed 
thus concentrated at each apex, it is, as we have seen in Art 12, 
unnecessary to follow through every reaction. The reactions 
due to the fii*8t and last weights are sufiicient to fill out the 
table. For solid-built beams or plate girders, the principles of 
the present Chap., therefore, come more especially into play. 
(See also remarks at close of Chap. V.) 

The preceding principles will, it is hoped, be found sufiicient 
to enable the reader to find the maximum moments and shear 
at each and every cross-section of a beam of given span rest- 
ing simply upon two supports, and acted upon by any given 
forces or system of forces in any given position. The reader 
will do well to take examples of simple trusses, and check the 
results obtained by the method given in Chap. I. by the above 
principles. The method of tabulation of single apex loads 



CHAP. Vn.] BDCPLB OIBDEBfl. 97 

npon which we lay so much stress is fully given by Stoney 
[" Theory of Strains," vol. i.], and the examples there given will 
be found of service. 

Finally, then, the strains in upper and lower chords are great- 
^foT full load over whole span. We have, therefore, only to 
erect upon the given span a parabola whose centre ordinate is 

o J where J? is the load per unit of length for dead, and 

m for live load [Art. 44]. The ordinates to this parabola at 
any point give at once the maximum moment at that point. 
The depth of truss at this point, if a framed structure, or the 
moment of inertia of the cross-section at this point, if it is a 
solid beam [Art. 52], being known, the strain in the flanges or 
outer fibres piay be easily determined. The strain in the web is 
given by the maximum shear. For dead load alone this is 
given by the ordinates to a straight line passing through the 

centre of span, whose extreme ordinates are-^ [Art. 77]. The 

maximum shear due to live load alone {m I) will be given^l)y 
the ordinates to two semi-parabolas, convex to the span, having 

their vertices at each end, and the extreme ordinates -— [Art. 

78]. At any point, the greatest of the two ordinates to these para- 
bolas is to be taken. For live and dead loads together, Art. 79 
maj also be useful. The shear being known, the strain in any 
diagonal is equal to the shear multiplied by the secant of the 
angle made by the diagonal with the vertical [Art. 10 of Ap- 
pendix] ioT parallel fldnges. For flanges jwt parallel, we must 
find the resultant shear as given in Art. 16 (4) of Appendix, 
or, better still, the flanges once known, the diagonals can be 
diagrammed according to the principles of Chap. 1. 

For the investigation of load systems; the principles of 
Arts. 70-75 will be found sufficient, and the application of 
these principles we have already sufficirntly illustrated in Arts. 
49-61. 

7 
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SUPPLEMENT TO CHAPTER VIL 



CHAPTER iC 



METHODS OF CALCUIiATION. 



1. — ^In Chapter L of the text we have already obtained a method of dia- 
g^m which will be found both simple and general, and by which we can 
readily determine the Btrains for any given loading in any framed struc- 
ture, no matter how irregular in its shape or dimensions, pratided only that 
all the oiiter farces are known. 

In Chap. VII. we have also been put in possession of another method of 
diagram, by which we may for any structure of the above class, /ram^ or 
noty determine the moment at any point, and can then properly proportion 
the cross-section. 

Thus far, indeed, we are unable to apply these methods to the continuous 
girder or braced arch, as in these cases there are not only upward reactions 
but also end moments, and in the latter case a thrust also, which must first 
be determined. The determination of these requires that the elasticity of 
the material and cross-section of the structure be taken into account. But 
with these exceptions, and they are of rare occurrence in practice, we can 
already solve any case which may present itself. 

In the Appendix, if he has attended to our numerous references to it, 
the reader will have already become familiar with two corresponding meth- 
ods of calculation^ viz., that by resolution of forces and that by moments. 

It is, however, in many cases desirable to know not only the strains in 
every piece of a structure, but also the deflection of the structure, and this 
also requires a knowledge of the theory of flexure or of elasticity. For the 
9ake of completeness, therefore, aiming as we do to put the reader in pos- 
session of methods of calculation as well as of graphic determination, we 
shall devote a few pages here to a brief notice of these two above-men- 
tioned methods of calculation, and then pass on to the theory of elasticity 
itself. This latter has been too generally considered by those unacquainted 
with the methods of the calculus as difficult and abstruse. It is true that 
the calculus must be called into requisition ; but so simple are the processes 
for beams of single span — and it is with these only we have at present to 
do — ^that we indulge the hope that by going back to first principles we may 
enable even those at present unacquainted with the calculus to follow oar 
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demoDstrations intelligently, and to comprehend perfectly and even apply 
readily the method for themselves. 

We cannot, indeed, make the reader familiar with all the principles of 
the calculus, but all these principles are by no means needed. Its funda- 
mental idea, a few of its terms and applications, are all that he need be 
familiar with in order to perform the simple integrations we shall encoun- 
ter, as readily as the most skilled mathematician. This portion of the 
present Supplement may, perhaps, be considered by many as unnecessary and 
superfluous. We are, indeed, justified in assuming such knowledge. But 
as we believe our plan practicable, we cannot resist the desire of making 
our development intelligible to all, and thus rendering our treatment of the 
simple girder at least complete. 

The practical man as well as the mathematician may thus have at his 
disposal the powerful aid of the calculus, so far at least as his purposes 
require it, and be able to deduce for himself the formulas which hitherto 
he has accepted " upon faith." It may also not be improbable that here 
and there one may be found who, pleased with the simplicity of the prin- 
ciples and the f ruitf ulness of their application, may be led to further prose- 
cute the study for his own satisfaction. 

We shall first, then, notice briefly the two methods of calculation above 
referred to ; then devote a few pages to the development of those prin- 
ciples and rules of the calculus of which we shall make use, and finally 
apply these principles to the discussion of the curve of deflection of loaded 
beams. 

9. Rltter^^ii Method. — ^This method is referred to in Art. 14. It 
rests simply upon the principle of the lever, or the law of statical mommts ; 
requires no previous knowledge, and converts the most diflScnlt cases of 
strain determination into the most elementary problems of mechanics. 
Ritter, in his *' Theorie eisemer Dach- und BrQcken-Constrnctionen," has 
applied this simple principle in such detail and fullness, and so clearly set 
forth its elegance and simplicity, that it very generally, and justly, goes by 
his name. 

"Its results arc clear and sharp as the results of Geometry, and of direct 
practical application. There is hardly another branch of engineering 
mechanics which, for such a small amount of previous study, offers such 
satisfactory results, and which is so suited to en^ge the interest of the 
beginner." 

We have giyen in the Appendix to Chap. L (Arts. 6, 9, 10) detailed ex- 
amples of its application. Throughout this work similar illustrations of 
its use will be met with, so that it is only necessary here to state more fully 
than in the text its general principle. 

If any structure holds in equilibrium outer forces, it does so by virtue of 
the strains or inner forces which these outer forces produce. Now the 
outer forces being always given, we wish to find the interior forces or 
strains. If, then, the structure is framed, and we conceive it cut entirely 
through, the strains in the pieces thus cut must hold in equilibrium all the 
outer forces acting between the section and either end. Thus, in Fig. 6, 
PI. 2, a section cutting D, 7 and H completely severs the truss. Tlien th^ 
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strains in these tbree pieces mnst hold in equilibrium the reaction at A and 
all the forces between A and the section. 

Now the principle of statical moments is simply that, when any number 
of forces in a plane are in' equilibrium, the algebraic sum of their moments 
with respect to any point in that plane must be zero. 

The application of this principle is simply so to choose this point of 
moments as to get rid of all the unknown $train$ in the pieces out, except one 
only ; and then the other forces being known in intensity, position, and 
direction of action, we can easily find this one ; since, when multiplied by 
its known lever arm, it must be equal and opposite to the sum of the 
moments of the known forces. 

In a properly constructed frame it will, in general, always be possible to 
pass a section cutting only three pieces. Then, by taking as a centre of 
moments the intersection of any two, we can easily find the strain in the 
third. 

Even if any number of pieces are thus cut, if all but one meet at a com- 
mon point, the strain in this one can be determined. 

Thus, in Fig. lY., PL 1 of the Appendix, a section may be made cutting 
2St dh, he and e t. But all these pieces, except the last, meet in 2, and 
the strain in this last piece may, therefore, be easily determined. 

The above is all that is necessary to be said as to this method. The ex- 
amples already referred to will make all points of application and detail 
plain as we proceed. We see no reason why the reader who has mastered 
Chapter I. and diligently followed out the examples as given in the Appen- 
dix, should not now be able to both calculate and diagram the strains in 
any* framed structure all of whose outer forces are known. 

3. niettaod by Resolution of Forces. — ^We have also yet another 
method of calculation, based upon the principle that, if any number of 
forces in a plane are in equilibrium, the sum of their vertical and hori- 
zontal components are respectively zero. In structures all the forces acting 
upon which are vertical, and such are all bridge and roof trusses, etc, of 
single span, we have only to regard the vertical components. 

In this connection we have to call attention to the following terms and 
considerations. The shMir or shearing force at any point is the alge1)raic 
sum of all the outer forces acting between that point and one end. These 
outer forces are the weights and reactions at the ends. At any apex of a 
framed structure, where several pieces meet, the horizontal components of 
the strains in these piecas must balance, or the structure would move ; and 
for the same reason, the algebraic sum of the vertical components must be 
equal and opposite to the shear. The shear being known, if the strains in 
all the pieces but one are also known, that one can be easily found. Thus 
the algebraic sum of all the vertical components of the strains in the other . 
pieces being found, and added or subtracted from the shear, as the case 
may be, the resultant shear, multiplied by the secant of the angle made by 
the piece in question with the vertical, gives at once its strain. 

This method is also fully explained in the Appendix, Art 16 (4), and a 
practical rule is there given for properly adding the vertical components 

-* ^ V a^d determining whether the result is to be added to or subtracted from 

I. '-*'*•>' . 
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the shear. This rule we owe to HurrAer* We have thus two methodB of 
calcalation, which, for the sake of conyenience, we may speak of as Rittfr^B 
and HumlMr's, Corresponding to Humberts method we have also a graphic 
Bolntion, based upon the same principles precisely. This we have set forth 
in Chapter I., and may call Prof, MaxweWa method. In Chapter IL and 
the following we have also become acquainted with the graphic solution 
corresponding to Hitter's method, or the method of moments, which we 
may speak of as CulmaniCg, It is to this method, based upon the proper- 
ties of the equUtbrium polygon^ that the graphical statics properly owes its 
value and fruitfulness, and to it is due whatever pretensions it can claim 
as a system. It will be seen hereafter that it alone can furnish a general 
method applicable to aU structures, whether framed or not ; whether all 
the outer forces are known or not. By the same general method we are 
enabled to find the centre of gravity and moment of inertia of areas, and 
to solve thus a great variety of practical problems —through which, how- 
ever different, runa one universal method, one simple routine of construc- 
tion. 

* 8trmn$ in Oirden, ealcuiated by Forrnulas and Diagrama, — ^Van Nosteand, 
New York. 
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CHAPTER II. 

PBJNdFLBB OF THE CALCULUS NBBDED IH OUB DISCU88IOF. 

4. Dlflterentlation and Integration*— We need bat a very few 
simple ideas and conclusions in order to have at our disposal the "whole 
theory of flexure for beams of single span. Those to whom these ideas are 
not familiar already may find them indeed new, but will not find them 
difiicult or even abstruse, and with attention to the following will, we 
venture to think, make a valuable acquisition. 

The sign / is called the '^ sign of integration,*' and integration means 

simply nimmation. It arises merely from the lengthening of the original 
letter S, first used by Leibnitz for the purpose. The letter d is called the 
"sign of differentiation^ '* in combination with a letter, as <2^ it reads 
** differential of rr,'' and signifies simply the incremsni which has been 
given to the variable x. So much for terms. 
Now suppose we have the equation 

y = 5^ (1) 

in which x and y, although varying in value, must always vary in such a 
way that the above equation holds always true. This being the case, let 
us give to y an iTicrement — that is, supposing it to have some definite value 
for which, of course, x is also definite in value, incrMm this value by d y. 

Then x will be increased by iU corresponding amount d «, and as the 
above relation must always hold true, we have 

y + <iy = 6 (»+<2»)* (3) 

or y +d y = 5 (a^+2 x d x-^d a^. 

Inserting in this the value of y from (1), we have 

dy^6(2xdx+da?), (8) 

which is the value of the increment of y or dy,m terms of x and the in- 
crement oixoT d X, That is, the increments are not connected by the same 
law as the variables. The variable y is always 5 times the square of the 
variable Xy but the increment of y is greater than 5 times the square of the 
increment of « by an amount indicated by 6 x ^xdx.' From (8) we 
have 

^=6(2*4<I«) (4) 

which gives the value of the nUio of the two increments. Now, if we 
assume a certain value for «, we find easily from (1) the corresponding 
?alu«* of y. If we increase this value of a; by a certain assumed increment, 
i Xy we find easily from (8) the eorretponding increment of y^ or dy, llien 
(4) would give us the ratio of these two increments. 
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Now we see at once from (4) that the smaller we consider dxtohe, the 
nearer this ratio approaches the limiting value 5x2^ We may suppose 
ixtia small as we please, and then this ratio will differ as little as we 
please from 5 x 2 o^ This value, 6 x2 a;, formHy then, the limit towards tohieh 

d y 
ihe value of the ratio j-^ approaehea 9a dx diminishes, but which limit evi- 

dently it can never aetuaUy reach or exactly equal. Because, in order that 
this should be the case, d x must be zero. But itdx'ia zero, that is, if a; is 
not increased, y also is not increased \ dy ib, therefore, zero, and there is fw 
ratio at dU, 

Now, just here comes in what we may regard as the central principle of 
the calculus. 

If two tarrying quantitiei are altcays eqiud and always approaching certain 
limits, then those limits must themselves be equal. 

The principle is too obvious to need demonstration. " Two quantities 
always equal present but one value, and it seems useless to demonstrate 
that one variable value cannot tend at the same time towards two constant 
qaantities different from one another. Let us suppose, indeed, that two 
variables always equal have different limits, A and B ; A being, for ex- 
ample, the greatest, and surpassing B by a determinate quantity A. 

The first variable having A for a limit will end by remaining constantly 
comprised between two values, one greater, the other less than A, and hav- 
ing as little difference from A as you please; let us suppose this difference, 

for instance, less than —A. Likewise the second variable will end by re- 

maining at a distance from B less than — A. Now it is evident that, then, 

the two values could no longer be equal, which they ought to be according 
to the data of the question. These data are then incompatible with the 
existence of any difference whatever between the limits of the variables. 
Then these limits are equal.*' * 

d y 

Now let us apply this principle to equation (4). In this equation j— is 

a X 

a variable alwa/ys equal to 6 (2 a; +(2 a;). But 6 {%x-\-dx), as we diminish 

d y 
d X, approaches constantly the limit 6x2 x] and as ^ is always equal to 

5 (2«+<I x), it also constantly approaches the same limit These limits, 

d y • 

then, are equal, and the limit of -j— = 6x2x. 

Now, if we conceive, and such a conception is certainly possible, dxto 

be the difference between x and its consecutive or very next value, such that 

between these two values there is no intermediate value of dx\ then d y 

will be the difference between two oonaecuXive values of y ; and regarding, 

d y 
then, d X and dym this light, j^ will be the Umit of the ratio of the in- 

* The Philosophy of Mathematics. Bledsoe. 
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crementB, siaoe the increments are then limiting incrementB» and can be no 

amaller without disappearing. 

We hare thus 

d y 

which is an exact relation between the increments upon this supposition. 
From this we have dy :=^x2xdx. 

If now we 9um up all the increments d y, then by virtue of the supposi- 
tion we have made, I dy must equal y. We thus suppose y to flow, as it 

were, unbrokenly along by the consecutive increments d y, just as the side 

of a triangle moving always parallel to itself, and limited always by the 

sides, describes the area of that triangle, while the change dy of its length 

is the difference between two immediately contiguous positions. Upon 

d y 
this supposition, we repeat, ^-^ is the limit of the ratio of the increments, 

a X 

which limit is, as we see from (4), equal exactly to 6 x 2 ai. We do not 

reject or throw away d x from the right of that equation " because of its 

small size with reference to 2 j;,'' nor, thus rejecting it upon one side of the 

equation, do we retain it upon the other ** in order to retain a trace of 

the letter a; 'M ; but simply pass to the limit, and then, according to our 

fundamental principle above, equate those limits themselves. But if 

/ dy=zy, then the integral of 5 x 2xdx, or 16 x 2xdx=^yz=:Ji^, 

Bj *' differentiating," as we say, equation (1) we get (5), and by *' inte- 
grating'^ (6) we obtain (1). 
Hence we see the appropriateness of the term *^ fluent ^^ given by Newton 

to the quantity dy or 2xdx, So also we see the appropriateness of the 

dy 
term " ultimate ratio " * for 5-- itself. 

a X 

* LiebnitE undonbtedly discovered the calculas independently of Newton, 
bat he considered dx bba quanity so *^ infinitely '' small that in compariBon 
with a finite qoantK^ it could be disregarded ^* as a grain of sand in compari- 
son with the sea/* We see, indeed, from eq. (4) that if d x upon one tide be 

d X 
sero, we get the same valne for - — as before. But itdxiA sero on one side, 
' dy 

it should be zero on the other eide also. Ko matter how small we suppose d x 
to be, we have no right to get rid of it by dieregarding it That Liebnits rec- 
ognized tbis cannot be doubted, and he was therefore inclined to consider his 
method as approximate only. But to lus surprise he found his results exact, 
differing from tbe irue by not even so much as a *' grain of sand." There was 
to him ever in his method this mysteiy, nor could he conceive what these 
quantities could be which, though disregarded, gave true resolts. Bishop 
Berkeley challenged the logic of the method, and adduced it as an evidence of 
** how error may bring forth truth, though it cannot bring forth sdenoe/* 
Strange to say, even the disciples of Newton were unable to answer Berkeley 
without taking refuge in the undoubted truth of their results. And yet New- 
Ion in his Prindpia lays it down as the comer-stone of his method, that 
** guantitiee uihich dmring any finite time oonetanUy approadi each other ^ and 
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The whole of the calculus is but the deduction of rules for finding from 
given equations as (1) their '* differential equations ^* as (6), or inyersely 
of finding from the differential equation by "integration,'' or summation, 
the equation between the variables themselves. 

Such of these rules as we need for our purpose we can now deduce. 

6« DtflTerentlatiou and IntegraUon of powert of a single 

variable. — ^We have already seen that the I dy = y and / 2xdx = sifi^ 

hence d (s^) = 2xd9. 
If we should take y = a!*, we should have, in like manner, as before, 
y '\- d y = (x + dx)* = X* + 3ai?dx-i'Sxdso*+dx^t 

or ' dy=9x*dx+ Bxdx* + dx*, 

dy 
or ~ = 8«* + 8«<f« + 4«*, 

dx 

and passing to the limits, as before, 

dy 

-- = 8 a;', or d y=8 x*dx. Hence the differential of x^ or d {x*)=^ x* dx, 

and reyersely, the integral of 9 x* d x or I 9 x* d x = x*. In similar man- 
ner, we might find 

d («•) =S x*dx and / 5 «* i« = «•. 

Ck>mparing these expressions, we may easily deduce general rules whidi 
will enable us at once upon sight to *' differentiate," that is, find the rela- 
tion connecting the increments ; and " integrate " or sum up the successive 
consecutive values of the variable; for any expression containing the 
power of a single variable. 

These rules are as follows: 

To differentiate : 

^* Diminish the exponent of the power of the variable by unity, and then 
mtdtiply by the primitive exponent and by the increment of the variable^ 

o 

Thus, d(x*) = 2xdx, d {x*) = 8 «* dx, d{x'') -7x* dx, d {xi) = -xidx, 

d{iif) =:n af^ d X, etc. 

To integrate : 
^^liuUiply the variable with its primitive exponent increased by unity, by 
the constant factor, \f there is any, and divide the result by the new exponentJ*'* 



before the end of that time approach nearer than any given difference, are eguai, " 
There can be Uttle doubt that Newton saw dearly that although the quantities 
might never be able to aotually reach their limits, yet that those limits them- 
selves were equal, and hence the increment oould be left out in the equation, 
but not because by any means it was of insignificant size. His terms ^ *■ ultimate 
ratio" and ^^ fluent" are alone sufficient to indicate that he understood the 
true logic of the method he discovered ; while Liebniti seems to have stood 
gasing with wonder at the workings of the machine he had found, but whose 
medhanism he did not understand. [See Philosophy of Ifathematios. Bledsoe. 
Uppincott & Co., 1868.] 
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a^i-i d « = = a^ etc 

n ' 



It is of this Ifttter rule that we shall make especial ose in what follows. 
6. Other Principles— Iiiteyratloit between limits, etc.— 

We may observe from (1) and (4) that a constant faUor may be put <nU- 

tide the iign of integration. Thus I 6^2 xdx = 6 J2xdx:=i^^, 

It is also evident without demonstration that iAi^ integral of the turn of 
amy number of differential expreetiom is equal to the eum *of the several 
integraU. 

Thus jYxdx-^-^dM'k't^dy-k'S^dxX 

is the same as jxdx-hl^dt+j^^dy^ eta 

If in (1) we had 

y = 6 aj»+a^ 
where a is a constant^ we should have 

or dy = 5(2«<i« + ia^, or---^ = 6(2« + i«); 

a X 

whence 

d t/ 

--^ = 5x2 a;, ox dy ^tix2xdXyOX 

d X 

just the same as before. 

The integral of this will then be y = 5 2;* as before, whereas it should be 
y = 5 a^ + a. 

If two differential equations, then, are equal, it does not necessarily follow 
that the quantities from which they were derived are equal. 

We Hhould, then, never forget when we integrate to annex a constant. The 
value of this constant will in any given case be determined by the limits 
between which the integration is to be performed. 

We indicate these limits by placing them above and below the integral 
sign. Thus the integral ota?dx between the li mits of jb = + A and ar= —A is 

^ dx. If we integrate «• do^ we have, then, / a?* d« = — + O, 

where O is a constant whose value must be determined by the conditions 
of the special case considered. If we introduce the value of a; = A for one 

limit, we have -3- + O- For a; = 2 A for another limit, we have -—- + O, 
We have, then, two equations, viz. : 



/■ 



when = A, 



^x = h " 
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s^dw=- — + O; 

and by subtraeting one from the other, we haye for the integral between 

2 A 



r 

Jh 



the limits 2; = 2 A and «=A, / ^ dx= —h\ and O thus disappeank 

h ^ 



We have, then, only to substitute in succession the values of the variable 
which indicate the limits, and tvhtract the restdU. 
If also there is but one limit, we could determine O if there were also a 

condition, such, for instance, as that I a? dx should equal h when x—2h. 

The ratio -^ is called the "^r«« differential coefficient ; " if it were to 
a X 

be differentiated again, the next ratio, viz., that of the differential <>^the 

d^ V 
differential of y to differential of o^, or 3-^ is the " Mcond differential co- 

d ar 

efficient,'' and so on. 

dy 
Thus,y = «*; dy = d{x^)=:fix^dXy or^ = 5a*; differentiating again^ 

a X 

-- ^ = 20a^ dx, OT -^, = 20 2;*, and so on to third differential coefficient, etc. 
dx d^ 

T. Example. — ^As an example of the application of our principles, let 

it be required to determine the area of a triangle. Let the base be h and 

the height A. Take the base as an axis, and at a distance of x above the 

base draw a line parallel to &, and at a very small distance d x above this 

line draw another, thus cutting out a very small strip. (Let the reader draw 

the Fig.) Now for the base y of this strip we have the proportion A — a? : y 

o X o X d OS 

:: A : 5, or y = 6 — -— , hence the area of the strip is hdx ^^ — . But 

A A 

the area of this rectangular slip is not equal to the area of that portion of 

it comprised within the triangle. It projects over at each end, and is, 

therefore, somewhat greater. Thus for the small trapezoid actually within 

the triangle we have for the upper side y\ h—^x+d x) : y' ::h : h, or y' = 

fr— r (*+<!^ *)• Hence y—y' = — r — , and the area of the projecting portion 
A A 

of the rectangle, that is, its excess over the trapezoid, is then (y—y') d x, or 

hdoi? ««_ - T ■» bxdx hda^ , da , bx bdx , 

— r— . Therefore, hdx — — ^ =— = a a, or - — = 6 — — r—, where 

A A A a X h n 

^ a is the area of the small trapezoid itself. Now these latter two quanti- 
ties are always equal for any value of d x. But Bsdx decreases, one side 

of the equation approaches the limit &——.—, and — — , therefore, approaches 

A d X 

this same limit. The rectangle itself is, then, the limit of the ratio of the 

area of the small trapezoid to its height, and we can then equate the limits 

themselves, remembering that in this case dah the area passed over by the 
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side y in passing from one position to the consecutiye or very next. We • 

T _ J _ 

have, then, da — h dx r — , and if we integrate this expression, that is, 

sum up all the da% we have the area of the triangle. Therefore, 

where O is the constant of integration, which we must never forget to annex. 
Now, in the present case we wish to sum up all the areas <2 a, or " integrate,*^ 
between the limits x = o and x = h. But for x = o, A must be zero, and 
hence we have O = o for the condition that x starts from the base. If in 
addition to this condition we make a; = ^ we have the sum of all the areas 
between x = o and x = h. 

A = h h — -^= — . as should be. 
2 2^ 

The above reasoning is somewhat prolix. 

If we thoroughly appreciate that dxU the difference between two eon- 
eeeutive values of x^ we see at once that we obtain the limiting value of the 
rectangle directly by multiplying its base by d x. The sum of all these 
must be the area. This conception of dx enables us to curtail much of our 
reasoning. 

Let us take the same problem again, but this time take the axis through 

the centre of gravity of the triangle ; that is, at ih above the base. »Thea 

for the base y at any distance x above this axis, we have 

3 X IX 2 , bx 

—h—x i y::h:b, or y = -.J—-—-. 

8 oh 

Multiply this hj dx upon the above conception of dx, and we have at 

once not for the rectangle upon y, but for its Ivmiting value, that is, for the 

area of that portion of the rectangle included within the triangle, 

J J 2,, b xdx 
da = ydx=S'^bdx — . 

Integrating this, then, we have 

/•2^_ bxdx 2. bit? ^ 

where O is a constant to be determined by the limits as before. For one 

limit, X ='—s ^ A^d hence we have 
8 

18 

2 
For the other limit, a; = + —A, and hence we have 

8 

A' = ^bh-{-0. 
lo 

[f we eiibtract the first from the second, O disappears, and we have A = 

9 1 

A'— A' = — ;& h = --bh, Bs before. 
18 2 

We might also have integrated first between the limits x — and x^r-^ 

o 
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4 

For JB = 0, O = 0, and the area dhove the axis is then r^ & ^ For qb=:0 and 

1 K 

s = — h, we have for the area helow the axis ~~ t^ ^ ^ "^^ &^^ ^^ ^ d^^' 

ferent sign because below. If we give it the same sign as the other, and 
then add it, we haye the total area. If it also had been above, the total 
area would have been the difference. Generally, then, we nibtrctet accord- 
ing to our rule. 

§• Siffnillcanee of the flrflt dlflterentlal eoefllclent.— Any 
equation between two variables of the first degree is the equation of a 
straight line. If of the second degree, it represents one of the conic sec- 
tioDS, an ellipse, circle, parabola, or hyperbola. Of a higher degpree, a 
eurw generally. If, then, we take the axis of x horizontal and y vertical, 
and a dy and dxaie the ccTitecutive increments of y and x^ that is, the dif- 

d tf 
ference between any value and the very next, the ratio -^ is evidently the 

a X 

tangent of the angle which a tangent to the euroe at any point makes uoiih the 

korieontal. 

If, then, we make ■—■ = 0, and find the value of the variable x corre- 

d X 

sponding to this condition, we find evidently the value of x for which the 
tangent to the curve is horizontal. If now the curve is concave towards the 
axis, this value of x, substituted in the original equation, will give the maxi- 
mum or greatest value of the ordinate y ; because for the point just one 
dde of this the tangent slopes one way, and for the point just the other 
Bide it slopes the other. The point where the tangent is horizontal must 
then be the highest. 
If the curve is, on the other hand, eanvex to the axis, the value of Xy which 

makes -^ — 0, substituted in the original equation, will give y a minimum 
d X 

value for similar reasons. By setting the first differential coefficient, then, 
equal to zero, we may find that value of x which corresponds to the maxi- 
mum or minimum value of the ordinate, as the case may be. In the case 
of the deflection of simple beams upon two supports, the curve is always 
wncave to the axis, and hence we obtain by this process always the maoBi- 
mum deflection. 

The above comprises all the principles of which we shall make use in the 
discussion of the theory of flexure. With a littie study, we believe that 
»ny one familiar with analytical operations, even although he may never 
have studied the differential or integral calculus, can follow us intelligently 
in what follows. Whatever points may still be a little obscure will clear 
up as he sees more plainly than now their application. 
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OHAPTER III. 



THBOBT OF FLEXUBB. 



9. Coefllcleiit off Elatttcity. — Let us now take np the theory of 
fleznre, and see if it is not possible so to present the subject that, in the 
light of the preceding principles, we may be able to solve all such prob- 
lems as present themselves. 

If a weight P acts upon a piece of area of cross-section A, and elongates 
or compresses it by a small amount I, we know from experiment that, 
within certain limits, twice, three times, or four times that weight will 
produce a displacement of 2 ^, 8 2, 4 2, eta These limits are the limits of 
elasticity. Within them practically, then, the displacement is directly oi 
the fores. If we assume this law as wtrietly true for all values of the dis- 
placement, and if we denote the original length by X<, then, since the 

p 
force per unit of area is ^, and since this unit force causes a displacement 

Z, in order to cause a displacement L equal to the original length, this 

If PL 

unit force must be y timei as great, or equal to ^ y. This force we call 

the modulus or coefficUnt of elasticity. It is always denoted by S. Hence 

= = " • w 

The coefficient of elasticity, then, is the unit force which would dangate a 
perfectly elastic body bt its own length. It is a theoretical force then ; 
but as the law of perfect elasticity upon which its value is based is true 
practically within certain limits, by experiments made within those limits, 
knowing P| A, and Ii| and measuring Z, we can find what the force would 
have toheii the law were always true. Such experiments have been made, 
and the values of B for different materials are to be found in any text- 
book upon the strength of materials. 
From (6) we have for the unit force of displacement 

A = -ir •. . . . (7) 

These expressions will be found useful as enabling us to replace often 
expressions containing an unknown displacement by a definite or experi- 
mentally known value. 

10. Moment off Inertia. — ^This is also a convenient abbreviation, 
and enables us to replace unknown expressions by a, in any given case, 
perfectly determinate value. 

The moment of inertia^ wiiJ^ respect to any axiSj is the alg^aie sum of (he 
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produets obtained by multiplying the mase of enery deTnent of a given croee- 
eeeUon by the square of its dietaneefrom that axie. 

If a parallelogram stand on end, and then its support be suddenly palled 
away from under it, it will fall over backwards. But to knock it over thus 
requires force. The force which in this case overturns it is that due to 
inertia. At every point of the surface there is, then, a force acting, depend- 
ing upon the mass of this point. But not alone upon the mass. A force 
at the top acts evidently with more effect to turn the body over than one at 
the bottom, which merely tends to make it slide. The moment of each ele- 
ment of the area is, then, a measure of the force which at each point causes 
rotation, and the tum of these moments is, then, the measure of the over- 
turning action of the whole force of inertia upon the surface. The moment 
of thie latter forcs^ or the sum of the moments of the moments, is, then, the 
moment of inertia of the cross- section. Each element of the surface must 
then be multiplied by the square of its lever arm, and the sum of all the 
results thus obtained taken. In other words, the moment of each element 
is itsdf considered as a force, and then its moment again taken. The sum 
is denoted by I. For any given dimensions and axis it is a perfectly defi- 
nite quantity, and may thus often replace expressions containing unknown 
quantities. 

The principles of the calculus just developed will enable us to deter- 
mine it in some cases, at least, very readily. Its value for various forms of 
cross-section, in terms of the given dimensions, is given in every text-book 
upon the strength of materials. 

Let us suppose a rectangular cross-section of breadth b and height A, and 
take the bottom as axis. The area of any elementary strip is, then, b do^ 
If its distance from the bottom is x^ we have for its moment bxdx, and for 
its moment of inertia, then, b a? d x. Integrating this expression, we have 



/ 



b<x^ 
b Q? dx=. -Q- + O. 



This integral is to be taken between the limits x — and x — h. For a; =: 0, 

bh* 
J a? i a? = 0, and hence 0=0. For a? = A, then, we have -^. If the axis 

3 

had been taken through the centre of gravity, we should have the above 
integral between the limits + - and For + —we have -— - + O. For 

— --, — — - + O. Subtracting one from the other (Art. 6), we have — - 

for the moment of inertia. For a triangle of height h and base 1^, we have 
for axis through centre of gravity, from Art 7, for the area of the very 

2 b 

small strip at distance x, -bdx—-xdx. Multiplying this by 2^, we have 

3 A 

2 b 

for its moment of inertia -boi^dx — rr^dx. The integral of this is 

3 A 

2 4 

For X = —A, this becomes — -- b A^+O. 
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For X =~— A, we have- --— • h A"+0. 
8 973 

27 1 

Subtracting one from the other (Art 6), we haye — -• h h\ or — h Vfor 

VIM OV 

the moment of inertia. The moment of inertia of the rectangle I = -t^t 

may be written - = --- ^^ -7 A^ o-^» or the moment of inertia of the half 

parallelogram is equal to its area, into the distance of its centre of gravity 
multiplied by }ds. of its height We see at once that when we consider, 
then, the statical moments as themselves forces, the centre of action oflhete 
moment forces does not coincide with the centre of ffravity of the area. This 

principle we have already noticed in Chap. VL, Art. 60. 

1 A« /I \« 1 

We can also put v- = --:r = 1 :z — =^ A I . This value - — = h is called the 
*^ A 12 \2V8 / 2^3 

radius of gyration. It is evidently the distance from the axis to that point 
at which, if the mass were concentrated or sum of all the forces were con- 
sidered as acting, their moment of inertia would be that of the cross-sec- 
tion itself. Tlie value of — is, in general then, the square of the radius of 

^» 

gyration. We have already shown in Chap. YI. how to find it graphically 
for various cross-sectiooB. 

We are now ready to take up the case of a deflected beam, and to find 
the differential equation of its curve of deflection. 

II. Change off Shape of the Axis.— In the Fig. given in the 
Supplement to Chap. XIY., we have represented a beam deflected from its 
original straight line by outer forces. Let the two sections A O, B O be 
conseeutiw. sections, parallel before flexure, and remaining plane after. Let 
the length of the axis m a he s, then na — ds, and let (2 be the very 
small angle 1)etwcen the sections after flexure. 

If the deflection is small, s will be approximately equal to x, and i « to 
d X, Thu elongation of any flbre at a distance v from the centre is, then, 
V d <l>. The unit force corresponding to this elongation is from (7) T = 

B -z;^ 0. If <2 a is the cross-section of any fibre aado^ then the whole force 
dx 

of extension ia 

B« dad^ 

dx 

The mom^ent of this force is, then, -= -. The integral of this be- 

a X 

tween the limits + - and — - will give the entire moment of rupture. But 

2 2 

this is equal and opposite to the moment M of all the outer forces; hence 






da. 
2 
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Bat, as we have just seen, this integral is the moment of inertia 1 of the 
croBs-section with reference to the axis through the centre. Hence, 

BE = — ~ — ?. Since ^ is a very small angle, it may be taken equal to its 

tangent, or equal to 3^; hence ^-^ 3-^ and M = B I ~--^. 

ax a X a sr a or 

Bat ff d<l>:v :: dxir, where r is the radius of currature ; 

, v d <b d X d <h 1 

hence = — or -^ = — . 

V r dx r 

Tlierefore, M = 11 1- = I1I^^= — (8) 

r a IT f> 

and T = — (9) 

r 

Equation (8) is our fundamental equation. 

In any given case we have only to write down the expression M for the 

d? y 
moment of the outer forces at any point, and equate it with E I ^-~ . 

Integrating once we shall then have for I constant, of course, B I -~ and, 

(t X 

integrating again, Ulym terms of a;, or the equation of the deflection 

curye itself. Making B I-r-^ = 0, we can then find the point of maximum 

a X 

deflection, and inserting in the value for E I ^ the value of x thus found, 
can flnd the maximum deflection itself. The discussion of any case reduces 
thus to a simple routine, and every case is in many respects but a repetition 
of the same processes. 

19. Beam fixed at one end and loaded at the otlier^ 
donttant eross-§eetiou. — We shall always consider a moment poaiUve 
when it causes compression in the lower fibre ; negative when it causes ten- 
sion in that fibre. Distances to the right of the origin are always positive, 
to the left negative. Hence on the left of any section an upward force is 
negative, a downward force positive ; while on the right of the section the 
upward force is positive and the downward one negative. The reader 
should always draw the Fig. for each case discussed, and in the beginning, 
at least, review these conventions each time. \ 

Now let a beam of length I have the weight P at the free end, and let it 
be fixed horizontally or " walled in " at the right end. Then the moment 
at any point distant x from the left or free end is M = + P a^ 

(a) Change of ^tape. 

From (8) we have now 

8 
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Ihtegratiiig once (Art. 6) we have 

dx 2 
where O is the constant of integration to be determined (krt 6) by the 

given conditions. Now by the condition in this case, when x = l,-j^ 

d X 

must be zero, because the end is fixed, and the tangent there must therefore 

P P 

be horizontal (Art 8). Hence O = , and 

2 

dx 2 2 ' 

We have thus introduced the condition that x cannot be greats than I 
Integrating again (Art 5) 

-, Pa^ VPx ^ 
6 2 

Here again we have a constant to be determined, and here again we have 

the condition that for x = l, y must be zero, since at the fixed end there can 

PP 
be no deflection. Therefore, O = — • and 

B I j^= ~/2 i» - 8 P « + «»\ =-^ (2 2 + a?) (Z- «)•. 

The deflection will evidently be greatest at the free end, and here, therefore, 
for a; = 0, we have 

y = A = — — — • 
^ 8BI 

If the cross-section is rectangular, I = — & A' (Art. 10), and the maximum 

12 

4 P Z* 
deflection A = - , ,. * 

(b) Br&ahing toeighU 

TI 

We have also from equation (8) M = , where T is the tensile strain 

V 

in any flbre distant v from the centre. For v = —, T is the tensile strain in 

2 T I h 

the outer fibre, and M = — =: — . For « = — 5- we have the compressive 

n 2 

201 

strain in the outer fibre upon the other side, or M = — £— . Theoretically 

n 

the two should be equal. Practically they are not In fact, if we put for 

2 T I 

M its value, we have P 2 = — ^ — , or for a rectangular cross-section Tx^ 

h 

1 Tbh* 

-Thh*» This is greatest for « = Z, hence the breaking weight P = -r-y-* 
6 6 1 

6 P Z 
From this we have T = -t-yt* ^^^ experimenting with beams of various 

n 
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materiak, known dimensions and g^ven weights, we may find experimen- 
tally T. It would seem that this ralae thus found should equal either the 
tenacity or crushing strength of the material, but the results of experiment 
show that it never equals either, but is always intermediate between T and 
O. Calling this intermediate value R, we have 

^="-^ <^«> 

The formula is based upon the condition of perfect eloitieity, while R is 
determined by experiments made at the breaking point when the condition 
of perfect elasticity is no longer fulfilled. In the following table the tabu- 
lated values of R are correct for solid rectangular beams, and sufficiently 
exact for those which do not depart largely from that form. If instead of 

we use the values of T or O, whichever is the smaller, we shall ahcaye 
he en the eafe eide, since R is invariably intermediate between these. 

In general we shall refer to the equation 

'''' (11) 



h 

▼hen we have occasion to find the -breaking strength. But it must be 
always remembered that in any practical example we should replace T by 
R for rectangular beams, or by T or O, whichever is the smaller, for others. 
We give also the values of the coefficient of elasticity B. (Wood^s Resist 
of Materials.) 

TOR B 

Cast-iron 16,000 96,000 86,000 17,000,000 

Wronght-iron 58,200 30,000 83 000 25,000,000 

En^hOak 17,000 9,500 10,000 1,451,200 

Ash. 17,000 9,000 10,000 1,645,000 

Pine 7,800 6,400 9,000 1,700,000 

All in pounds per square inch. 

2. Beam of nnlfforin itrengtli. 

Suppose the cross-section or I is not constant, but varies so that at every 
point the strain T is constant From (11) we have 

2 ' I 
M = P « = for the outer fibre, whence 

h 

T = — -?. For a rectangular cross-section T = . Now suppose the 

21 on 

breadth and height at the fixed end are h and hi. Then at this end T =s 

ft P Z 

r . But this must be equal to T at any other point: hence 

9i hi 

ePx _ en hh* _. x 

Vh^ " hi h* ^^ h ht* I' 
If we suppose the height constant, we have for the varying breadth at any 

point 5 = 5] . That is, the breadth must vary as the ordinates to a straight 
line, and the plan of the beam is a triangle with the weight P at the apex. 
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If the breadth is CQiistant, h = hi / ^, or the elevation of the beam is a 



=v? 



parabola with the weight at apex. If the cross-section is always timilar, 

that is, if ~ = £, we hare h = 4-~t &i^cL substituting in the equation aboye 
hi h hi 



h = 



= Ai - / £ , which is a paraboloid of revolution. 

(a) Change of shape 
From (8) we have 



dx* BI Bx^bh*' 
where h and h are variable. If we suppose the height h constant and 

always equal to hi, then, as we have seen, 2^ = &i --; hence for roctangular 

» 

cross-section 

d*y_ 12 PZ 

Integrating, since for x=lf -j^ ^ 0, we have 

a X 

dy^__ 1 2 P? a? _ 12P;« 
daj"BAi»ft, B hi* hi' 

Integrating again, since ioTx = l, y = 0. we have 

_ eVlx* 12PZ«g 6PP 
^"■BAi*6i Bhi*br "^ BV6i" 

For the maximum deflection ar = 0, and 

6P^ 



A = 



I hi* hi ' 
The above value of y can be written 



j' = Bjrx«r-^^*^^) = ^^rAr'(H B^ 

ePZ" 8 

^^^ <M r 1 « ^ :r» the deflection of a beam of constant cross-section h hit 
B Oi hi* a 

as already found. Calling this deflection Ao, we have 



3 
y=2^o 



(-t)' 



O 

for the deflection at any point, or A = — Ao for the maximum deflec- 

tion. 
In a similar manner, for constant hreadth^ we have 
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For similiir cross-sections, we haye 

9 r. 5 SB 8 . I /* \» n 9 86 P ? 






If we call the volume of the beam of constant cross-section V, then In 

1 2 

the first case the yolome Vj = — V : in the second, Va = 5- V ; in the third, 

2 o 

\r, = --V; or 
o 

V : V, : V, : Vi = 80 : 20 : 18 : 16. 
The maximam deflections, as we see aboye, are as 

9 8 

3 Aa, -=■ Ao, ^ Ao, or as 20, 18, and 15. 
o 2 

That is, the deflections at the ends for a beam of uniform strength in the 
three cases are as the f>olufnee, 

13. Beam at before fixed at one end— Uniform load— 
Conatant crots-secf Ion* — If p is the load per unit of length, we haye 
for the moment at any point distant x from the free end, 

X p X* p X* d* y 

M=i^«x-=-^,and hence gB-i = ^^• 

pi* 
This moment is greatest for a; = 2, and hence Max. M = —a"* 

For the hreahing toeiglU, then, from (11) 

pi* 2TI ,4TI 

_ = __ or ;,Z=^5^, 

or twice as great as for an equal weight at the end. 
For the change of ehape^ we integrate twice, precisely as before, the ex- 

d* y p X* 
pression ^—j = ^rf > *od obtain thus 



P 



J ^8 Z* - 4 Z» « -^ af»y 



or 



24B 
The maximum deflection, then, is 

^"8BI' 

or only ftba as great as for an equal load at the end. 
21 Constant ttrenyth. 

We haye, as before, from (11) M = ^- = —-—whence T = ^ . ^ ; 

2 A 4 1 

for rectangular cross-section, I = — 6 ^« and T = '-~^. If ft, A, are the 

l« a 

breadth and heighth of the fixed end section, then, since T must be always 
constant, 

Zpx* Spl* hh* X* 
6 A* "ftiAi« ft, A*"" I* 

Por hdght constant, ft = fti ( j 1 
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For breadth constant^ /^ = A, j. 



For similar crosB-Bections, h = 



-^ V{i)' 



The first is in plan a parabola; the second, in eleyation a triangle; the 
third, a paraboloid of reyolution. 

For the change of 8ka^, we haye, by proceeding in the same manner as in 
Art 12, ^ = 2 Ao, A = 4 Ao, and A = 8 Ao in the three cases, where A« is the 
deflection of a similar beam of constant cross-section hi Ai. 

14. Beam nupported at boUi the ends— Constant croit' 
section— Concentrated load.— Let the weight P be distant from the 
left end by a distance li and from the right end by U. Let the distance of 
(my point from the left end be x. For the upward reaction at the left end, 

Vixi = P^ or Vi=P^. 

The moment, then, at any point between the left end and F, for » leu 

than 2i, isM - -- , . For any point to the right of P, or a; greater 

"P Ux I \ 

than ?i, M' = •, — + P la? — Uy Instead of this, howeyer, we may 

take the reaction at the other end, Vs = P . ; and then for x greater than ^i, 



['=-▼, /z — arj = - 



P i, (I - X) 



I 
The moment is eyidently greatest at the point of application of the load, 

P I I 
or for x^lx Hence the maximum moment is — — y— ^. 

(a) Breaking weight, 

2 T I 1? I I 

From (11) M = , - = — 7 *i or, for the breaking weight, P = 

2TI I 1 Thhl 

. 7 y • For rectangular cross-section, X = TS ^ ^* *^d P — aji ' ' 

For a load in the middle, ii r= i, = — i and Max. M = "--jP;, andP = 

8TI 

. , , or 4 times as great as for a beam of same length fixed at one end 

and free at the other. 

(5) Change of thape. 

We haye, then, from (8), for a? 2m« than Zi, 

S = -^ *"** J^ = -^Mt^ for* greater tl«n I.. 
Litegrating, we have 

11 dx hi; L 2j 



dy P Z, aj* 

Z. ^ — 4.1 

dx 2 



For X — Zi, these two values of -=-^arc equal, and hence, since 2t = Z — /], wc 

a X 
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p 2 t 

have Cf = O 4- o^v We have then the two equations 

-r^= -rr=rr-,+0 and ^^ = -=^, i«— r I + jrsri+^t 
da; 2III2 <20 BIZ L ^J ^^^ 

containing both the same constant O. 
Integrating these, we hare 

la the first of these, for a = 0, y = ; hence d = 0. 

P/i* 
For a? = Zi, y = y' ; and hence Oi = — «-=^- 

For « = I, y' = 0; and hence, finally, O = r^=V^ (2 { - h). 
We have, therefore, by sabstitution of these constants, 

p { f I t 

For a; = Zi, we have the deflection at the load y = ' . 

Inseridng the yalue of O in the yalae for -j^ aboye, and placing the 

a X 

TBlne of -^ equal to 0, we have for the yalne of x^ which makes y a mazi* 

Of X 

mom, X =^ /L(2 l—l^ Zi, an expression holding good only for x less than 

li. Inserting this in the value for y, we have for the maximum deflection 
itself 

If the load is in the middle, we have for the curve of deflection 

^ 48 B I ^ ^ 

p I* 
snd for the deflection itself A = _. ^ 

The greatest deflection is not, then, at the weight, except when the load it 
in the middle. When this is the case, the deflection is only ^th of the 
deflection for the same length of beam fixed at one end and loaded at the 
other or free end. 

1ft. Beam as before supported at the ends— Uniform 
load. — For a load p per unit of length, the entire load is |» Z. The reac- 

lions at each end are ^, and the moment at any point is 

do 

2 2 2 ^ '^ 

IC is evidently greatest at the centre, and hence 

Max. M = — ^. 

8 
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For the hreahing weighity then, from (8) 

pi* 2TI , 16 T I 

or 4 times as much as for a beam of same length loaded nnif onnly and 
fixed at one end. 
For the change of »hape^ we have 

d*y __ px (?— a?) 
dx* 2"b1 • 

The constants of integration are determined by the conditions that, for 
« = — , T^=0; aj = 0, y = 0; and a? = Z, y = 0. Integrating, then, twice 
under these conditions, we have 

This is greatest at the centre, or for a; = — ; hence the maximum deflection is 

A = —~ ^—f or only ihths of a beam of the same length fixed at one 

end and uniformly loaded. 

16. Beam iiipported at one end and fixed at the otiier 
—Constant eross-section— Concentrated load. — Let the left 
end be fixed horizontally so that the tangent to the deflected curye at that 

d V 
point is always horizontal, and therefore -^ = 0. 

d X 

Let the distance of the weight P from left be a, and the distance of any 

point X, 

Then, for x less than a, we have 

M = — V (l-x) + P (a-x) ; 
for X greater than a^ 

M' = — V (l-x), 

where V is the reaction at the free end, and is so far unknown. 

If we put M = ^ and M' = -^~^, and integrate as usual, and remem- 
ber thatfor « = 0, ^ = 0, and for « = a, -y^ = 3-^, we have 

ax a X ax 

Integrating again and determining the constants by the conditions that, 
for a? = 0, y = 0, and for ar = a, y = y*, we have 

X 



6 



1^ Tv (8 Z-aj)-P (8 a-ar)J 



y' = -^ I^V X* (3 Z-aj)-P (8 it-a) a«], 
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Now, foTx = l,y' = 0; hence V = P ' "" . If the load is in the 

middle, V = — P. 
16 

V, or the reaction at the free end, is now known, and substituting it in 

the value of y' above, we have the equation of the deflection cui've between 

the weight and the free end. 

^°-m[ -'""1^"-'" -<"-)4 

Substituting it also in the value of -j^ above, and placing then -^ equal 

ax dx 

to zero, we find for the value of x, which makes the deflection a maximum. 



when X is greater than a,x = l—lY ^TZI~' 



Substituting this ralue of rs in the value of y' above, we have for the 
maximum deflection itself 



-^><'-Vfe 



P 2* 1 
When the weight is at the middle, this becomes A = x -— , or 

^^^J -r3 — ;= > ^ much as for a beam of same length fixed at end and with 
16 ^ 

load at other end, and only -y= as much as for same beam simply sup- 
ported at ends. 

Breaking toeight. 

Having now V, we know M and M'. Rupture will occur where the 
moment is greatest, that is, either at the fixed end or at the weight Now 
the moment at P is — V (I —a) = -— V Z + V a. The moment at the fixed 
end is — V Z+P a. Kow, as V is always less than P, we see at once that 
for any value of a less than 2, the moment at the weight is greatest 

We have for the moment at the weight from (8) 

M = "- V (i— «) = — P — ^ „ — (I- o) = — ^, and hence 

for the breaking weight P = ^-^. ^J J^Jf^JZ^y 

64 T I 
If the weight is in the middle, ^ = y i » » 

or |ths as much as for the same beam supported at the ends. 

17. Beam at before fixed at one end and supported at 
the other — Uniform load* — In this case the moment at any point is 

M= —V {l—x)-i-- p (l—xy = B I -—{. Integrating twice and determin* 

ing the constants by the conditions that, for = 0, - = and y = 0, we 
easily obtain 
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y = 54^ [4 V (8 «-*)-!»(« l*-4 i «+••)]. 

For 8 = 2, y = 0, and hence V = -^p h 
Bttbstitnting this valoe of V 

jg Vss 

Pnttiag this last equal to zero, we find x — — ~ — 2> or « = 0.5785 Z, 

16 

for the value of «» which makes the deflection a maximum, and this in- 
serted in the value of y gives for this maximum deflection itself, 

A=ii±^^ti!=0.0054|?. 
16* B I B I 

For the Ifreaking weight, we have, since the greatest moment is at the fixed 
end and equal to —j? t% M = --;> r = — -— ; hence |> I = — i-^— . 

The strength is, then, ) times as great as for the same load in the middle, 
but no greater than for a beam of same length and load supported at both 
ends. 

IS. Beam fixed at both eudt—Conttant cross-teetion— 
Concentrated load. — ^Taking our notation as before (Art 12), we 
have in this case not only a reaction at the right end, but also a positive 
moment there as well, both of which must be found. If li be the distance 
from left end to weight, and 1% from weight to right end, and if Vi and 
Vt are reactions, Mt and BKi the moments at left and right ends respec- 
tively, then for equilibrium we must have — Vi + Vt = F, Mj + Vi h = 
M.-V.Ii. 

For » less than ^t we have II = Mi + Vi a; = B I - ;. Integrating 

ax* 

onoe» since the constant is sero, because, f or sb = 0, _ ^ = 0, we have 

a X 
^=-^—Um.+V,x1x. 

• dx aExL"*"* ^ ''**J*- 

Integrating again, since, f or a; = 0, y = 0, and the constant is xero, 

For the distance from the right end to the weight we may obtain similar 

ezpresfliona, if we take that end as the origin, only we should have — Vt 

dif 
and BCa in place of Vi and Mi. At the weight itself -j-^ and y must in 

a X 

d tf 
each case be equal, but ^ of opposite sign. Therefore we have the equa- 
tions (8 Ml + y 1 U) 2, = - (2 M,- v. U) It. 

(3 M, + Vi U) h} = (8 M,-V, U) v. 
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From these two equations, and the two equations above, viz., — Vi + Vi = F 
and Ml +V, li=z M«— Vs U, we can determine Vi, Vs, Mi and Ms. 
Thus from the last two we have 

Vi ii + V. i. = M, -M, = Vi ?i +p z,+ Vi ;« = Vi /+P k, 

or Vi ? = M,-Mi-P«,. 

So also V%1 = Ms -Ml +P Zi, and substituting these in the equations above, 

we have 

(M,+M,)Z = PZi;,, 

Ml I (3 ^-y-Ms I (3 U-lx) ^VUU (li - It) ; 
and from these we have, finally, 

-P-^, BI,_P-^; 
and then from the yalnes of Vi I and Vi I above 

V. — y p , V,-+P ^ . 

Change of shape. 

Substituting these values, we can now find 



1-:=^^? [»"-("-«•] 



»= 



?i^[8"'-(8^' + ^)«} 



2 11 
Hence y is a maximum for w = --= — \-, and the maximum deflection 

o h + h 



itself is 



2 P /i» h* 



3BI(8ii + is)«' 

This expression will be itself a maximum for h =lt orli =i l, that is, 
the maximum deflection for a weight in the middle is at the weight and 
equal to 

PZ» 



A = 



192 B I ' 



This deflection is greater than the maximum deflection for any other 
position of the weight, which in general is not found at the weight itself, 
but at some other point between the weight and farthest end. 

We see above that the deflection in this case for load in middle is only 
one-f onrth as much as for same beam and load when supported at the ends. 

Breaking weight. 

For the greatest moment, which we easily find to be at the end, we have 

" ~ i« "■ I* 

This is a maximum for lx — \l. That is, the greatest moment at the end 
$oeuTs when the load is distant one-third of the length from that end. The 
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4 4 

yalue of this greatest moment is ^ P 2. Hence we have from (11) ~= P ^ 

= — r— or P = , or -- as great as for the same beam supported at 

A 2 A t 16 

P { 
the ends only. If the weight is in the middle, however, we have -—— = 

o 

2 T I 16 T I 

— £~ or P = — n— > or twice as much as the same beam supported at the 
h hi 

ends. 

10. The above is sufficient to introduce the reader to the theory of 

flexure. He can now discuss for himself the above case for uniform load, 

and prove that the maximum deflection is at the centre and equal to 

pi* 1 

J[ _ - . That the greatest moment is at the end and equal to— pP, 

24 T I 
and that the breaking weight is |> 2 = — -— — . We may also observe that 

both in the beam fixed at one end and supported at the other, and fixed at 
both ends, the moment at the fixed end is positive. From this end it de- 
creases towards the weight, and finally reaches a point where the moment 
is zero. Past this point the moment becomes negative, and in the case of 
the beam, free at the other end, increases gradually to a maximum and then 
decreases to zero. In the beam fixed at both ends, it increases to a maxi- 
mum, then decreases to zero, then changes sign and becomes positive and 
increases to the other end. These points at which the moments are zero 
are paint$ of injleetion, because here the curvature changes from convex to 
concave, or the reverse. 

They can be easily found from the equations for the moments by finding 
the value of x necessary to make the moments zero. 

Thus, for a beam fixed at one end and supported at the other, tmif orm 

load, the infiection point is at a distance from the .fixed end « =r - . For 
both ends fixed, we make M = ---i? [? — 6 (I — x) x] = 0, and find x = 

- (3 T V'S) I = 0.21131 I and 0,788"/ I The reader will also do well to 
6 

discuss the curves of moments. He will find the moments represented by 
the ordinates to parabolas, and limited by straight lines similarly to Figs. 
73 and 75, PL 18. 

We shall give in the Supplement to Chap. XIV. much more general 
formulae, from which, for one or both ends fixed or free, the moments and 
reactions at the supports may be found, token any number of epane of vary- 
ing length intervene, for single load anywhere upon any span, or for load 
uniformly distributed over any span. 
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CHAPTER VIII. 



APPLICATION OP THE GEAPHIOAL METHOD TO OONTnOTOUS 

OIKDKB8 GENERAL PRINCIPLES. 

SO. Molir't Principle. — Thus far, in addition to the general 
principles of the Graphical method, we have noticed more or 
less in detail its application to the composition and resolu- 
tion of forces, and the corresponding determination of the 
strains in the various pieces of such framed structures as Bridge 
Girders, Koof Trusses, etc. We have also illustrated the 
graphical determination of the centre of gravity and moment 
of ine?'tia of areas, as also of the bending moments and shear- 
ing forces for simple girders, including several important cases 
in practical mechanics, (See Art. 41.) Lastly, we have taken up 
the subject of Bridge girders more in detail, and developed in 
order the principles to be applied in the solution of any par- 
ticular case. Although brief, it is hoped that this portion will 
be found sufBcient to illustrate fully the method of procedure 
to be followed in practice. 

As regards mnple girders, the principles referred to are so 
easy of application that the reader will find no difficulty in 
diagraming the strains in any structure of the kind, as explained 
in the '^ practical applications " of Arts. 8 to 13 ; or he can find 
the maximum moment at any cross-section for given load- 
ing according to the last chapter. In the case of beams or 
girders continuous over three or more supports, however, we 
meet with difficulties which for some time were considered in- 
superable. 

Thus Ctdmanrhj in the work which we have so often quoted, 
Bays : * " The detennination of the reactioiis at the supports for 
a continuous beam, which depend upon the deflection, the law 
of which is given by the theory of the elastic line, is i^npossi- 
lie by the graphical method, at least so far as at present de- 
veloped. The theory rests upon the princip^ 

*0nlmann'8 GhrapMaohe Slatik, p. 2 
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curvature of the deflected beam, for any croes-Bection, is in- 
versely proportional to the moment of the exterior forces. 
Now the deflection at any point is so small, and the i^adius of 
curvature so great, that its construction is impracticable, and 
will so remain until Geometry furnishes us with simple rela- 
tions between the corresponding radii of curvature of pro- 
jected figures whose projection centre lies in the vertical to the 
horizontal axis of the beam. If such relations were knovrn, we 
could by projection exaggerate the deflection of the beam 
until the radius of curvature became measurable. Since we 
are not yet able to do this, we must have recourse to calctUa" 
tion,^^ lie then enters into a somewhat abstruse analytic dis- 
cussion of the continuous girder, and deduces formulae for the 
reactions at the supports. These being thus knovm, the graph- 
ical method is then applied. 

Concerning this difficulty, Mohr* remarks that it has but 
little weight, and may be easily overcome if the same simplifi- 
cation of the graphical method is made which is considered 
allowable in tbe analytical investigation, viz., when we take in- 



stead of the exact value of the radius of curvative 



u-4i) 



cPy 
d9? 



as given by the calculus, the approximate value -»- 



d^ 

Thus, let PI. 14, Fig. 50 represent a perfectly flexible cord 

A B D loaded by arbitrary successive forces. The variation of 

these forces per unit of horizontal projection dxvre represent by 

p. Take the origin of co-ordinates at the lowest point B. If 

the cord is supposed cut at B and D, we have at B a horizontal 

force H, and at D a strain ^, which may be resolved into a 

horizontal force H^ and a vertical force V. Since these forces 

are in equilibrium with the external forces, the conditions of 

equilibrium are 

(1) H = H, 

and /•« 

(2) .V= / j)dx. 

* Zeittch. dM hannot. Arch^^t. Jug. Verein*. — ^Band ziv., H«ft 1. 
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Moreover, 



• 



(3) . . . 
Differentiating : 



dy . 

* dx 


V 
Hi 


/o 

H 


d'y 

d X 


_p dx 


or 




= P- 





(4) . . . 

Now, had we formed a force polygon by laying off the forces, 
then taken a pole at distance H and drawn lines from pole to 
ends of forces, the corresponding equilibrium polygon would, 
as we have seen, Art. 43, be tangent to the curve A B D at the 
points midway between the forces. The greater the number 
of forces taken, the shorter, therefore, the sides of the polygon ; 
the nearer it will approach the curve A B D. This curve is 
therefore the equilibrium curve, found according to the graph- 
ical method. Its equation is given above by (4). 

But the equation of the elaatio line is, as is well known, 

where E is the modulus of elasticity of the material, M the 
moment of the exterior forces, and I the moment of inertia of 
the cross-section. 

Comparing now this equation with equation (4) above, we 
see that the elastic line is an equilibrium curve whose horizon^ 
tal force H i9 E, and whose vertical load per unit of length p 

is represented hy the variable quantify -j • 

This simple relation, first given by Mohr, renders possible 
the graphical representation of the elastic line, and not only 
solves graphically almost all problems connected with it, but in 
many cases simplifies considerably the analytical discussion 
also. 

91. Elastic Curve. — If we choose the pole distance H at -th 

^ n 

E instead of E, the ordinates of the elastic line will be n 
times too great. If the scale of the figure is, however, th the 

*^— ^a^^^^^— ^^ I -^^^"^ ^^^^^ ™ M^— M^—i^^^^M^^^—^^^^— ^^^■^■^^^^■^»^^^— ^^■^^^^I^M^^^^— ^^M^-^IM^— ^B^— ^M^^ 

* Stoney — Theory of Strains,, p. 146. Wood^Baistance ofMaUrials^ p. 98. 
Also Sapplement to Chap. VII , Art 11. 
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real size, then in the diagram the ordinates of the elastic line 
toill be given m trtbe size. 

Equation (5) may also be written 

that is, the elastic curve is an equilibrium curve, or catena/ry, 
whose horizontal force Jlis^lor r, and whose corresponding 

M 

variable load per unit of length isM or j-respectively. 

If we divide, then, the moment area by verticals into a number 
of smaller areas, and consider these areas as forces acting at 
their centres of gravity, these forces determine, as we have seen 
(Art. 43), an equilibrium polygon which is tangent to the elas- 
tic curve at the verticals which separate the areas. Thus we 
can construct any number of tangents to the elastic curve ; areas, 
which are positive or negative, must, of course, be laid off in the 
force polygon in opposite directions. 

If we divide the moment area by lines which are not vertical 
[PI. 14, Fig. 51], the directions of the outer polygon sides are 
the same as for vertical divisions, because the vertical height 
between the corresponding outer sides in the force polygon is 
in any case always equal to the total load. 

The two outer polygon sides for any method of division are, 
therefore, tangents to the elastic curve at the ends of the same. 
Here also we can, of course, have negative areas. 

§9. Effect of End Moments. — A beam or girder continnoos 
over three or more supports differs from a beam simply resting 
upon its supports, in that, in addition to the outer forces, we 
have acting at each intermediate support a mom^ent or couple. 

But, as we have seen. Art. 23, the effect of these moments or 
couples will be simply to shift the closing line of the equilibrium 
polj'gon through a certain distance. Thus [PI. 14, Fig. 52 (a)], 
if the span ^ were uniformly loaded and simply supported at 
the extremities A and B, the equilibrium curve, or curve of mo- 
ments, would, as we know (Art. 44), be a parabola A D B. If, 
however, the beam is continuous, we have at A and B moments 
or couples acting, and the closing line A B is shifted to some 
position as A' B'. If now we consider the moment area, we 
see that by the shifting of the closing line the former moment 
area, which we shall call the positive area, is diminished, while 
to the right and left we have negative areas A A' C and B B' j; 
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It is evident that these ai-eas have also a corresponding action 
upon the elastic line. For a positive moment area this last is 
eoTioave upwards, while for negative areas it is convex upwards. 
At the points of transition C and 0' we have the infiection 
points. This follows easily if we only hold fast the manner in 
which the elastic line is constructed, viz., by dividing the mo- 
ment area into laminse and regarding the area of each as a 
force. The forces thus obtained must plainly act, some upwards 
and some downwards, and the corresponding equilibrium poly- 
g(>n or elastic line must be in pait convex upwards and in part 
convex downwards, and hence at the points of transition we 
must hskve points of inflection where the moment is zero. 

83. DIfIsIoh off the Moment Area. — We shall assume the 
cross-section of beam constant. Kegarding the elastic line 
simply as an equilibrium polygcm, we can apply the principle 
that the order in which the forces are taken is indifferent (Art 
6) when the resultant only is desired. Since in the considera- 
tion of a single span only the first and last sides are of impor- 
tance, we can, so long as we consider a single span only, take 
then the laminse or divisions of the moment area in any order 
we please. More than this, we can, as we have seen in Art. 81, 
divide the moment area into laminse Twt vertical ; for example, 
we may in any span distinguish three parts, one positive and 
two negative, and consider each as a force acting at the centre 
of gravity of the corresponding area. [This holds good only 
for constant cross-section. [For variable cross-section the hori- 
zontal force B I is variable.]] Still further, we can divide the 
moment area for a single spam into a positive area, which is pre- 
cisely the same as for a 7U>n-cantinuous heam^ and into a nega- 
tive area, which will be evidently a trapezoid. 

This is of great importance. To understand it fully we refer 
to PL 14, Fig. 52. Here, in the second span, we see that the 
real moment area consists of a positive part, viz., the parabola 
C D 0', and two negative parts A A' C and B B' C. Instead of 
these we may take the entire parabolic area A D B and the tra- 
pezoid A A' B' B, or, finally, instead of this trapezoid, wc may 
^ take the two triangles A A' B' and B B' A'. The parabolic 
area is positive, the triangular areas are negative. 

If we assume the load as uniformly distributed, the first area 
will be always parabolic, and we may, therefore, call it the 
pardbolio area. 
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By this division of the moment area we have obtained a great 
advantage. While the three areas O D C, A A' C and B B' C 
are all three dependent upon the moments at the supports A A' 
and B B', we have bj this new division to do with three areas, 
of which the first is entirely independent of the moments at the 
supports, the second depends only upon that to the left, and the 
third only upon that to the right. 

§<f . Properties of tbe fiqulllbrtain Polygon. — Let us con- 
sider now the case of a beam over four supports, that is, of 
three spans — Iq^ ^ and ^ — the first and last being, as is usually the 
case, equal, and the two first loaded with both live and dead 
load, the last with dead load only. The parabolas for the ver- 
tical loads [PI. 14, Fig. 52] may be constructed by means of a 
force polygon, or the ordinates at the centre calculated, and the 
parabolas then drawn. The moments at the supports are A A' 
and B B'. Although these are unknown, it is not necessary to 
assume them at first. They may be directly constructed. 

Thus, if we conceive the moment areas in each span divided 
into positive parabolic areas and negative triangles, we have in 
the first and last span one, in the middle two triangles. If we 
consider these areas as forces acting at the corresponding centres 
of gravity, we shall obtain an equilibrium polygon of the form 
given in Fig. 52 (5). That is, this polygon must have eight 
sides, and its angles must be somefiohere on the verticals through 
the centres of gravity of the parabolic and triangular areas. 
The parabolic areas act downwards, the triangular areas up- 
wards. The problem is, to make these last so great that this 
polygon shall pass through aU the points of support. 

One of the properties of the polygon we have, therefore, just 
noticed, viz. : its angles must lie in the verticals through the 
middle points of the spans and through the points distant from 
A and B one-third of the spans on each side {i.e.^ the centres of 
gravity of the triangles). 

If we prolong the second and fourth sides of the polygon, 
they intersect in a point M, the point of application of the 

resultant of the two contiguous triangular area forces (Art. 44). 

1 1 

The areas of these two triangles are - A A' Zq and ^ A A' ^, that 

is, the areas are as the spans 4 and l^. 

Then by the principle of Art. 18 the resultant divides the 
distance between the forces into two portions, which are to each 
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other as ^ to 2^ or inversely as the forces. Since the entire dis- 
tance i^ Q l^-h Q Itj the distance of the resultant or of the point 

of intersection M from L is ^ ^ ; from N it is ^ Iq. The point 

M, therefore, must lie somewhere in the vertical at ^ ?i from L, 

the point of application of tlie triangular area force for the 
span ^. The verticals through the centres of the parabolic 
areas we call the parabolic or middle verticals; those through 
the centres of gravity of the triangular areas, the third verti- 
cals; those through a point as M, the point of application of 
the resultant of two contiguous triangular area forces, the limr- 
ited third verticals. Upon these verticals two sides must always 
intersect 
95. Polygon for the Positive Moment Areas. — It will be 



found best to take as the reduction base for areas — 4, i,e.^ half 

the second span, and for pole distance - ^. Eeducing tlie 

areas of the parabolas to this basis, and considering the heights 
thus obtained as forces, we can fonn a force polygon with jwle 

distance - 1^, It is not necessary to draw this polygon ; our ob- 

jeet is to find the corresponding equilibrium polygon. This 
last, since we consider the entire parabolic area as a force act- 
ing at its centre of gravity, consists of two lines which inter- 
sect in the vertical through the middle of the span. We pro- 
long each of these lines and obtain two lines as shown in PI. 14, 
Fig. 52 (c). The segments cut off by these lines from the verti- 
cals through the snpports are the moments of the parabolic 
areas loith respect to the supports. These moments we can 
easily find. 

Thus, let the deflection of the parabola in the second span at 

2 

the centre be j^ then its area is — y^. This reduced tx) the 

o 

.1 .4 
basis - ^ gives —jT as the force. The moment of this force 

4 1 1 

w^ith reference to the supports is-^x ,Y^ = 2yx-^. This 

3 2 3 

moment is equal to the segment sought multiplied by the pole 
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distance. This last is - ^. The segment, therefore, is ^f. We 

3 

do not need, therefore, to draw the force polygon, but have sim- 
ply to take off with the dividers the middle ordinate of the para- 

bola y = :^ , and lay it off twice on the verticals right and left 

through the supports, and join the four points thus obtained by 
lines crossing each other under the centre of the span. The 
equilibrium polygon for the positive parabolic area is then 
ready for the middle span. [We advise the reader to construct 
it for himself.] 

For the two side spans the construction is different. Here 

the area of the parabola is -f* Iq, the reduced area -/*' ^, and 

3 3 li 

the moment ^ /' 7 x ^ = 2/' A' 

3'^ ^1 2 •^3^1 

Dividing by - ^, we have for the segment required 



V 0'. 



Therefore, in the end spans, or generally in any span not equal 
to the standard span, or that which furnishes the constants - li 

and - Zi, we must multiply the middle ordinate of the parabola 
o 

by the square of the ratio of the " standard " span to the span 
in question, and then lay the product off twice upon the verti- 
cals through the supports. This multiplication is easily per- 
formed graphically. If from the middle of span l^ we lay off 
li^ horizontally and join the end with the end of y* ', then lay off 
l^ in same direction and draw a parallel to the first line, the 

V 

I,* :/' ::k*:x or x=f' ^,. 

Since these cross-lines depend upon given quantities, they 
can be constructed for every span, and thus we have Fig. 62, c. 
They give us not only the moments over the supports, but also 
the moments for any point of the parabolic area forces. We 
shall hereafter make use of them. 

96. ConstruGtlon off the Fixed PoInU, and of the Eqal- 
llhrlum Polygon. — ^We have thus all the given and known 



segment on/' will bey'-^^. For we shall have 
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qnantities, hare deduced the general properties of the equili- 
brium polygon, and will now endeavor by their aid to draw the 
polygon itself. We shall then be able to find the actual mo- 
ments A A' and B B' at the supports. It is impossible at first 
to draw any single aide of the polygon in true position, and we 
must, therefore, endeavor to find certain ^(?m^« of the same suf- 
ficient to determine it. 

Lay off first the three spans, PL 14, Fig. 52 (d). Suppose 
the second side of the polygon prolonged till it intersects the 
vertical through the end support a, in a point K, Fig. 52 (h). 
This point is known. It is given by the moment of the para- 
bolic area in the first span with respect to this end support. 
This moment we have already by the cross-lines in Fig. 52 (c). 
We have then simply to take it off in the dividers fnjm {c) and 
lay it off from rf to K' in Fig. 52 (d). We have now in Fig. 52 
(J), two points of the polygon known, namely, the end support 
^d K, which last must be in the second side prolonged. 

The triangle L M N is now of special importance. Whatr 
ever may be the position of KM and MN, we have already 
Been that the intersection M must always lie somewhere in the 
limited third vertical. The first side KM musty howefoeVy 
dhoayajpass through K, a known point. The second must pass 
through the support^ also a known point. The points L and N 
must, moreover, always Ue in the third verticals^ distant from 

A, 5" 4 and ^ 4 respectively. 

If the line K M takes up various positions under these con- 
ditions, the line M N will revoloe ahout a fixed point which is 
given by the intersection of a line through K and the support 
AwUhlAJX. 

If, then [Fig. 62 {d)]^ we draw a line in amy arbitrary direction 
through K', and note the intersections L' and M' with the first 
third vertical and the limited thirds then through L' and the 
support draw a line to intersection N' with second third verti- 
cal, and join M' N^, and finally through K' and the support 
di-aw a line intersecting this last in I, the point I thus deter- 
mined is infixed poinly and remains the same for any position 
ofK'M', It is therefoi-e a point on the fourth side M N of 
the polygon. For the triangle L' M' N' may have any posi- 
tion, yet so long as its angles lie in three parallel fixed lines, 
and two of the sides pass through two fixed points, the other 
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side must also pass through a fixed point.** Out of all possible 
positions of the triangle, one of these positions must coincide 
with the polj'gon sides, and hence this fixed point is a third 
known point, since we have already K' and the end support 

Although, then, we ai*e as yet unable to draw any of the sides 
of the polygon in true position and direction, still from the 
hitherto known properties we have deduced a new one. We 
know now a point through which the fourth side must pass. 
But this is not all. We proceed still further. The fourth and 
fifth sides must intersect upon the vertical through the centre 
of the second span. These sides, moreover, cut off upon any 
vertical the moment of the parabolic area wuth respect to any 
point in that vertical. We know this moment thus for the 
point I just found. It is found by taking the segment cut off, 
from the vertical through I, by the cross-lines for the parabolic 
areas found above in Fig. 52 (c). 

Laying this segment off from I, we thus find I', a point in th^ 
fifth side prolonged. From this point we proceed as before to 
find the next fixed point T'. We then lay off from I" the mo- 
ment of the parabolic area for this point and find 1!'\ a point 
upon the eighth side. We can now draw the polygon itself. 

Thus the eighth side passes, of course, through the last sup)- 
port and also T". It is therefore determined. Through the 
intersection of this line with the vertical through the middle of 
the span and the point V the seventh side passes. The sev- 
enth side is therefore determined. Through the intersection of 
this with the third vertical and the support the sixth side 
passes and continues till it intersects the third vertical on tlie 
other side. Then from this point towards T to intersection 
with vertical through centre of middle span. From this last 
point towards I to intersection with third vertical. From this 
last point again through support to intersection with third verti- 
cal on other side ; then towards K' to intersection with vertical 
through centre of end span ; and lastly, from this last point of 
intersection through the end support, and the polygon is com- 
plete as given in Fig. 52 (J). 

In this manner, however, inaccuracies may occur. To avoid 
these we may start from the right end support and also find 
four fixed points as above. It is unnecessary to make the coii- 

* ThM proposition the reader can earily prove geometricaUy or analf/tieaUy, 
Bee Art. 112. 
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Btruction. We see at once that we shall thus obtain in each end 
span two points, in the middle %^K\i four points^ which last, be- 
ing joined by lines crossing each other, give in the middle span 
two sides in proper position. It is also evident how the poly. 

gon may then be completed. 

§7. Coiistructloii of the moments at the Supports. — Thns 
we are able to construct the equilibrium polygon, or rather the 
extreme tangents to the elastic line for each span. We have 
now to determine the two moments over the supports. This is 
very simple. The first moment to the left is cut off by the 
fourth side, the second by the fifth side of the polygon, y>'(9m 
the verticals through the supports. We have therefore only to 
prolong these two sides, take off the segments in the dividers, 
and lay them off in Fig. 52 {<£) in A A' and B B'. We have, 
then, in PI. 14, Fig. 52 (a) the moments for the given case and 
loading at any point, as shown by the shaded area. 

The proof is simple. The two lines N M and N L [Fig. 52, 
i] evidently cut off upon the vertical at the support the moment 
of the force acting at N. This force is the area of the triangle 

A A' B' equal to ^ A A' Zi. This i-educed to the basis - l^ gives 

A A'. If we multiply this by the lever arm of the force, we 
have its moment This moment is, however, equal to the seg- 
ment A h! multiplied by the pole distance, and since this pole 

distance is itself „ ^9 the segment itself to the assumed pole 

distance gives us the moment. 

We see that it is not necessary to draw the line N L as it 
passes tlirough the support. Wo have simply to prolong the 
side M N to intersection with the vertical through the support. 
It is to be observed that the moments at the supports are cut off 
QJt the supports only by those lines which pertain to the " stand- 
ard " span, or that span from which we take our reduction basis 
and pole distance. For lines in the other spans the above does 
not hold good without modification. It is, however, always 
possible, at least for from two to five symmetl'ical spans, to 
observe the above conditions. In those cases where this is not 
possible, an easy graphical multiplication of the segments by 
the square of the ratio of the spans will give the moments. 
We see also the reason why, for four symmetrical spans, the 
ucond and not the first must be taken as the standard span. 
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If the construction of the moments over the supports is our 
sole purpose, as is in practice the case, the polygon need not be 
drawn. We have only to find our faaed points^ and note the 
intersection of the sides with the verticals through the supports, 
without drawing the sides themselves. In the preceding Arts* 
we have purposely considered only the particular case of uni- 
form loading, and have taken only three spans, in order to 
familiarize the reader with the nature of the problem and tlie 
method of its solution. In order to attain a clear understand- 
ing of the subject as thus far developed, he would do well to 
take some particular case, as, for instance, that of a girder of 
two or three or four spans of given length, the end spans being 
equal, and intermediate spans equal and say one-fourth longer 
than the ends, and work out by diagram the moments at the 
supports for a uniform load over the whole length of gii'der. 
For two spans the moment at the centre support should be 

•^pPyl being the length of span, j? the load per unit of length. 

For three spans the moment at the two inner supports is 

1 -f n* 
A (o li) — '\^ ^> where n Z = the length of end spans. Thus, if 

3 91 

n = J, we have ttfh P ^- ^^^ four spans the moment at the 

1 4- 2 71* 

second and fourth supports is a io i a — \P ^> ^^^ ^* ^^^ middle 

14-27* — n*- ^ - _ _ _ ,.1 

support 4. /Q . 4 \ P "• ^y these fonnulsB the graphical 

results may be checked. 

When the reader has thus become thoroughly famih'ar with 
the principles of the preceding Arts, and their practical appli- 
cation, he will be ready to resume at this point the more gen- 
eral development which follows. 

§9. The Seoond fiqailibiium Polygon. — ^We see, there- 
fore, that the dottudjbrm of the elastic line is not required to 
be known. OiJly the outer forces and their moments are sought, 
and to detennine these it is sufficient to know the position of 
the tangents to the elastic line at the supports. Thus the first 
line of the equilibrium polygon [Fig. 62, i] being given in 
position, by the aid of the middle^ thirds and limited third 
verticals and the known point K, all the other sides may be 



OHAP. Vin.] CONTINUOUS GHtDEES. 137 

drawn, and the moments at tlie supports fomid. We conceive, 
therefore, the moment area as the difference of the trapezoid 
A' A" B" B' [PL 16, Fig. 53] and the parabolic area A'' O" B", 
or equal to A." C" B" mifius triang. A' A" B' minva triang. 
B' B" A". The area A'' C" B" we call the 8imj[>le ot parabolic 
moTfierU area. 

If we indicate the moments at the supports A' A'' and B' B'' 
bj M' and M", then, for a given span /, 

A' A" B' = i MW and 
A" B' B" = i M'' I. 

If we indicate further the height of a rectangle of base I and 
area A'' C" B", that is, the m^an value of the mom^ente of the 
corresponding simple girder bj Hi, we have 

area A" C B" = a» Z. 

« 

The verticals through the centres of gravity of the triangles 
divide the span into three equal parts. We call these the third 
verticals. The load SD? I acts at the centre of gravitj' of the 
parabolic area A'' B" O'^ 

The four-sided equilibrium polygon A US VB corresponding 
to these forces we call the second equilibrium polygon. The 

pole distance must be (Art. 81) -EI. Instead of this, we take, 

E H = - M"- and P E = 50? -, and the pole distance b = 

EI . 

— r-, where \ is any assumed length. For X we may take the 

arithmetical mean of all the spans, or, as we have seen, one of 
the actual spans. If the outer spans are both equal to Iq and the 
other spans equal to ^, we should naturally choose X = l^, since 

then the forces would be ^ M', - M" and 3W. 

If the position of the tangents at the supports were known 
or found, the equilibrium polygon could be easily drawn as 
follows: Upon the two verticals distant each side of the centre 

El 

S [Fig. 53] by the pole distance b = — r- lay off the distance 

n \ 



which amounts to the same thing, the forces G F = - M'—, 
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A = SDi -, and join the points thus obtained by two Knes cross- 

ing each other. These cross-lines are the lines O P O B of the 
force polygon. If now we make U U' and V V equal to the 
ordinates of the cross-lines vertically under U and V, then the 
sides of the equUibrium polygon U S and V S prolonged^ jxiss 
through U' and V'. This will at once appear from an inspec- 
tion of Fig. 53. 

In this form tlie equilibrium polygon was first repre- 
sented by Mohr. {Zeitschrift des Arch, und Ing. Ver. zu 
Hannover^ 1868.) 

89. Determination of the Moments over ttae Supports. 
— If we draw in the force polygf>n, lines parallel to the four 
sides of the second equilibrium polygon, then the seginents of 
the force line between the lines parallel to A U, B V [PI. 15, 
Fig. 53] and those parallel to S U, S V, are respectively F G = 

\ M'- and EH = i M" ^. If we prolong S U and S V to 

intersections M and N with verticals through the supports, and 
represent A M and B N by y' and y", we have from the simi- 
larity of the triangles U A M and V B N with O G P and O H E 

y' : ^M'^: : i Z : S and y" : ^M"^ : : g Z : J, 
hence 

27ie segments A M and B N are^ there/ore, proportional to 
the moments at the supports M' and M". 

These moments themselves can now be determined in vari- 
ous ways. 

1st. It is in general best to choose the second pole distance 

ft = - \. We have then 
6 

M' = y' (^y M" = y" 0' (Art. 70). 

If, then, at a distance from U and V either way equal to 
2J|-| = --X we draw verticals, the segments A^ Mi and 

B, Ni cut off from these verticals will evidently be equal to 
the moments required, viz., M' and M''. 
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2d. If we take X = /, we have at once M' = y' and M" = y'\ 
In the inner spans, therefore, we have directly, as we have al- 
ready seen, for the special case (Art. 72), wlien X = Z, the mo- 
ments at the supports. 

Sd. For a span adjoining a span whose length is X, we have 
the moment for the intervening support directly from this last 
span. If the inner spans have the same length Z, and the two 
outer the same length l^ we can accordingly, by making X = Z, 
obtain directly the moments at the supports. 

90. Compaiison with Girder fixed liorlaEontallir at both 
endg. — If the ends are fixed horizontally, the lines in the Jbrce 
polygon parallel to A U and B V coincide, t.^., H and G fall 
together. Accordingly, if we designate the end moments now 
by W W we have (Fig. 53) 

i (P G 4- G E) = 1 P E or J (2»'H-9»'0 = 2R. 

Therefore, in the^r^^ equilibrium polygon, themomen/ areas 
on eorch aide of the dosing line are equal. 

Indicating the points for this case by the index [Fig. 64, 
PI. 15], we have the triangle A U© M^ equal to Uo Vo V'o, 
and therefore A Mo = Vq V'q = V V, as also, in like manner, 

B No = UoU'o = U U', or, taking h = \\ 

u u' = aji' l^ V v = m" (^V. 

Thefi*efoTe^ the ordinates between the cross-lines at the verti- 
cals passing through U and V are^ for girders fixed horizon^ 
taUy^ pi*oj>ortiondl to the end moments "iiV and 3)i''. 

For X = Z, i=z - ly and these ordinates give the moments 

o 

directly. 

If we draw through U' and V a straight line intersecting 

the end verticals in Q and R, and prolong N i> ' and N V to 

intersections S and T, then Q M = 2 U U', Q S = V V, and 

hence M S = 2 U U'+V V = (2 W-^-W) (iV; and in the 

same way N T = (2 2W"+aW0 (^\ 

Therefore, the segments cut off upon the end verticals hy the 
cross-lines are j^oportional to^W-^- SW and 2 2)t"+ W\ 
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The quantities SK' and 3)i" being known, we can easily con- 
struct the cross-lines. 

If we draw a line through U and V to intersections O and P, 
we have O M = V V, P N = U U'. Therefore, A O and B P 

ai'e equal to {W-M') (-\^ and (a)r'-M'') (^^\ whei-eM' and 

M" are the moments at the supports for a continuous girder, 
and 5K' 3R" those for a crirder h<.rizontalIv fixed at its ends. 
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CHAPTEE IX. 



00NTINU0TJ8 GIBDEB — LOADED AND UNLOADED SPANS. 

i^l. Unloaded fi^pan. — If the span is unloaded, we have to 
constrnct the second equilibrium polygon, only the two forces 

- M' I and - M'' I. If the position of the end tangents is known, 

the polygon is completely determined. If we prolong the 
middle side U V to intersections M and N with the end ver- 
ticals [PL 15, Fig. 55], then, by the preceding Art., A M = 

M' Q', B N = M'' (IJ ; therefore, A M : B N : ; M' : M''. 

If now we draw A B intersecting U V in I, the moment at this 
point is zero. That is, the intersection I of the line joining the 
supports vyith the middle side of tlie polygon is the point ofin- 
flection of the elastic line, 

93. Two saecefslve Unloaded Spans.— Prolong the two 
middle sides U V and Ui V^ [PL 15, Fig. 56] of the equilibrium 
polygon for the two spans 1^ and l^. The point of intersection 
W is a point in the resultant of the forces at V and Ui. Since 

these forces are - M^ 4 aiid - M^ Zi, we have Wq V© : Wo Uq : : 

Z| : 2^ But the horizontal projection of Vq Uq is - (/^ + ^), 

o 

therefore that of Vq Wq is - Zi and of Uq Wq, - 1^ ; while that of 

B Wq is - (Zi— ^). The vertical through W we have called the 
3 

limited third vertical. Its position is, as we see, easily found, 

and depends simply upon the length of the spans. 

Let us now consider more closely the intersections I and Ij of 

tlie middle sides with the straight line joining the supports. 

We have 

LUo:LWo::UoUi:WoW. 
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Bat we have also 

UoUi:VoV::BUo:BVo::;i:Zo; 

hence 

I. Uo : L Wo : : I Vo xZi : I Wo X Zo. 

The ratio of the parts into which Wo Uo is divided by the 
point Ij depends, therefore, for given spans only upon the ratio 
of I Vq to I Wq, or upon the position of I alone. 

If, therefore, we were to draw through the point I another 
polygon, the point L would be unchanged, or still more gener- 
ally, if the point I for different heights of the supports and 
different polygons moves in the same vertical^ the point L will 
also move in a vertical. 

If the supports are in the same straight line, the points I and 
Ij are the points of inflection of the elastic line. We have 
therefore the principle, that if for different polygons the in- 
jection point I remains the same, the inflection point L re- 
mai/ns also the same. 

The point I being given, we can easily construct the point L. 
We have only to draw through I at will any line intersecting 
the third vertical througli Vq and the limited third at, say, V 
and W. Through V and the suppoi't B draw a line to inter- 
section Ui with third vertical through Uq. Join now Uj with 
W. The line Ui W cuts the line through the supports A and 
B in the point L. (See also Art. 86, Fig. 52, d,) 

93. The <* Ffxcd Points." — Suppose that, starting from the 
left support A [PL 15, Fig. 57], we have a number of unloaded 
spans. The end A then is an inflection point, since the mo- 
ment there is zero. Starting from this point, therefore, we can 
construct, according to the preceding Art., the inflection point la 
for the next span. Then starting from this we may construct 
the point Ig for the third span, and so on. Since these points, 
under the assumption that the supports all lie in the same 
straight liiu^ do not change their position, whatever may be the 
loading of the loaded spans, and whatever spans be loaded, we 
call them fid^ed points, 

A second series of fixed points may be in similar manner 
constructed, when a number of spans from the right are un- 
loaded, so that there are two series of fixed points. In the 
end S])ans the end supports are fixed points. 

It follows directly from the coTistruction that the fixed points 
are always within the outer third of the span. 
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The construction of the fixed points is the Jh^st operation in 
the graphical treatment of the continuous girder. 
The above construction was first given by Mohr. 

94. Sliearliig Force, Reactions at the Supportu, and mio- 
meiitst In the Unloaded Spans. — The moments in the unloaded 
spans are given, then, by the ordinates to a broken line whose 
angles lie in the support verticals, and which, for the case of 
supports on a level, passes through the corresponding fixed 
points. 

It follows directly that the moments at the supports are 
aUerndtely positive and negative^ and increase from the 
end, so that any one is more than three times the preceding. 

(See Art. 111.) 

Since now this polygon has alternately angles down and up, 
the recLctiom at the supports must be alternately positive and 
negatim. From the corresponding force polygon it follows 
that they must increase from the e7ui. 

The shearing forces are, therefore, also alternately positive 
and negative, and increase from the end on. 

95. E.oaded Span. — Let now the span A B [PL 15, Fig. 58] 
be arbitrarily loaded. It can be proved here also, as in Art. 
92, that the prolongation of tlie sides U' V and S U, as also of 
V" U" and S V, intersect in tlie limdted third verticals. 

When the supports are in a straight line, then, by the con- 
struction of Art. 92, the fixed points I and K are the intersec- 
tions of S V and S U with A B. We can, therefore, at once 
assert, that the sides S U arid SV of t/ie second equilibrium 
polygon pass through the fixed points I and K, when the sup- 
ports a/re on a level. 

For known position of the fixed points and for given load, it 
is, therefore, easy to draw the second polygon by drawing ver- 
ticals III and KKi equal to the corresponding ordinates of the 
cross-lines. S U and S V pass, then, through I K^ and K I^ re- 
spectively. Then, by Art. 89, the moments at the supports may 
be determined. 

Since A I < - ?, U must lie to the right of I, and the angle 
A US is concave downwards. Accordingly, the force at U, 
viz., - M7, acts upwards. The same holds good for V. Eence^ 
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the moments M' M" for the loaded span are always posi- 
tive.* If we draw the lines M N and U V cutting the middle 

vertical inP and Q, then, for J = i?, P O = 1 (M' -f- M") and 

p Q = - (SK' + 3R"). (See Arts. 89, 90.) Since now the points 

U and V must lie under A B, 

P O < P Q' or M' + M" < W+ SW". 

If the supports are not upon a level, it follows from this Art. 
and Art. 92, tliat the intersections of S\J and S Y prolonged^ 
with the prolongations of the lines A A' B B', joining the sup- 
ports of two adjoint spans, lie in the vbetioals thbough the 

FIXED POINTS. 

96. Two faccessive Loaded Spans. — PI. 15, Fig. 59. 

1. Here also, as in Art. 92, we can prove that the prolonga- 
tions of SY and Si Uj intersect in the limited third vertical. 

2. Draw through B a line which intersects S V and 8^ Uj in 
r and I'l, and the verticals through V, W and U^ in Vq, W^ 
and Uq. 

Then 

Uo Ui : Vo V : ; Uo B : Vo B : lloik 
Vo V : Wo W : : I' Vo : I' Wo. 

Hence by composition 

Uo Ui : Wi W : : I' Vo x Zo : I' Wo X k; 
or since Uo Ui : Wo W : : Uo I'l : Wo 1\ 

Uo I'l : Wol/ : ; I' Vo X Zo : I' Wo X h- 

If, then, the point T moves in a vertical, the ratio I' V© to 
I' Wo does not change, therefore the ratio of Uo 1/ to W© 1/ also 
remains unchanged, and accordingly I'l mi^t also move in a 
vertical. If I' coincides with I, it follows from the construction 
of Art. 93 that the point I'l becomes the fixed point Ii. Hence, 
the intersections T and 1\ of verticals through the fixed points 
I and Ii yyith the fades S V and Si Ut, or with the middle 
sides of the two polygons adj accent to the support, lie always 
in a straight line thron-gh that support, for any heights of 
supports. 



* A poBitive moment always indicatcB oompreasion in lower flange. 
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This property of the second equilibrium polygon was first 
made known by Culmann. 

•7. Arbitrary lioading. — According to the above properties 
of the second equilibrium polygon, the general course of pro- 
cedure for any given case of loading is then as follows [Fig. 60, 
PI. 16] : 

1. Construct all the fixed points A ^ I^ KiKg, etc. (Art 

93), and draw verticals through them. 

2. Construct the cross-lifies for every span, Art. 88. 

3. Make A C equal to Ot Qi as given by the crosJt-lines, and 
draw a line through C and A^ to intersection D^, with vertical 
through Ig. Then make Dg Cj, equal to O3 C^, and draw a line 
through G2 and A^ to D3, and so on. Precisely the same con- 
struction holds for the other way from the right end. Thus 
Ai E4 is equal to B4 P4, etc. 

4. In this way we obtain for each of the middle sides of the 
second equilibrium polygon two points, O and F^, Og and Pg, 
etc.; A and Ei, Dj and Eg, and so on ; so that now we can ac- 
tually draw these middle sides. 

The intersections of these lines with the support verticals 
give, according to Art. 88, the mowfents at the supports. For 
spans whose length is X these moments are given directly; for 
other spans the construction of Art. 74 must be applied. The 
following simple construction nlay also be applied. Let 
IK be the intersections of the verticals through the fixed 
points, with the line A B joining the supports [Fig. 61, PI. 16]. 

Make ID' = ID(^y, KP' = KpQ:)*, C D' = O Q /^V, 

E'P' = RP (^y, and draw C P' and E' D'. These lines cut 

the support verticals in M' and N', so that A M' and B N' ai'e 

the moments. 

By the construction errors accumulate from one span to the 

next, so that the diagram must be made with care. We have 

also several checks, viz. : 1. The intersection of the middle sides 

must lie in the vertical through the intersection of the cross- 

Knes. 2. The prolongation of the middle sides must intersect 

in the limited third vertical. 3. The corresponding intersec 

tions of the middle sides with the third verticals must lie in a 

straight line through the support. 
10 
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If any Bpan is unloaded, the cross-lines coincide. The above 

method of construction holds good when the supports are not 

upon a level. If the difference of height of the supports is 

1 

represented — th of the real amount, the unit for the moment 
m 

scale is ■;: =— , as is easily seen by reference to Arts. 81 

and 88. 

The abo>'e method of construction of the moments at sup- 
ports was first given by Cvlmuma. 
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CHAPTER X. 



OONTINUOtJS GIBDEB — SPECIAL OASES OP LOADING. 

9S. Total Dnlform Load. — If a span is loaded with a uui- 
fonnly distributed load of p pounds per unit of length, the 
simple 7noment a/rea is a paraboUc segment whose vertical axis 
passes through the centre of the span. [PI. 16, Fig. 62.] 

The ordinate D O" is ^^ ?, and hence the area 

It will be advantageous here to take ^ V as the unit of the 
moment scale ; and therefore 

The vertical height of the cross-lines at the pole distance b 

from the middle is SW -. If, then, we take S = - X, we have 

\ o 

OPoT(iB.:m{::l:l\; 

X 2 6 

and therefore 

OP = Q R = 3 a» (0*, that is 



OP = QR = ii?v(0* 



2. Moments. 

If the moments A' A" and B' B" are known, we can find 
the end tangents of the ^rst equilibrium polygon by drawing 
A" B", dropping a vertical through the middle D, and laying 

Dff D B = 2 X |i> ? = jjp ^^ = |i> X^ LX. The lines A" E 

and B" E are, then, these end tangents. With the help of 
tliese we may easily construct the parabola. 

3. Shearing force. 

If we draw in the firet force polygon, lines parallel to the 
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end tangents and the closing line A' B', the distances on the 
force line ai-e the reactions at the ends of the span. Instead 
of this wo may lay off from A and B, A G and B H equal to 
the first pole distance a, and through G and H draw parallels 
to the end tangents, intereecting the verticals through A and B 
in A' and B^. We thus obtain the reactions A A^, B B^. The 
ordinates to A^ B^ then give the shearing force at any point 

If the line py? representing the moment units is equal to tw, 
and that representing the force units p\ = n^ then the first 

pole distance must be a = ^-t\\ = — \. 

Accordingly, it is now easy, from the general construction 
given in Art. 97, to construct the shearing force and moments 
for uniform or dead load of girder in any case. Let us pass 
on to an example illustrating more fully the above principles. 

99. Example. — As an example of the application of the 
above principles, we take a girder of four spans, as given in 
PI. 17, Fig. 63. The two interior spans are each 96 ft., the 
exterior spans 80 ft. each ; that is, Zi : i : : 5 : 6. Choose any 
scale of length convenient, as, for instance, 50 ft. to an inch, 
lay off the spans and construct first the fixed points. For this 
purpose we draw the third and limited third verticals. These 
last are easily found from the principle already deduced, that 
they must divide the distance between the third verticals into 
segments inversely as the corresponding spans [Art. 92]. Lay- 
ing off, then, from the third vertical in the first span, JZ to the 
right, or from the third vertical in the second span iZi to the 
left, we have the first limited third vertical. The same at the 
other end gives the other. For the centre support, of couree, 
the limited third, since the adjacent spans are equal, passes 
through the support itself. We can, therefore, now construct 
the Jixed points according to Art, 93. 

Let the load per unit of length j> be 4 ton per ft Then 
taking \ [Art. 8S] equal to I, we have n =zp\=ipl =z 4t8 tons 
and 7n=p\^=pll^= 4608 ft. tons [Art. 98 (3)]. It remains 
to assume a scale of force. Let this be 20 tons per inch, then 
our moment scale is 20 x 50 = 1000 ft. tons per inch. The 
values of which we shall need to make use are, then, to scale 

li = 1.6 inches, \ = Z = 1.92 inches, 

{jj = 0.6944 inches, {j) = 1.44 inches, (^) = 0.4823 inches 
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These values are repeated npon the PI. for convenience of 
reference. Also, j? Z = 48 tons = 2.4 in. = ti, j> ? = 4608 ft. 
tons = 4.608 in. = m. For the firet pole distance [Art. 98 (3)] 

we have a = — X = . ' ^ ^ =- 7-5 Z = 1 in. Second pole dis- 

m 4.608 48 ^ 

tance [Art. 98] i = ^ \ = 0.32 in. 
According to Art. 98, we have now, for the cross lines, 

OP = QR = i^X«(^y and O'P' = Q'P' = i^X« (^V. 

Laying off these distances under the supports, we have thus the 
cross-lines. 

We have next to construct the second equilibrium polygon^ 
This, by the aid of the cross-lines and fixed points already con- 
structed, we can easily do, as detailed in Art. 97 (3). Then 
the moments at the supports are given directly to moment 
scale in the interior spans, or we can find them from the end 

spans by laying oS \ j I [Art. 89]. 

Finally, the moments thus found and laid off at the sup- 
ports, we can construct the moment curve by making D' E' = 

i^XMrO and DB = i.^X*(-) [Art. 98 (2)], and thus draw- 
ing the end tangents and corresponding parabolas. 
According to Art. 98 (3), we can then find the shearing 

forces by laying off a = — X and drawing parallels to the end 

tangents to intersection with verticals through supports, as 
shown in Fig. 

We thus have both moments and shearing forces for uniform 
load. By careful attention to the above, the reader will have 
no difficulty in solving any case. We recommend him earn- 
estly to perform the entire construction for himself, referring 
to the proper Arts, at every step. [For convenience of size, 
we ha/De not observed our scales strictly in the Figs, The 
reader should therefore not attempt to check- results with the 
dividers.'] 

100. Partial anlform lioad. — 1. When the girder is only 
partially loaded, as, for instance, a certain portion of the span 
1 from By the simple moment area consists of a triangle ABO 
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and a parabolic segment C B B. [PL 16, Fig. 64.] If in the 
first force polygon B' D' is the total load upon the span, the 
line O A' parallel to the end tangent A G divides B' D' in the 
same ratio as the end of the load divides the span, or denoting 
the length B^ Co by ^l. 

B'AiB'D:: fill I. 

The intersection ' G of the end tangents lies in the vertical 
G H, which halves B F. Since the triangle B T is similar to 
O A' B', we have 

BT:B'A'::i/8:a; 

or since B' D' =zp l^ B' A' —p ff^pi^^ 

B 
BT:^Z j::|)8: a\ 

It is therefore easy to construct B T as in Fig. 64, where 
Bi Di =^ Z, Ai Bi = B' A' = ^ Z y, and pole distance = i /8; 

then Ba Da = B T. 

If BT is thus found, we can easily, when A and B are given, 
construct the end tangents, and then construct the first equili- 
brium curve itself. 

2. Make G K = -^ G I, then the triangle C K B is equal to 
the parabolic area C £ B. If, then, through K we draw a 
parallel to C B, intereecting C G in L, and through Ii the ver- 
tical IjM, the triangle ALB is equal to the entire simple 
moment area. This last is therefore proportional to I« M, or 
Sroz = JZxIjM; hence 3Ji = J Ij M. It is easily proved 
also that FM = i FB. Thus, as GK is ^ of GI, GL is 
J of GC; hence MH is ^ of FH, and therefore FM is f of 
F H, or f of i^ F B = J F B. L M can therefore be easily 
drawn. 

3. Let N be the middle of A B. Make N O equal to J F N. 
Then the centre of gravity of the triangle A C B is in the ver- 
tical through O, while the centre of gravity of the parabola is 
in H G. If through L we draw a parallel to AB, intersecting 
the vertical through O in P, the two areas are to each other 
as F C to G P. If in the vertical through O we make O Q = 
J CP, then, since IH = ^ OF, we have 

IH:OQ::FC: OP. 
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The intersection R of the line Q I with AB lies, then, in the 
vertical through the centre of gravity of the simple moment 
area. 

Thus the construction of the cross-lines is now easy. 

4. It is most convenient in the application of the above to 
eonstract or calculate the distances of the cross-lines under the 
supports once for all, for load over various parts of the span. 
The necessary formulae can be directly deduced. Thus the 

Triangle BAT z=BT x^l=z^ X^ I. 

Triangle BOT==BT x |)8Z=^ x |)8t 

Triangle BI.T = BTx-B 1=^x1 fi I. 
jThe entire area is equal to the triangle ALB. 
But A L B = B A T-B L T =4^ (1 Z-1 p l\ 

The triangle A O B = B A T— B O T ; hence 

The parabolic area is equal to the entire area minus A C B, 

or parabolic area = -^^ X - iS i!. 
^ 2 a 6 

F is distant from BT by a distance /SZ, N by a distance = 

-I, NO is - of NP ; hence O is distant from B T 
2 o 



Hfil-liy.l or l(fil + D. 



Therefore, the moment of the triangular area, with reference 
to the right support B, is 

The moment of the parabolic area is 

2 a 6 2 24: a 

i 

The total moment, with reference to the right support, is, 
therefore, 
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In a similar manner we find for the left snpport 

' 24 a L '^■^ 
When /8 = 1 the span is completely covered, and we have, 
then, right and left 

24 a 
If we compare this value with those for partial loading, we 
see that they differ only by certain coefficients, and that these 
coefficients depend only upon the length of the loaded portion. 
If, then, we have the distance between the cross-lines for total 
load, we have only to multiply by certain factors to obtain the 
distances for partial loading. For uniform or total load over 

the whole span, this distance is given ^7 tP ^^ (z) (A.rt. 98). 

If we divide this distance in certain proportions we have 'at 

once the distances for partial loading. These proportions are 

given by {2—^) /SP for the right support, and (2-/8)^ fi for the 

left, under the supposition that the load comes on from the 

right. The reverse is the case for load coming on from left. 

113 
If we take /8 = tj ^, t of the span, we can calculate these pi-o- 

4 2 4 

portions once for all. We thus have the following table : 

Support nnder load Bnppori for tmloaded end 

1 span loaded ^ = 0.1211. . . .-^ = 0.1914. 

4 2o6 256 

i span loaded -^ = 0.4375 .... -^ = 0.5625. 

2 16 16 

I span loaded 4S- = 0.8086. . . .^^ = 0,8789. 

4 256 256 

The division of the distance between the cross-lines for uni- 
form load over the whole span into these proportions is easily 
accomplished graphically. Thus, from the end of the line to 
be divided, draw a line in any direction, and lay off upon it the 
six numbers above, to any convenient scale. Join the end of 
the last division with the end of the line to be divided, and 
then draw parallels through the other points. 

It is important to observe some definite system of numem- 
tion, otherwise, especially in the first attempt at construction, 
confusion is apt to arise. 
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We can thus find the ci^oss-lines for any position of the load, 
and for each position can, if we wish, draw the equilibrium 
polygon and determine the moments according to the general 
method of Art. 97. 

101. Concentrated lioad. — The simple moment area is in 

this case a triangle [PI. 16, Fig. 66] whose area is - Z A, A be- 
ing tlie height C D. Therefore 

If from the centre of the span E we lay off E P = - E D, D 

3 

being the point of application, a vertical through F passes 

through the centre of gravity. 

As the height O D is proportional to 3W, we may take G D as 

second force polygon. Since A = 2 3W, the distance of the pole 

N must be2x-Z = -^, when \ = l (Art. 89). Draw N P 

6 3 

parallel to A B, then is N P = - A B. 

Parallel to N G and N D we may draw the cross-lines. A 
simple construction may be given for them when they are made 
to pass through A and B. Let A M and B L be the cross-lines. 
Then the triangle S B M is similar to N G D, and 

B M : G D : : B F : N P. But 

BF=BE+JBD = iAB+i(iAB-AD) = i(2AB-AD) 

and N P = J A B ; therefore, 

B M : G D : ; (2 A B-A D) : A B. 

Make D G- = A B, then B a = 2 A B-A D. 

The point M is accordingly found by drawing a straight line 
through Gr and G, D G- being equal to A B. In the same way 
make D H == A B, and draw a line through H and G. We 
thus obtain L. 

The jprolongations ofULO andl* G, therefore^ intersect A B 
proloTiged in the points Q- and H, distant from "D iy AB. 

If, then, we have to investigate a concentrated load in various 
positions, we draw the first equilibrium polygon G X and G Y 
[PI. 16, Fig. 66], and lay off in the same the closing lines (for 
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the simple moment area) for the different positions of the load. 
The distances cut ofE on the vertical through O by these lines 
give, then, the various values of A or 2 3D?. If we draw from 

these intersections lines to the pole N, at the distance - I from 

D O, the cross-lines are parallel to these lines. It will be best 
to keep for each pair the common line P Q parallel to N C. 
When the point of application of the load divides the span into 
two equal parts, the point of intersection of the cross-lines di- 
vides the middle third of P Q into equal parts. 

The centre of gravity of the simple moment area cannot pass 
beyond the middle third of the span. Since any load can be 
considered as made up of a number of concentrated loads, it 
follows generally thaty^r any msihod of loading the centre of 
gramty of the simple moment area lies between the third verti- 
edls. 
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CHAPTER XI. 

METHODS 07 LOADING CAUSING MAXOniM STRAINS. 

103. Haxlmum Shearing Force— Uniformly distributed 
HoTlnf I^oad. — Suppose, first, the span in question loaded 
with a concentrated weight. The simple moment area is 
A' C B'. [PI. 18, Fig. 67.] 

In the force polygon let O A^, O B^ and O Ci be respectively 
parallel to C A', C B' and A' B'. Then Cj Ai and Ci B^ are 
the reactions at A and B. Since, according to Art. 80, the mo- 
ments A A' and B B' are always positive, and the middle sides 
A' S, B' S pass through the fixed points I and K, it follows 
from the construction of the preceding Art. that the intersec- 
tions O and P of the sides A' C and B' C of the first equili- 
brium polygon with the closing line A B must always lie within 
A I and B K. That is, the points of inflection O and K are al- 
ways between the fixed points and the ends. Therefore A', B' 
and the point C must lie on opposite sides of the closing line 
A B, and consequently C^ in the force polygon must lie between 
A| and B^. 

Accordingly the shea/r Ai Qyot A,is positive^ and the shea/r 
i\l\at^is negatwe. 

Let tlie distance of the load fi*om the left support be l^^ from 
the right support 4. The load itself is P, and the moment 
A A' at the left support M', BB' at the right M''. Eequired, 
the shearing force S at a point distant x from the left support. 
The partial reaction at the left is R'. Then 

R7 = M'-.M"-|-P4, 

orR = ^ +-J-. 

M' and M'' are always positive. If, therefore, M' > M'', R' 
is positive; if M'<M'\ then M''— M'<M''+ M', or, since 
by Arts. 75 and 80, M'+ M'' < 3»' -|- W\ W- M'< W + W. 
Now it can be easily proved analytically that for a girder hori- 

zontaUy fixed,* WV =^— and SK'' =— ^, hence 2R'+ SK" 

* Sapplement to Chap. VII., Art. 18. 



L 
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= ?^ since Zi + Z, = Z. Therefore M'' - M' < ^|i. 

Since, however, li< Z, we have also M''— M'< P 4. Hence, if 
M' is < M", we have also R' positive. R' is therefore always 
positive whatever may be the position of the load. In the same 
way it may be shown that R" is dkoays negative. 

If now the load is to the right of the point distant x from 
the left support, then for this point the shearing force S' = R', 
and is therefore positive. If the load is to the left of this 
point, the shearing force S = R' — P = R", and is therefore 
negative. S for any point is therefore positive or negative^ 
according as the load lies right or left of this point. Hence 
for a uniform load we deduce directly — 

T?ie shearing force at any point is a positive or negative 
maximum when the load extends from this point to the right 
or left support respectively. 

The same principle holds good for the simple girder. 

2. Thus far we have considered the load in the span itself. 
Suppose now the load is in some other span, and the span in 
question is unloaded, then 

R == I R = I • 

As we pass away from the loaded span the moments at the 
supports are alternately positive and' negative, and each is 
greater than the one following (Art. 94). Since the moments 
M' and M" are alternately positive and negative, R' will have 
the same sign as M', and R'' as M", and generally R^ as Mm* 

Adopting, then, the notation shown in PI. 18, Fig. 68, we 
have for the span Zni-4 

,„ M^i - iyr„ 





^—1 


where R^ has the same sign as M^. 


In the same way 




« 




and therefore 




Rm+l 


^ Mm+l 



M„ 
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iwr 
But -«^ 18 negative and greater than 2 (Art. 94). There- 
fore in the preceding expression the numerator is positive and 

> 3. Further, ^ is negative and less than ^, hence the de- 

'3 

nominator of the above expression is negative and < -. There- 
fore -g^ is negative and > 2 -7=^, that is, the shearinff forces 

at the supports are alternately positive and negative, and in- 
crease (when 2 Zn^^i is not less than l^^) towards the loaded spam,. 
We have then 

For any span, then, the shear at the left support R' will be 
positive when the left adjacent span is loaded, the right adja- 
cent span unloaded, and all the other spans each way alternately 
loaded. The shear R' will be negative when the remaining 
spans ai e loaded. Hence : 

7%e sJu^Hr^ farce' is a rru^um ^posiUve) at any point 
when the load extends from this point to the right support y and 
the oth-er spans are aUemately loaded, the adjacent span to the 
right being unloaded, that to the left, loaded. The negative 
maamfium, on the contrary, occurs when the load extends from 
the point to the left support, when the right adjacent span is 
loaded and the left unloaded^ the other spans alternately 
loaded. 

PL 18, Fig. 69, gives these two cases. 

In practice such a loading can never occur. If we suppose 
the rolling load divided into two portions only, the above rule 
reads as follows : 

Tfie shearing force at any point wiU be a positive maximum 
when the load reaches from the right support to this point, and 
when the left adjacent span is covered. The negative maximum 
occurs when the load reaches from left support to the pointy 
and the right adjacent span is covered. 

103. Maxiinam Homenu. — \st. Loaded Span. Let a weight 
act at the point D, PL 18, Fig. 67. Then A U S V B is the 
Becond, A' 0' B' the fii-st equilibrium polygon, and A A', B B' 
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are the moments at the supports. We have already seen that 
the inflection points O and P (for which the moment is zero) 
lie outside of the fixed points. We can therefore assert that 
WITHIN the fixed points the moments a7*e negatwe wJierever the 
weight m/iy be placed. From the Fig. we see at once that the 
inflection points O and P move to the right or left as the weight 
moves to the right or left. Accordingly when for the weight 
at D the moment at O is zero, the moment at this point will be 
positive when the load moves to the right of D, negative when 
it moves to the left of D. 

Hence for the maximum moment we have at once the follow- 
ing principle : 

For any point O outside the fiaaed points the m^omervt wiU be 
a positive or negative m^aximum when the load reaches from 
thepoimt D, where a load must be placed to cause the moineivt 
at O to be zero^ to the right or left support respectively. For 
the negative maximum^ therefore^ the load reaches from, A to D; 
for the positive, from D to B. 

If the point O is given, it is indeed possible to determine by 
construction the point D to which the load nmst reach. It is, 
however, simpler to assume D and then Qonstricct O. 

If we choose for the different positions of D an arbitrary 
length for 0' D' (Fig. 67), so that the point 0' falls in a parallel 
Q R to A' B' (Fig. 70), and, moreover, take D at equal intervals, 
then the pointB L and M will be at equal distances (Fig. 67), 
and hence the points I and K (Fig. 70), in which the verticals 
through the fixed points are intersec^ted by the lines A' M and 
B' L (Fig. 67), will be at equal distances. We have, then, the 
following simple construction [Fig. 70, PL 18] : 

Between the verticals through the supports draw two parallel 
lines A B andQ R at any convenient distance apart, and divide 
Q R into a number of equal parts ; four or five are suflicieut. 
Draw lines from A to R and the middle S intei^secting the ver- 
tical through the fixed point I in I^ and J2. In the same way find 
Ki and K«. Divide Ii I3 and Ki Kg into the same number of 
equal parts as Q R has been divided into, and join these points 
in reverse order by lines. The intersection of these lines with 
the lines drawn from A and B to the points upon Q R give the 
points O, for which the moment is a maximum when the load 
is limited by the corresponding point upon Q R. 

This construction was firet given by Mohr. 
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104. Determlnatloii of the Maxlinaiii Sbearlng Foroe§. 

— According to the general method of construction given in 
Art. 97, we can now determine by reference to Arts. 98 and 99, 
which treat of total and partial distributed loading, the shear- 
ing forces corresponding to the methods of loading which cause 
maximum strains. 

As a review of the preceding principles, we take the same 
example as before, as given in PL 19, Fig. 71. Here again the 
reader should construct the Figs, for himself. The scales are 
as before, Art. 99. 

Fig. a shows the method of loading for positive maximum 
shear in first span ; and the second Fig. below, the same for 
the second span. [Art. 102.] 

We first find, pi-ecisely as in Fig. 68, the shearing forces in 
the third and fourth spans for the total loads over those spans,^ 
and lay off the shear thus obtained in the first and second spans, 
as indicated^by the broken lines in Fig. h in those spans. Thus 
having first found the fixed points, which we may here take 
directly from Fig. 63, we construct as in that Fig. also the cross- 
^ines for total load in third and fourth spans. Thus laying off 
54 equal to O^ P^, and drawing a line through 4 and support to 
intersection with vertical through fixed point in second span 
[Fig. 60], we determine D', and then from the cross-lines find 
at once D". In like manner, supposing for the moment the 
load on the other two spans, we have e a, a'Dj'D a and a P', 
aud tlien at once P". P" D' cuts off then the moment at the 
right support, and joining 1, 2 and 5, we find, according to Art. 
98 (2), precisely as in Fig. 63, the end tangents ; and then from 
these, with the first pole distance a, find the shear. This is 
given by the broken lines in third and fourth spans. Lay off 
these lines in first and second spans, remembering, since the 
shears at the supports alternate, that the positive shear at left 
of fourth span must be laid off as negative (down) at right end 
of first, etc. [See Fig. 63.] 

Now for the positive shears in first and second spans for the 
different methods of loading, we have only to determine the 
direction of the tangents through end of load [Fig. 64, Art. 
100]. The lengths of the segments cut off upon the verticals 
through the supports by these tangents are given for first and 
second spans by Figs. /" and ^, for each position of load. [Art 
100 (1).] 
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We have first, then, to construct the cross-lines [Art 100 (4)] 
as shown in Fig. d. 

Take first the second span. For this span, as shown in Fig. 
a^ the firat span is fully loaded, as also the last. Make, there- 
fore, e a-=Oi Pi, draw a D, and we tlius find the point D, com- 
mon to all the middle sides of the second equilibrium polygon 
for different positions of load. So also make on right 54 = 
Oi Pi and draw 4 D', and then, since third span is empty, D' F, 
and we thus have P. Now from D and P lay off the cross- 
line distances, as D a, D &, D c, equal to eaj eb, eCj etc. Draw 
lines through these points and D and P respectively, and note 
their points of intersection abed with the verticals through 
the supports. [Note. JSe careful to preserve an orderly flota- 
tion.'] These points give the moments for each position of 
load in second span. Take the length a a from Fig. e and lay 
it off from a on the right support vertical, and join the end 
with a on left. This is the tangent for full load in second 
span. A parallel to it at distance a from left gives the shear 
in Fig. b. Then lay oSb b taken from Fig. e on right, and join 
with b on left. This is tangent for load over three-fourths^ 
second span from right. A parallel to it at distance a from 
foot of perpendicular one-fourth of span from left cuts off 
shear for this position of load. So for tangents c Cjdd. We 
thus obtain the curve for positive shears in second span. The 
negative shears are obtained by subtracting these fix)m the 
shear alreadv found for full load. We thus ha^e the lower 
curve, and the shear diagram for second span is complete. 

For tii-st span, only the third is loaded. We lay off, then, 
78 equal to the distance between cross-lines corresponding, 
draw 8 Pi, and thus find Pi. Lay off now at left end ed^ec^ 
e by draw lines from these points through second support, and 
note intersections with vertical through D. Through each of 
these intersections draw a line through Pi, and produce to 
intersections abed with vertical through second support. It 
is from these last points that the distances aa,bb, etc., taken 
from Fig.y^ must be laid off respectively in order to find the 
tangents ea^ eb, ec, ed^ ee. 

Parallels to these tangents above in Fig. b give, as before, 
the positive shear for each position of load. The negative 
shear is, as before, found by subtracting the positive from total 
load shear. Thus shear diagram for fii*st span is complete. 



OHAP. ZL] OATJBINO MAXIMUM STRAINS. 161 

Of course, the same circumstances can hold good for third 
and fourth spans as for first and second, except that positive 
shears on one side of centre support are the corresponding 
negative shears upon the other, and vice versa. 

Following carefully the above with the aid of the Fig., the 
reader cannot fail to grasp the method. An independent con- 
struction for a similar case will make both principles and de- 
tails familiar. Once thoroughly understood, the method is 
rapid, accurate, simple, and of general application. 

1<I5« Determination of tbe Maximum Moments. — In 
like manner, it is easy, according to the general construction 
given in Art 97, and referring to Arts. 98 and 99, to determine 
the maximum moments. In Fig. 72, PI. 20, we have the same 
example as before, concerning which we have but little addi- 
tional to remark. Fig. 64, Art. 100, shows that the end tan- 
gents give the moments within^the unloaded portion of the 
girder. These tangents are constructed precisely as before in 
the several spans, except it will be noticed that in the first 
span we have made use of the construction given in Art. 97, 
Fig. 61. Thus the point F' is determined so that K F' = 

KF I J-) , and thus the moments are measured directly at the 

end vertical. Also upon the left support vertical we have laid 
off the distances between the cross-lines in the second span 

multiplied by (yl . 

The only thing new in the PI. is Fig. c, which, as we have 
seen in Art. 103, Fig. 70, gives the points at which the positive 
moment is a maximum for each position of load. The positive 
moments can then be taken directly off upon the verticals 
through these points, and are limited by the horizontal through 
the supports and the tangents, as above. 

Thus, at second support the vertical distance to a, for first 
span, gives the moment at the support. Lay it off in Fig. a- 
from the support line. For a load over } span, we see at once 
the point for which the positive moment is a maximum from 
Fig. c. Follow up the vertical through this point. The dis- 
tance on this vertical in Fig. J, between the support line and 
tangent b ^i, gives the moment to be laid off in Fig. a upon 
this vertical. So, for load over i span, we have next vertical 

and tangent cci, and so on. We thus obtain the curve for 
11 
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positive moments at the right end of first span, ahede. From 
e draw a line to left support. At the other supports, in like 
manner, we determine the positive moments, and join the 
points e e in second and third spans, and e and right support 
in fourth. 

We have already seen (Art. 103) that within the fixed points 
the moments are negative wherever a load may he placed. 
The maximum, therefore, occurs for full load. We have, there- 
fore, found for 3d and 4th spans the parabola for full load, 
pi'ecisely as in Fig. 63. These parabolas are given in broken 
lines in the Fig. a. By subtraction of the positive moments 
outside the fixed points from the positive moments at the same 
points for total load given by these parabolas, we ol)tain directly 
the lower curves as far as the points e in each span. 

The second parabola (partly full, partly broken) is all that is 
needed to complete our Fig. ■ To obtain this we have simply, 
in 2d and 3d spans, to make the vertical through centre of 
line e e equal to its length already laid off for total load, viz. ; 

J^X^j-i, Art. 98 (2), produce «^ to intersections with sup- 
port verticals, and join these intersections with the extremities 
of the first verticals above. We can then construct the para- 
bola, which completes our diagram, and gives us Fig. a, 

106. Practical slmpllflcatfons. — In practice, the construc- 
tions given in Figs. 63, 71 and 72, admit of many simplifica- 
tions, which, in order to avoid confusion at firet, have been dis- 
regarded. The whole solution, given for the sake of clearness 
in three separate Plates, can be performed upon a single sheet, 
since the Fig. for the second equilibrium polygon in Figs. 63, 
71 and 72 may. be combined in one. Indeed, the lines neces< 
sai'y for the construction of the maximum shearing forces can 
be applied directly to the determination of the maximum 
moments. It is therefore unnecessary to divide tlie construc- 
tion into separate sheets. 

2. The cross-lines in the end spans can be omitted, since 
all that is i*equired are the distances to be laid off upon the 
end verticals, and these when found can be laid off at once. 

3. We can apply the second equilibrium polygon directly 
in order to find the moments for the dead and moving load. 
Thus the transfening of ordinates from one Fig. to another is 
avoided. 
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4. It is evidently unnecessary to actually draw all the vari- 
ons lines. We need only to mark the different points of inter- 
Bection. 

5. The construction for dead and live loads can be per- 
formed at once, thus avoiding the necessity of a subsequent 
addition. 

107. Approximate Practical ConHructiont. — If the suc- 
cessive steps of the preceding development are carefully fol- 
lowed, the method will be found simple and easy of appli- 
cation. Indeed, the complete and accurate solution of tlie 
difficult problem of the continuous girder by a method purely 
graphical, is the most important extension of the system since 
the date of Culmann's treatise, and well illustrates the power 
and practical value of the Graphical Method. 

Humber gives the following constructions, " which may be 
relied upon for safety without extravagance." * As rapid 
means of obtaining approximate results, they may not be with- 
out value to the practical engineer, and we therefore append 
them here. It must be remembered that the constructions 
hold good ONLY for end spans ikree-fourilis tits length of tJie 
others, 

!• Beam of Uniform Slrengtli, contlnuoai over one 
Pier, formingr ti¥0 equal Spans, subject to a fixed Eioad 
uniformly distributed, and also to a nioTlng Load. 
Maximum Moments.* PI. 18, Fig. 78. 

The greatest moment at the pier (positive) will be when both 
spans are fully loaded. 

The greatest negative moment will obtain in the loaded span 
when the other span bears only the fixed load. 

(A moment is jpositive when the upper fibres or fianges are 
extended^ negative when the upper flange is compressed^ 

Construction, — Let A B O be the beam. On A B draw the 

parabola whose centre ordinate D E is (i? + m) ^, and on 

B C the parabola whose centre ordinate G F is --7--. 

At the pier B ei-ect the perpendicular B H = — — ^ ^ , 
and make B L = ^^ — - -, Join AH, A L, and L O. 



** '^Straixis in Girders, calculated by FormalaB and DlagramB.*^ Humber. 
New York : D. Van Nostrand, publisher. 
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Then the vertical distances between the parabolic arc A E B 
and the lines A H and A L, the greatest being taken, will give 
the maximnm mo\nQin\&— positive in the first case and negative 
in the last. The points of inflection approach as near the pier 
as K and recede as far as M. 

If =^ is leas than ^ , the beam must be latched 

down at the abutments. The load comes on from the left; 
p and m are the loads per unit of length of the permanent or 
fixed and the moving or live loads. 

Shearvng Forces (PI. 18, Fig. 74). — The maximum shearing 
force at either dbutmeTvt will obtain when its span only sus- 
tains the moving load. The maximum shear at the centre pier 
will obtain when both spans are fully loaded. 

I 
Construction. — ^Lay off A C = r^ (4 j> -f 5 m) and A D = 

o (i> + m). At B lay off B P = twice A D. Take a point 

M distant ^ I from A, and join D and F to M. Draw O N 
parallel to D M. Sketch in a curve similar to that dotted in 
the figure, giving an additional depth to the ordinates at the 

paint of minimum shear of m -. Then the vertical ordinates 

between AB and COPP may be considered to give the 
maximum shearing force for either span. 

II. Beam a« above— continuouf over three or more 
Piers, li = end spans. I = the other spans. 

Moments. 

The maximum moment (pc^itive) will obtain when only the 
two adjacent spans, and every alternate span from them, are 
simultaneously loaded with the total load — the remaining spans 
sustaining only the fixed load. 

The maximum moment at the centre of any span will obtain 
when it and the alternate spans from it are fully loaded — the 
remaining spans sustaining only the fixed load. 

Construction (PL 18, Fig. 75). — Let A B O be part of the 
beam. On B C draw the parabola whose centre ordinate £ F 

= - — —, and on A B the parabola whose centre ordi- 
nate D = (j> + "*) ^* . At B and make B H = L = 
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icf + ^). Join A H and L. Make B G = C S = ^. 

Join A O and S. Tlie maximum vertical ordinates between 
the two parabolas and the lines AH, AG, H L, and G S, as 
shown in the figure, give the maximum moments. 

The points I,K and O, P or M,N show the limits of devia- 
tion of the j?oint8 of vaflection. 

If ^^-g- IS leas than — ^^—^ , the beam will require to be 

hdd down at the abutments. 
If the beam be continuous for three spcms only, I in the 

expression for B H = - 1 -;^ 4- -^ I ni^t have a value given to 

11- 2 . 

SheaHng Forces. 

The maximum shear at any pier (B or C) will obtain simul- 
taneously with the maximum moment over that pier. 
Construction. — ^Pl. 18, Fig. 76. 
Let A B O be part of the beam. First, for any inner span as 

?-. AtBandOerectBG = OH=:(|^-f-?-|^^. MakeBD 

and C £ each = ~ (j7+m). Join D and E to midspan F, and 

draw G K and H K parallel to D F and F E respectively. 

Second, for either end span as l^ — . At B erect a perpen- 

2 7 3 

dicular = -~ (j?+^)j which, if Z^ = - ;, will coincide with B D. 

At Amake AIi = . B D. Join D and L to M distant - 1^ from A. 

2 3 

It S v b 

Make A O =^ (j?+m)— -=^,anddrawONparallel toLM. 

Sketch in curves as shown by the dotted curves in the figure, 

giving additional depth to the ordinates there of -^ and --- 

8 8 

respectively. Then the vertical distances between O ab'D and 
A B give the maximum shearing forces for either end span, and 
those between G c dH and B C, the shearing forces for the re- 
maining spans. 



166 METHODS OF LOADING [OHAP. ZI. 

If the beam be continuous for three spans only, B Gr and C H 
must be made equal to ^ — -^ — ^?i_ +__ |-^+-. j, where 

If = -~^. Further, the value given to B D for the inner span 

10§. Method by Resolatlon off Forces— Draur Spans.— 

The most usual cases of continuous girders which occur in prac- 
tice are draw or jpivot spanSy which when shut must be consid- 
ered as continuous girders of two spans. The graphical method 
becomes for such cases short and easy of application. In the 
ease of J^ramed structures of this character, it may, however, be 
more satisfactory to first find the maximum shearing forces 
(Art. 104), and then follow the reactions thus obtained through 
the structure from end to end by the method of Arts. 8-13. 
As a check upon the accuracy of the work, we may apply the 
" method of sections " referred to in Art. 14. In either case 
we must, of course, start from an end support where only two 
pieces intersect and the moment is zero. 

Still again, we may find the reactions by calculation, and 
then apply the method of Arts. 8-13. In the ease of two spans 
only, the formulae for the reactions are suflSciently simple, and 
the ready and accurate determination of the strains offers, there- 
fore, no diflSculty. 

We shall give here, therefore, the analytical formulas requi- 
site for our purpose, referring the reader to treatises upon the 
subject for their demonstration.* 

Formulae ffor Reaetlons. — Contimums Girder of two tMV- 
equal Spans, I and n I. 1st, Concentrated weight P, in first 
span Z, distant a from left end support. Eeaction at left end 
support : 

Beaction at middle support : 

* Bre89e — La Flexion et la Besistance^ and Gouvb de M&oanique AppUguSd, 
Wsyrauch — Tftaorieder Trdger, CoQignon — Theorie Elmnentiure dm Poubns 
DraUea^ etc. Also Sapplement to Chap. XIII. 
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Beaction at right support : 

2rf. Uniformly distribated load extending to a distance /8 
fix>in left support. Load per unit of length =p. 

s 



B = 



_ p d 



2n 



[(^ »+i) ri-B 



C - ^^ f- -4-— 1 

2w(l+?i) L 2Z 4Z3J' 



For two equal spans we have only to make ti = 1 in the 
above equations. For a uniform load over whole span fi = I. 

From the above formute we can find the reactions for any 
case, and then proceed as indicated above. 

109. By means of the graphical method, as we have now 
seen, we are enabled to solve completely the problem of the 
continuous girder, and that too without the aid of analytical 
foniiulse, tables, or tedious computation. The method can also 
be applied to continuous girders of variable Gross-section^ or of 
uniform strength. We shall not, however, proceed further 
with the development of the method in this direction. The 
preceding will, we think, be found to contain all that is practi- 
cally serviceable. For the application of the method to girders 
of variable cross-section, we refer the reader to WlnJcler — " Der 
Bruckevbau^^ Wien, 1873 — where will be found a thorough 
presentation of the subject, both analytically and graphically, 
to which we are greatly indebted in the preparation of the 
preceding pages. Plates 17, 19 and 20, are, with but few alter- 
ations, reproduced from that work. 



* These formulad are demonstrated in Van Nostran^a Eng, Mag., JuXj 
1875. 
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CHAPTEE XII. 

CONTINUOUB GIBDEB (CONTINUED) COMBINATION OF GBAPHIGAL 

AND ANALYTICAL METHODS. 

1 10. In the present chapter we shall develop a method for 
the solution of continuous girders not purely graphical, but 
based upon the method of resolution of forces illustrated in 
Arts. 8-13, together with well-known analytical results, which 
method for accuracy, simplicity, and ease of application will, 
we think, be found superior to any hitherto proposed. The 
method is, of course, applicable only to framed structures, but 
for such caseb is the most satisfactory of any with which we are 

acquainted. 

111. Tbe Inflection Points being known, the Shearing 
Forces and JHoments at the Supports can, by a simple 

construction, be easily determined. — 1^^. Loaded Span — 
Fig. 77, PI. 21. — Thus in the span B C = ^, let the distance of 
the weight P from the left support be a^ and let i and i' be the 
distances of the inflection points from B and O respectively. 
Then if through any point P of the weight we draw lines, as 
P D, P E, through i and i', intersecting the verticals at B and O 
in the points D and E, the vertical ordinates between these lines 
and B C wUL be proportional to the moments. For, as we see 
from the force polygon^ the equilibrium polygon must consist 
of two lines as D P, P E, parallel to O and O 1, and because 
of the moments at the ends, the closing line D E is shifted to 
B O (Art. 23). Since the moments at the points of inflection 
are zero^ the ordinates to P D and P E to pole distance H vnll 
give the Tnoments. Now the points of inflection being kno\^ni, 
and P D and P E drawn, we can easily find the pole distance 
H and the shearing forces L and 1 L by laying off P verti- 
cally, and drawing from its extremities lines parallel to P I> 
and P E intersecting in O. A perpendicular through O upon 
1 gives H and the reactions Ii and 1 L. In other words, 
we have simply to decompose P along P D and P E. 
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The conBtruction, then, is simply as follows : Take any point 
on the direction of P, and draw P D, P B through the points 
of inflection. Lay oflE P to the scale of force as A P, and draw 
A O parallel to PB or PD. We have thus the j>ole distance 
H, and the shearing forces P H and H A at B and C. 

B D or C B to the scale of distance, multiplied by H to tlie 
scale of force, give the moments at B and C. That is, D and 
£ may be regarded as the points of application for H. The 
forces along PD and PE considered as acting at these points 
are held in equilibrium by the reactions P H and H A = I* 
and IL and H. Since H, acting as indicated in the figure 
with the lever arm B D or OB, causes tension in the upper 
fibres, the moments at B and O are positive. 

M Unloaded Spanr—Fig, 78, PI. 21. 

As we have already seen in Art. 93, the inflection points in 
tlie unloaded spans are independent of the load^ and are found 
by the simple construction there given for the ^^ fixed points?^ 
Since each fixed point lies within the outer third of the span, 
we have in Fig. 78 the broken line ahc^ referred to in Art. 94, 
where the moments are alternately positive and negative, and 
increase from the end, so that anv one is more than twice the 
preceding. Lines drawn parallel to these lines in the force 
polygon, cut off from the force line the reactions at the sup- 
ports. Thus, in Fig. 78, ch m the force polygon gives the 
reaction' vt.i'Dy a h the reaction at 0, and if B were an end sup- 
port — ^that is, \i h a went through B — a H would be the re 
action at B. For the resultant shear at D, we should then have 
aH — aJ+-cS = Hc. So for any number of spans ; the in- 
flection points in the loaded span being known, we can easily 
find the faced or inflection points in the other spans, which are 
independent of the load, and depend only on the length of 
these spans. Then draw the broken line abcPd. Then find 
the pole dista^ice H by laying off c P = P to scale, and draw- 
ing c O parallel to c P, and through the point O thus deter- 
mined drawing H O. Then find the reactions at the other 
supports, or the shear at any support, by lines in the force 
polygon parallel to a by b <?, etc. Thus the shear at B is the 
distance H a cxxt off by H and O a parallel to ab. Since the 
Bhear at D is plus and alternates from D, we have at B the 
shear -h H a. The shear at O is — H J ; at D, -j- H (?, etc. O c 
being parallel to P c ; O a, to ba; O J, to cby etc. 
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119. Inflection Tertlcals, — Draw a line from P through 
the support D, and through its intersection with cb di*aw a 
vertical 3 (Fig. 78). This vertical we call the inflection ver- 
tical. 

The equation of the line ch is ^ 

where mi = D O, ti Z = O D, i = C i'. The origin being at D. 
For the line O, 

n 
where ii = D i^. 

If in this last equation we make a? = a, we have for the or* 

diuate at P, 

f/ii (ii — a) 

and hence for the line P D, 

TiX^ (i, — cH) 
y=. — ^; '-x. 

For the intersection of P D with h c then 

7w 1 mi{ii — a) 

— J ; X -f- W^i = ; X. 

Hence 

{i^ — a) {nl — i) — i^a * ' ' ' ^ ^ 

We see at once that the value of x is independerU of m^ or 
E O, hence the intersection of P D and c b li^ always in the 
same vertical^ whatever be the position of 'PC. In other words, 
if the three sides of a triangle pass always tlirough three fixed 
points (i^, D, ij), and two of the angles (P and c) be always in 
the same verticals, the third angle rnvst also ahjoays He in the 
same vertical. 

For the distance of the inflection vertical on the other side 
pf the loaded span (beyond £), we have similarly 

^^ i2h{l-a) 

(l — a){t^'{'i:;)'-iiii * * • • ^ ^ 

where I is the loaded span and i^ the distance of the inflection 
point to the right of £. 

Equations (1) and (2) give the distances of the infection ver- 
tioaZs from the supports D and E. 
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113. Beam fixed horizontally at botb ende— Supports 
ou level. — Consider the span D E (Fig. 78) Bsfoaed at the sup- 
ports so that the tangent to the deflection curves at D and E is 
always liorizontal. Conceive the span prolonged right and left 
beyond the supports a distance equal to the span I. It is re- 
quired to find the position of the inaction verticals. 

From equation (1) of the preceding Art. we have, since 
w = l, i = 0, 

__ iia I 

"" (ti — a) Z — ii a' 

and from equation (2), since iz = lj 

i^HJ^ — a) 



x = 



Kow for a beam fixed at the ends the distances of the points 
of inflection are 

a I - . I (I --a) 

Substituting these values in the equations above, we have 
flj = — - and a? = -f -. That is, the position of the inflection 
verticals is in this case independent of the load^ and dkoays 
equal to ^ from the supports.* 

This remarkable property of the beam fixed at botli ends 
enables us to find the inflection points by a construction similar 
to that for the flxed points in the unloaded spans, as given in 
Art, 86. 

Thus we have simply to draw from distant I from A (PI. 
21, Fig. 79) a line in any convenient direction, as O 5 intersect- 
ing the inflection vertical I, which is distant from A, ^ ly at a. 

Through a and the fixed end support A draw a line to inter- 
section with the weight P. Then draw P h. The intersection 
iy^ of this last line with A Bis the inflection point. A similar 
construction gives i^. 

We can now find the reactions and moments. Thus H O to 

* This important resalt, which rendexs possible a complete graphical solatioii 
of this oaBCy has^ so far as we are aware, never before been published. 
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the Bcale of force, multiplied by A i to the scale of distance, 
gives the moment at A, while H G is the reaction at A (Fig. 79). 
114. Beam fixed at both ends— Example. — Since when 
the points of inflection are once determined, we may draw P b 
or P c at any inclination (Fig. 79), provided we afterwards find 
the corresponding jpole distance HO; if A J or B c be made 
eqtMl to the height of the trvsa^ H O will he the strain in the 
ujpper or lower jlange at the wall (the flange in question being 
always that for which there is no diagonal at its union with the 
wall). Thus in PL 21, Fig. 80, we lay oflE D B = Z, draw the 

vertical I at r ' from D, and for the given position of the load 

P find the inflection point ^ by the preceding Art. A similar 
construction on the other side gives i^. Now laying off P M 
equal by scale to the weight P, and decomposing it along P D 
and P O, we find O H the pole distance which to the scale of 
force will give directly the strain in the lower fiange "BinKt 
the yiBWyp^^ovided VD is made to pass through the intersection 
of the upper jlange with the wall. If the triangulation were 
reversed, O H would be the strain in the upper jlange at the 
wall. In any case it is the strain in that flange a/t wJiose juno- 
tion with the wall there is no diagonal. 

The reaction at D is also H M, at O it is P H. Lay off then 
B B' in Fig. 80 {a) equal to P M, and make B A = H M and 
A B' = P H. Now draw m B parallel to O H and m A paral- 
lel to O M, and produce both lines to intersection at m. Then 
m B to scale of force is evidently the strain in the lower end 
jlange at the wall. We assume the following notation.* 

Let A represent all the space above the girder, B all the space 
below, and ah c d^ etc., the spaces within the girder included 
by the flanges and diagonals. Then, for instance, A & is the fii*st 
upper flange at the left, B a the first below ; a h the first diag- 
onal at the left, and so on. 

Now draw in Fig. 80 (a), m I and A I parallel to the corre- 
sponding lines in the frame, and we have at once the strains in 
these pieces to scale. Following round the triangle according 
to our rule (Arts. 8-13) from m to A, A to Z and Z to m, we 

* See an excellent little treatise on " EeonomUa of OonstmeUon in BeUUion 
to Framed StruotureSj^^ by B, H. Bow, to whom thifl method of notation ia 
doe. 
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find A I tension and I m tension. [The strains in the npper 
flanges must always be tension, since the moments at the sup- 
ports for loaded span are always positive.] Moreover, the Fig. 
thus far shows that Al^lm and m B are in equilibrium with 
the shear B A = H M, as evidently should be the case ; hence 
the strain in B m is oompressive. • 

We have thus the straius in the three pieces at the right, and 
can proceed f i-om these to find all the others. Thus the strains 
in S ^ and k I are in equUibrkmi with m I and B m. Lines 
parallel to B ^ and k l^ therefore, which close the polygon com- 
menced by B m and m Ij give us the strains in B £ and k I. 
Observe that the line I k crosses A B, thereby making B k op- 
posite in direction^ consequently in strain from B m. This may 
also be seen by following round the triangle mlkB^ remem- 
bering that, as 77» Hs always found to be in tension, it must act 
a^ay from the new apex, that is, from m to I, We thus find 
k lia compression, and k B acting away from this apex, or in 
tension^ therefore of opposite strain from the preceding flange 
B my which, as we have seen, is in compression. The reason is 
obvious. The inflection point ^ falls in the flange B k. If the 
beam were solidj the strain at i^ would be zero ; to the right of 
i^ we should have compression, to the left, tension. In the 
Jramed structure the strains can only change at the vertices. 
The crossing of A B by Z £ indicates such change, and B k gives 
its amount by scale. 

Now taking the upper apex, we have here A I and I kin 
equilibrium with k h and A A. As we already know, k li&in 
compression. "We must, therefore, now take it acting from k to 
I, and following round the triangle wo find A A compressionj 
and h k tension. From h on, the traverses between A h and 
B k produced towards the right [Fig. 80 (a)] will give the di- 
agonals, while the upper and lower flanges will be given by the 
distances to them from A and B respectively, until we arrive 
€U the weight P. Observe the influence of the weight. We 
have k h and B ^ in equilibrium with h g and g B, a^d also the 
weight P = B' B. We must take, therefore, A B' = P H, and 
then draw h g and B' g. Distances to the right of B' along 
V g are cx>mpressive lower flanges, to the left, tensile; while to 
the right of A we have compressive upper, and to the left of A 
tensile upper flanges. The two diagonals at the weight k h and 
A ^ are in tension. From h g on, the diagonals are alternately 
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tension and compression. Moreover, the diagonal e d passes 
through A, that is A ^ is zero. The weigM P causes no strain 
in A df and for this one position of P, A rf might be omitted 
from the structure. The reason ife again obvious. The point 
of inflection ii coincides with the apex under A d. Since at 
ii the moment of rupture is zero, if the flange A d were out 
there would be no tendency to motion. We have at ii the 
shearing force only, A B' giving the strains in the diagonal 
€ d and d c. The upper flange A J', we see again, is in tension^ 
which is also shown by its lying to the left of A. 

Thus we have the strains in every piece by a very simple 
construction for any position of P, without any calculation what- 
ever. The method in this case is purely graphical. We have 
only to find the points of inflection and then proceed as above. 

Fig. 80 (b) gives the strains for the same girder and position 
of weight P, merely supported at the ends. For this case P D 
in Fig. 80 not only passes through D, but P O also passes through 
the upper left-hand corner at O. Hence A B will be less than 
H M, and A B' greater than P H. Moi'eover, the end lower 
flanges B a and B m no longer act, and must be removed. 
Starting now with the reaction B' A [Fig. 80 (i)], we go along 
to the weight, from which point at A ^ we go back towards the 
force line, and the reactions are such that the last diagonal 
must pass exactly through B, just as in Fig. (<i) ed passed 
through A, because the points of inflection or zero moments are 
now at the ends C and D. A careful comparison and study of 
the two cases and their points of difference will be advanta- 
geous to the reader. 

115. Coanterbraelnff, — The objection may arise that the 
above method applies only to a system of bracing such as rep- 
resented in the Fig., where the diagonals take both compres- 
sive and tensile strains. In case, as in the Howe or Pratt Truss, 
for instance, we had vertical pieces as also two diagonals in 
each panel, then the sti*ain in any diagonal B&m I and flange as 
B m, even if found, are apparently in equilibrium with three 
pieces, viz., k 1,'B k and a vertical strut or tie at the intersec- 
tion of these pieces. Hence, having only two known strains 
and three to be detennined, the method would seem to fail, as 
any number of polygons may be constructed with sides par- 
allel to the forces, and hence the problem is indeterminate 
(Art. 9). 
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Now in any framed structure of the above kind, the counter 
ties are inserted to prevent the deforming action of the rolling 
load only. For the dead load but one system of triangulation 
is required, and the strains in every piece due to this dead load 
can therefore easilv be determined. 

We have then only to determine the strains in the aa/me pieces 
due to the rolling load also. If now in any diagonal the strain 
due to this rolling load exceeds the constant strain due to tlie 
dead load, and is of opposite character, and if the diagonal is 
to he 80 constructed as to take hut* one Jdnd of strain^ then a 
counter diagonal must be inserted in that panel, and propor- 
tioned to this excess of strain only. For instance, if a diagonal 
takes only the compressive strain (a condition which is easily 
secured in practice) due to the dead load, and the live load 
wovld cause in that diagonal a tensile strain, then the excess of 
this tensile strain over the constant compressive strain due to 
the dead load must be resisted by a counter diagonal, which 
also takes compressive str^ain only. The method is precisely 
the same as by calculation (see Stoney and other authors on 
the subject), and we only notice the point here, as in all our 
examples we have taken a single system of triangulation only — 
a system which, we may hei-e remark in passing, has many ad- 
vantages, and is worthy of more general attention * than it has 
hitherto obtained. 

[See also on this point Art. 10 of Appendix.] 

116. Beam fixed horizontally at one end^ supported at 
tlie otber— (Supports on Eievel. — In this case, equation (1), 
Art. 112, becomes for left end fixed, since n = l, 4 = 0, i = 0, 

ii a I 



(ii—a) l^ii a' 
But for this case the distance of the point of inflection from 



the fixed end is 



• _ (^ I— a) la , 
^ "" {2l-a)a+2P'^ 



* See ** A TreOtm on Brcumg,^ By B. H. Bow. B. Yam, l^tfrtrand, pub- 
lisher, 

f The valaes of the distance of the inflectioo points which we aasame above 
as known, may easily be deduced by the theory of elasticity. See Supplement 
to Chap. VTl., Arts. 16 and 19. See Wood, Strength of Materiais; Bresse, 
Mecaniqite AppUquh ; or other treatises on the subject. 
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Inserting this value of ii in the value for x above, we have 

I (2 l-a) 
5 Z— a 
for the distance of the inJUction vertical to the left of the left- 
hand support, which is supposed fixed. 

Now this is the equation of an hyperbola, as shovni in PI. 21, 
Fig. 81, whose vertex is at^, the distance A^^being 2 ?, whose 
assymptotes are respectively parallel and perpendicular to the 
span, the perpendicular distance of E above the span A B be- 

5 . 2 

ing - Z, and which intersects A B at - Z from A. The ordinate 
^ o 

d e^A-d being equal to ?, is - I. The diameter passes through 

E and f^ and E f is, therefore, the semi-transverse axis. The 
hyperbola can, therefore, be easily constructed. We need only 
to construct that portion between A B and the point e. 

The construction for the point of inflection i^ is, therefore, 
simply as follows : 

Lay off A A vertically upwards and equal to the distance of 
the weight P from A, and draw the horizontal A J to intersection 
b with the curve. Now make Aa=^l and draw ah to inter- 
section c. Draw 5 A to intersection P with weight, and then 
P G intersects A B at the point of inflection ij. Decomposing 
P along P B and P c, as in Art. 114, we have at once the re- 
actions at A and B. Here also we see that, by a construction 
purely graphic and abundantly exact, we can find the inflection 
point and the reactions. 

The method detailed in Art. 114 can then be applied to de- 
termine the various strains in the different pieces. It is un- 
necessary to give an example, as the process is precisely similar. 
We have simply in this case to start with the reaction at the 
free end B and follow it through. Observe only that, as this 
reaction must be lesa than for a girder with free ends for the 
same position of P, the point h will lie nea/rer the force line 
B' A B (Fig. 80, J), hence I m will not pass exactly throngh B, 
but will lie to the right of it, giving thus a reversal of strain in 
the flanges, as by reason of the inflection point should be the 
case. 

Instead of constructing tho hyperbola, we may calculate its 
ordinates from the equation for x above, for different values 
of a. 
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Thus, for 

ar=o a=il a=il a=il a=l 

x=z-.OAl aj= -0.388 Z a?= -0.375 Z «- -0.357 Z «= -0.333 Z 

This will be sufficient to construct the curve in any given 
case. The inflection vertical moves, therefore, between the 
narrow limits of a5 = f Z and a = ^ Z, or within y^th of the span, 
as the load passes from A to B. 

Inasmuch as all that is needed for the determination of the 
strains in the various pieces are the reactions at the supports^ 
and (for girder fixed at both ends) the moments at the suppoiiB 
also, and as the formulae for the two cases above are very sim- 
ple, we may determine these quantities at once by interpolation 
of the given distance of the weight P in the formulsB, and then 
apply the graphical method for the strains, as illustrated in 
Art. 114. 

Thus, for a horizontal heaTn fixed at hoth ends, we have for 
the moment at the left support A, 

At the right support B, 

Mb = -^ (« - a). 
For the reaction at the left, 

R^ = ?(P-.3a»Z+2a«). 
For the reaction at the right, 

R3 = ?(3a^Z-2a»). 

In the case of a horizontal beam fixed at left end and merely 
'^ting upon the right support, we have 

M^ = ^f3a«Z-2a?-a?), M3 = 0, 

a being always the distance of the weight P from the loft. 
These formulee are simple, and easily applied to any case. 

We may also observe that in Figs. 79 and 81 the ordi nates to 
the lines P J, P t?, and P c, P B, from A B, s^re proportional to 
the moments (Art. 110). These ordinates to the scale of dis- 
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tance, mnltip ied by the pole distance to scale of force, give the 
moments at any point. Onr construction, therefore, gives the 
moments also at every point, and we may thus check the re- 
sults obtained by Art. 114 by the results obtained by the 
method of moments. 

117. Approximate Constriirtfoii. — It will be readily seen 
that the portion of the hyperbola in Fig. 81, PI. 21, needed for 
our construction, is nearly straight. In most cases it will be 
practically exact enough to lay off f Z to the left of A, and \ I 
also to the left of A at a vertical distance equal to Z, and join 
the two points thus obtained by a straight line. This line can 
be taken instead of the curve, and the construction is then the 
same as above. The error due to thus considering the curve 
as a straight line is greatest for a weight in the middle of the 
span, where it does not exceed rJifth of the span for the posi- 
tion of the inflection vertical^ and diminishes from the centre 
both ways. 

11§. Olrder contlnnons over three htewel Sapportft— 
Draw Spans. — This case is perhaps of the most frequent 
practical occurrence, and an accurate and simple method of 
solution is therefore very desirable. 

In the first place, the formulae for the reactions are very 
fiimple and easy of application. Thus, for left end support A, 
the load being in the second span^ or to the right of the middle 
support B, 

RA = j|(3a';-2a?-a»); 
for the reaction at middle support, 

for reaction at right end O, 

P 

R^ = — (2 flj ? -f- 3 a«Z - a») ; 

where a is always the distance of the weight P from the mid- 
dle support.* We are therefore already in a position to solve 
completely the case under consideration. We have only to 

* As already remarked, the development of the f ormulsB assumed in this 
chapter must be sought for in special treatises on the subject. We assume 
them as known, and then apply them graphically as above. 

See also Supplement to Chap. XIII. 
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find the reactions and follow them through by the method of 

Art. 114. 

From the above reac^tions we can, however, easily determine 
the distance of the inflection point. This will, of couree, be 
found only in tlie loaded span, at a distance from the middle 

support. 

__ la{^l-a) __ . 

We can find the values of x corresponding to different values 
of a, and thus plot the curve for the inflection points. Thus, 
for 

aj = x = if^l x = ^l x = \}l x = ^l. 

This curve being drawn for any particular case, we can 
easily find the position of the inflection point for any given 
value of a, and hence the reactions, and then find the strains in 
the various pieces. 

Thus, in PI. 21, Fig. 82, the curve Bed being drawn, we 
can at once find the inflection point i for any position a of 
the weight P. We have simply to make Bb = a and draw b e. 
be i& the distance of the point of inflection from B. We can 
now, as explained above, draw any line as P i, and then P C 
and A A. The ordinates to the broken line A A P O from A 0, 
to the scale of distance, multiplied by the pole distance H to 
scale of force, will give the moments at any point. Moreover, 
H E is the shear at B. E a is the reaction at B,Ha tlie re- 
action at A, and H P the reaction at C. The reactions at B 
and C are, of course, positive or upwards, that at A negative 
or downwards. Hence Ea — Ha-fHP = P, as should be. 

The value of x for the inflection vertical is by Art. 112 

_ i al 

{z — a) l — t a 

or, substituting the value of i above, 

a I {2 I -a) 



flj = — 



2P-b6al-2a^' 

Since, therefore, in this case the value of x is no simpler than 
that for i given above, it will be preferable to plot the first 
curve directly as represented in Fig. 82. 
119. Approximate Conttractlon. — In practice it will be 
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found abundantly accurate to assume the curve for i between 
the required limits, as a jparabola whose equation is * = « = 

f, . — -. The greatest error for a = r will then be about 
of the span, and decreases both ways to a = o and a = -. 



100 ^ ' ' 2 

From (1 = ^ to a = l the parabola coincides closely with the 

3 1 

true curve. The difference for a = -liB only -— ly and we 

have, therefore, a very simple practical construction for both 
reactions and moments. We have only (Fig. 82) to erect a 
vertical at the centre support B and make it equal to Z, and 
then construct a parabola passing through B whose ordinate 

od = -I. The horizontal ordinates to this parabola for any 

vertical value of a^ give tlie distance out from B of the inflection 
points. For the load in first span A B, of course this parabola 
lies on the other side of B c, and b eiR laid off to the left. The 
remainder of the construction is as in Art. 118 for the reactions 
and moments. When great accuracy is required, we can find 
the reactions from tliQ. equations of Art. 118. In any case, the 
reactions being given, we can follow them through the structure 
by the method of Art. 114, and thus determine the strains in 
every piece due to every position of each apex load. A tabu- 
lation of these strains will then give by inspection the maximum 
sti-ain in any piece due to the live load. All the weights taken 
as acting simultaneously will then give the strains due to uni- 
form total live load. The strains due to dead load will be 
multiples or sub-multiples of these. Thus if total live load 
causes, say, 100 tons compression in a certain piece, and if the 

3 3 

dead load is - of the live load, then we shall have - of 100 = 

150 tons compression in the same piece dice to the dead load 
alone. If now the live load causes a maximum tension in the 
game piece of 200 tons, then the piece must be made to resist 
both tensile strain of 200 — 150 = 50 tons and compressive 
strain of 150 -f- 100 = 250 tons. If a diagonal, the counter tic 
is strained 50 tons, while the maximum strain on the diagonal 
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is 250 tons compression. It is only necessary, therefore, to find 
the stFaius due to each weight of the live load. From the 
tabulation we can, then, by means of the ratio of the dead to 
live load, find the strains due to dead load alone, and then by 
a comparison of the two find the maximum compressive and 
tensile strains. If the maximum strains due to live load are of 
opposite kind, but less than the constant strains due to dead 
load, we shall need no counterbracing. The resultant strains 
will then always be of the character given by the dead load. 
If greater, we must counterbrace accordingly. The process is 
the same as by the methods of calculation, and the reader may 
refer to Stoney — Theory of Strains — for illustrations. 

130. The *^ Tipper,'' or Pivot l>ra w, with secondary cen- 
tral Span. — We have said that a pivot draw may be considered 
as a beam continuous over three supports. In practical con 
Btruction this statement needs some modifications which deserve 
special notice. Thus practically that portion of the beam over 
the central support forms a sJwrt seconda/ry span D D [Fig. 83, 
PL 22] the reactions at the suppoi-ts D and D being always 
equal and of tlie same character. If a weight acts, say, on the 
first span A B, and the beam itself is considered without weight, 
the end O must be held down, that is, the reaction there is neg- 
ative. Now as the weight P deflects the span A B (Fig. 83), it 
causes one secondary support D to sink, and the other to rise 
an equal amount. In practice D and D may be the extremities 
of the turn-table, and the reactions are then evidently different 
from those given by the formulsB of Art. 118. 

If in this case we take a as the distance of the weight P from 
the left support A, the reaction for load in A B will be given 
by the following formulse : 

Where the ratio -^ z= Jc^a being the distance of the weight P 

V 

from the left support A (for load in the span A D), I = span, 
A D = D C, and n 1=^ span D D, and where the constant 
(i + 8 n -\- 3 n^ is put for convenience = H, then 



Ra = 



2H 



I 2 H - (10 + 15 n + 3 »») ;S! + (2 + n) ;£• I 
^1 (6 + 9 n + 3 «*) * - (2 + «) iP I 



* See Supplement to Chap. Xin., Art 8. 
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«•=/ 



y (2 + n) 48- (2 4-3 71 + 3 n^^ I 



These reactions, it will be observed, when added together 
R^ 4- 2 Rj) + Re are equal to P, as should be the case. 

By the application of these formulae, which are for any par- 
ticular case by no means intricate, we can find the reactions at 
A and G as also at D or D ; and then starting, say, from A, can 
follow the reaction there through the frame by the method of 
Art. 114. A negative reaction indicates that the support tends 
to rise, and unless more than counterbalanced by the positive 
reaction due to uniform load, the end where this negative reac- 
tion occurs must be latched down. 

131. Supports in Pivot Span are not on a level— Reae- 
tions for live load, hourever, are the same as for level sup- 
ports. — The three supports of a pivot span should not be on a 
level. It is evident that if this were the case, the firet time the 
draw is opened the two cantilevei-s deflect and it would be difS- 
cult to shut it again. The centre support should therefore be 
raised until the reactions at the end supports are zero, that is, 
until ihGy just hear. The centre support is then raised by an 
amount equal to the deflection of the beam when open, due to 
the dead load. Even when shut, then, there are no reactions at 
the end supports except when the moving load comes on. Now 
this being the condition of things, it maj^ seem strange to assert 
that these reactions ^t^ precisely the same as for three level s-up- 
ports, and yet such is the fact. If the beam originally straight 
were held down at the lower ends by negative reactions, then 
the reactions would have to be investigated for supports out of 
level, and a load would diminish these negative reactions, or 
might even cause them to become positive. But such is not 
the state of things. The end reactions are in the beginning 
zero, and any load gives, therefore, at onc^ positive reaction at 
its end support. This positive reaction is just what it wotda 
be for the same bea/m over three level suppm'ts. 

An analytical discussion of the case would be out of place 
here, but assuming the expression to which such a discussion 
would lead us, we may show that this is so. 

Thus, for a beam over three supports A, B, and O, not on a 
level, Cx being the distance of A below B, and c% the distance 
of C below B, the modulus of elasticity being E and the mo- 
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ment of inertia I, we have for the moment at the centre sup- 
port B due to any number of weights in both spans, 

4M,;=~I "^"^^ leEI- j2:Pa(Z-a)tZ + a) 

a being always measured from the left support. 

Now in this expression the last two terms are precisely the 
same as for supports on a level ; the influence of the different 
levels is contained in the'first term on the right only. Now by 
the supposition, Ci and c^ must be taken equal to the deflection 
due to the dead load^ and the value of this term will therefore 
be entirely independent of the live load, which enters only in 
tlie last two terms. 

A particular case may perhaps render this plainer. If a 
gii"der of two equal spans over tliree level supports is uni- 
formly loaded, the reaction at an end support is, as is well 
known, |tlis of the load on one span. 

Now let us take the girder over three supports not on a level, 
and from our formula above find the reaction at one end due 
to uniform load when Ci and C2 have the proper values given 
to them. Fii'st the dead load j> I over each spaii causes a de- 

flection at each end of the two cantilevers = J ^^-t This, 

then, is the value for Cx and C2 in the formula. Now let us 
take an additional moving load oi ml over the whole beam, 
and with this value of (?i, 0^ find the reaction. We have from 
onr formula 

or Mb = — \p ? — \mJ?. 

Now we have by moments, 

Ra X Z - (i> + m) ^ = + Mb; 
hence, inserting the value of Mb above, 

^ i 

* Theorie der Trager: Weyraach. Also Supplement to Chap. XIII., Art. 3. 
I Supplement to Chap. VII., Art. 13. 
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That is, the reaction at A is dae to the moying load alone, 
as evidently should be the case, and is, moreover,^W^ ^hat it 
»houid he for a gi/rder with level supports; viz., iml. (See 
also Appendix, Art. 18, Ex. 5.) 

The raising of the centre support, then, will not affect our 
construction for the reactions as given in Figs. 81 and 82, pro- 
vided there are only three supports. 

We have deemed it well thus to call special attention to tJie 
considerations of the last two articles, both on account of their 
practical importance atid because they are not brought out 
clearly, nor indeed, so far as we are aware, even alluded to in 
any treatise upon the subject* 

199. Beam continuoat over four £ie¥el Sopportt. — We 
thus see that a draw or pivot span is more properly considered 
as a beam of three spans instead of two, of which the centre 
span is very small compared to tlie end spans ; it may be only 
two or three panels long. Moreover, we must often in practice 
consider the beam as a ^^ tipper,'' and therefore apply the formula 
for reactions of Art. 120. If, however, by reason of the method 
of construction, as often happens, for instance, by the under 
portion of the beam coming in contact with the frame below, 
this tipping of D D (Fig. 83) is confined between certain limits, 
beyond which the supports must be considered ,/Ea?^, it will be 
necessary to find the reactions as for a beam over four Jixed 
supports, and determine the con*espondiug strains in this case 
also. 

Comparing, then, the strains obtained each way, we take only 
the maximum strains from each. 

The formulae for the reactions at ike fixed supports A B C iD 
are as follows (PL 22, Fig. 84) : 

Ist. Load P in left end span A B at a distance a from lef ti 
support A, the end spans being n I and the centre span B C=2. 

We put A = -^ and H = 3 + 8 71 -f 4 n*. Then 

no 

R^=g| H-(H+27i+2n»)*+(2n-i-27i«)*» I 



* GlemeiiB Hdrschel, in his treatiBe upon *' Gontinnotu, Bevolving Draw- 
taridgw" (Little, Brown & Co., Boston, 1875), notioes this fftot for the first 
time. 
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P 



^ — i 



I (3-|-10n+9n»+2»»)*-(2n + 5n*+2n^*» I 



Ro=^j -(n+3n^i-2n*)k+{n + 3n^'\'2n^i? I 



I nk^nJf I 



R^== I nk—nTf 



These reactions add np, as tliey should, equal to P. 

In practical cases of pivot spans, we have only to consider the 
the outer spans ; as a load in the middle span B C = Z rests 
directly npon the turn-table. The above formulse are then all 
we need. For a load in the right end span the same fornml® 
hold good, only remembering to put now R^ in place of R^^ 
Rq in place of R^, Rb in place of R^, and R^^ in place of Ri>. 

If, however, neglecting the particular case of pivot spans, we 
suppose the middle span B C = Z loaded, we have — a being 

now the distance of P from B, and h being now -^ instead 

of — ^ as above, H remaining the same. 
M. Load in B 0. 

R^=^| -(3+4/1) A+6 (71 + 1) *^-(3 + 2n) T& I 

R3=^ I 7iH+(3+4n~6n*-472-«) *-(6+15/i+67i^**+H If I 

R^=^| (27i+B72.2+47i.«) >!j+(3+97i+6n«) A'-H jfe» I 

Ro=^| -271 *-3 *»+(3 + 27i) 1& I 

These reactions should also add up to P, as is the case. The 
nnmber n may be taken at pleasure, so that the end spans may 
be as much larger or less than the centre spans as is desired. 

H, P and the quantities in the parentheses, it will be observed, 
are for any given case, constants which may be determined and 
inserted once for all. 

We have, then, only to insert the values of h for different 
positions of the load P. Thus the equations for any particular 
''.ase are very simple and easy of application. 
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133, Construction. — ^We may, if desired, apply our method 
of construction to the determination of the reactions. Thus 
from the above reactions we may easily determine general ex- 
pressions for the inflection points. For the case of a load in 
C D = 71 Z (PI. 22, Fig. 85), we have, when i is the distance of 
the inflection point from O, 

-Rj, X (7iZ-«) + P(a-t) = 0; 
whence * = — ^ — = — . 

For the inflection point distant i from B in the unloaded 
span, 

B.^{nl ^ i) —B^i— Q\ 

hence i = p ^ . 

For the second case of load in B = i, we have for the in- 
flection point between B and P 

— R^ (7i l+i) + B^ i = 0, or 

Rg— R/ 

For the point between P and C 

— Rd {n Z+i)+Ro i = 0, or 

. Rd ^ ^ 

^"-^ 

The insertion of the proper values of the reactions for each 
case, as given above, will easily give general expressions for the 
inflection points, which the reader may, if desired, deduce for 
himself. 

Our construction is, then, as follows [PI. 22, Fig. 84] : 

\8t Case, Load in C D. 

Having found ii, draw a line at any inclination, ^AC^d through 
ii, intersecting P at d^ and the vertical through C at Ox, Then 
lay off B i and draw dD, Cib and b A. 

Make e? c = P by scale, and o D drawn parallel to Oid then 
gives the pole distance H. The ordinates, then, to the broken 
line Ai Cid'D taken to scale of distance, multiplied by H to 
scale of force, give the moments at every point. Moreover, H d 
is the reaction at D. Draw D b parallel to Ci J, then c J is the 
reaction at G. In like manner ab is the reaction at B, and H a 
the reaction at A. The moment at C, and reactions at G and 
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Dj v^TB positive. Reaction and moment at B negative / reaction 
at A positive ; as a little consideration of what the curve of the 
deflected beam must be, will show. The shear 2X C is, tliere- 
fore, +H a — ah -{- b c= +H(j. The shear at B is — H h or 
-\-'R a—ah^ and so on. The shear being always given by the 
segment between H and lines parallel to A 5, 5 6*1, c^ d and d D. 

2d Case,—Y\. 22, Fig. 85.— Load in B C. 

Having found the distance B i^ from the equation for this dis- 
tance of the point of inflection above, we lay off B Ci = B i^ 
and thus draw c^ E at an angle of 45**. Finding then the value 
of O ig from its equation above, we can draw E c^ and then 
c% D and c^ A. The construction is then the same as before. 
Thus H is the pole distance, H c the negative reaction at D, 
H b the negative reaction at A, and c^ d, E the positive re- 
actions at B and C. The shea/r at B is H Cy, etc. Thus the outer 
forces are completely known for a weight at auy point. It will, 
however, in general, in practice, be found more satisfactory to 
use the formulse for the reactions which we have given than to 
find these reactions by the above construction. 

We shall now illustrate the preceding principles by an exam- 
ple taken from actual practice. 

I'i4. Draw Span— Example. — In PI. 22, Fig. 86, we have 
given to a scale of 20 ft. to an inch the elevation of one of the 
trusses of the pivot di'aw over the Quinnipiac fliver at Fair 
Haven, Conn.* 

length of span A B = 89.88 ft. B = 21.666 ft., divided 
into seven panels of 12.84 ft. and two of 10.833 ft. respectively. 

Height at B and O, 16 ft. ; at A and D, 12.1 ft. Diagonal 
bracing as shown in Fig. Line load 9 tons per panel. 

In this case n = ' or n =:= 0.24106, hence the equations 

o9.oo 

of Art. 120 become 

A = P (l-1.1298 ?+0.1836 ^\ 

B = O = P (o.6836 |-0.1836 ^\ 

* Designed and erected by Clemens Herschel, C.E., and probably the only 
Btnicture of the kind in this country for which the strains have been accu- 
rately and thoroughly determined. For the above data I am indebted to M. 
H enimon, assistant engineer in charge. 
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D = -P (0.2374 j-0.1836 ^y 

/» 1 9 Q A 

Now J is -, ;-, -, -ths, etc., according to the position of the 

_3 -I Q QY 

weight at 1st, 2d, 3d apex from end. So also -^ is 



? 343' 343' 343, 
etc. The above equations for the reactions, then, may be 

written A = P (1-0.1614 h + 0.000535 J«), 

B = O = P (0.09766 J-0.000535 5^), 
D = -P (0.03391 J-0.000535 &»), 

where h has the values 1, 2, 3, 4, etc., for Pi, P^, Pg, P4. 

Thus, if we wish the reactions due to a weight P4 of 9 tons at 
the fourth apex, as shown in Fig., we have only to make P = 9 
and J = 4, and we find at once A = 3.498 tons, B = C = 
3.207 tons, D = —0.912 tons. The sum of all these reactions 
exactly equals P, as should be. 

The middle supports are supposed raised by an amount equal 
to the end deflections of the open draw, therefore the strains 
due to dead load are easily found, as in the " braced semi-arch,'* 
Art. 9. 

The reactions due to live load, according to Art. 121, will not 
be affected by this raising of the supix)rt8. 

To find the strahis due to P4, we drjiw the force line E2 P 
[Fig. 86 (a)] by laying off P4 = 9 tons down from P to Pj, then 
Pi Eg downwards equal to the negative reac/tion at D, viz., 
—0.912 tons. Then from Bj lay off upwards Eg Bi = U> positive 
reaction at =: +3.207 tons. Then Ej E = reaction at B = 
+ 3.207 tons, and finally E P equal to reaction at A = +3.498 
tons, which should bring us back exactly to point of beginning 
P, since the reactions and the weight P must be in equilibrium. 
IJV^ote. — ^When we wish to begin at the left end of the f i*ame, 
it is best, as in this case, to lay off the reactions in order, com- 
mencing at the riff/U."] We have taken the scale of force 4 
tons per inch. 

The weight P4 acts upon the triangulation drawn full in the 
figure. Using now the notation of Art. 114, and representing 
all the space aiove the truss by E, all lelow by P, we have at 
A the reaction E P [Fig. 86 (a)] in equilibrium with E 1 and 
P 1, and drawing parallels to these lines from E and P, we find 
the strain in P 1 = 3.54 tons tension, and E 1 = 5.1 compression^ 
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So we go through the truss and find the strains in every 
piece. Heavy lines in the strain diagram denote compression. 
We see at once that for this position of the weight, M the 
upper flanges in span A B are compressed, the last lower flange 
P 7 is als<; compressed, and all the other lower flanges are in 
tension. At the point of application of the weiglit P4, the two 
diagonals 3 4 and 4 5 are in tension, and either side they alter- 
nate in strain as far as C or diagonal 8 9. Diagonals 8 9 and 9 10 
are both tension, and then the strains alte]*nate to support D. 
All the upper flanges of the right half are tension and increase 
towards the middle. All the lower are compression and like- 
wise increase towards the middle. 

If we go through the whole truss from A to D, the last diago- 
nal 15,16 should evidently pass exactly through £3, thus check- 
ing the accuracy of the construction. The diagonal 6 7 crosses 
the force line, thus causing the strain in the lower flange to 
change from tension in F^ 5 to compression in Fi 7. The point 
of inflection, therefore, falls to the right of diagonal 5 6. 

The reaction at B diminishes greatly the strain which would 
otherwise take effect in 7 8 and E 8 ; while the reaction at O 
reverses the strain which would otherwise take effect in 9 10 
and diminishes i3 10. We recommend the reader U^ follow 
through carefully the strain diagram. Fig. 86 (a). 

A series of figures similar to Fig. 86 {a) (in the present case 
seven separate figures) will give completely the strains due to 
the rolling load. A table may then be drawn up containing 
the strains due to dead load^ and the maximum strains due to 
live load in every piece, and the total maximum tension and 
compression in every piece may then be found. [^Com^are 
Art, 12, Ftg. 7.] 

For the supports ^<9g?, instead of B and O tipping, the pro- 
cess is precisely similar, except that we have to make use of 
the formulte of Art. 122. The reaction at A will then be 
somewhat less than in the present case ; the inflection point is 
therefore ioxmA further from the right support B; it may be 
even to the Uft of diagonal 5 6, in which case (see Fig. 86, a) 
we should have tension in upper flange E 6. The reaction at 
B would then be still positive, but greater than E E^, while O 
would be negative and no longer equal to B, and D would be 
positive. We should thus have 7 8 tension and E 8 tension ; 
F 7, as before, compression, 8 9 compression, and 9 10 com- 
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pression, and B 10 compreBsion ; while F 9 would be tension. 
From 9 10 to the right the dijigonals would alternate in strain, 
the compressed upper flanges, as also the tensile lower flanges, 
would diminish towards D, and the last diagonal should pass 
exactly through new position of F2, thus closing the strain 
diagram and checking the work. The reader will do well to 
construct the diagram. 

The strains should be found for hoth cases, and the maximum 
strains taken from each, which, compared with the permanent 
strains due to the dead load, will give the total maximum 
strains. 

We have taken for convenience of size too small a scale for 
the frame to ensure good results. With a large and accurately 
constructed frame diagram^ dealing as we do with only single 
weights, and consequently small strains, the above force scale 
of 4 tons per inch would give very accurate results. 

If the strains due to uniform load (no end reactions) are 
found by addition of the strains for each apex load diagramed 
separately, the same scale may be employed ; but if all the 
loads are taken as acting together (Fig. 5, i), a smaller scale 
for strains will have to be adopted, as \ki^ force line will other- 
wise be too long. [See Art. 16 of Appendix for the method of 
calculation.] 

135. Method of passing direct IVoni one Span to next. 

— By inspection of Fig. 86 we see that we might find the strauis 
in tJbe intermediate span B O without fii-st going through the 
whole of A B or CD. Thus, if we knew the inoinent at B, 
this moment, divided by depth of truss at B, would give the 
strain in flange F 7 for the system of triangulation indicated 
by the full lines. \i. then we knew also the shear at B = 
P — A — B = El Fi (Fig. %% a), we could at once lay o£F F^ 7 
and Ej Fj (Fig. 86, a), and then proceed to find E 8 and 7 8, 
just as before. In the same way the moment at C, divided by 
height of truss at C, would give us strain in F 9, and with 
shear at C = P — A — B — C = Eg F^ = D, we could find E 10 
and 9 10, as before. As we know already, a load anywhere 
upon a heam causes positive moments at a fixed end — i.a., 
makes upper flange over support tension and lower flange coTn- 
pression. But as we see from the last case, owing to the tri- 
angulation, the last upper flange may also be compression (see 
6 in Fig. 86) if the inflection point lies between diagonal 5 6 
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and the support. The known moment gives, then, the charac- 
ter of the strain only for that flange which does not meet a 
diagonal at the swppoH. The moment at B, therefore, being 
positive, gives ns (X)mpre88ion here in lower flange, because, for 
the system of triangulation corresponding to the weight, that 
flange does not meet a diagonal at B. For a weight upon the 
other system of triangulation (dotted in Fig.), the same moment 
ivoald give us the tension in B 7. The construction assumes 
equilibrium between P 7, 7 8, and E 8, and the shear at B ; 
that is, between the pieces cut by an ideal section to the right 
of B through the truss and the shear at that section. That this 
is so is shown by the strain diagram, since there we see that the 
strains in these pieces form a closed polygon with the shear at 
B = El Pi. This must evidently be so if these are the only 
pieces cut by such a section, since then the horizontal com- 
ponents of the strains in these pieces must balance, and the 
resultant vertical compcment must be equal and opposite to the 
shear. 

It is important to know which side of Ei Pi to lay off Pi 7, 
since, if we had laid it off in this case to the right, we would 
have obtained a very different value for Ei 8. For this pur- 
pose we have only to suppose the strain in the flange (either 
upper or lower, as the case may be) to be applied at the point 
of junction or apex of the otlier two pieces, and then lay it off 
in the direction with reference to that apex corresponding to 
the known character of its strain. The direction of the shear 
is always known from the reactions. 

Thus in our Fig. the shear between B and O acts down from 
El to Pi, because P4, which also acts down, is greater than the 
sum of the upward reactions at A and B. The strain in P 7 
is also known to be compressive, and therefore, in following 
round the strain polygon commencing from Ei to Pi, it must 
act towards apex at 7. We must, therefore, lay it off to the 
left of El Pi. In similar manner, for the other triangulation, 
the strain in flange B 7 is, in span B C, in equilibrium with 7 8 
(dotted diagonal) and P 8 and sliear Ei P^ and is, moreover, 
known to be tension. Consider it acting then at B ; and then, 
since it is tension, we go round the polygon from Ej to Pi, and 
then to the right of Ei P^ or away from B, the point at which 
it is supposed to act. 

"Now for the case of the " tipper : " the reaction at D, and 
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therefore the moment at C, is also positive. The lower flange 
F 9 is therefore compression, or for the dotted system of triau- 
gulation E 9 is tension. The shear to the left of C, Hi Fi acts 
dotofij since — P + A + B=— EiFf Consider F 9 acting at 
apex 9, and then, since it is compression, it must ac^t towards 9 
(from right to left), and passing down then from £«| to F^, we 
must lay off F 9 to the left of Bj Fj. For similar reasons, for 
the other system, E 9 must be laid ofiF to the right. 

For Jlooed supports B and O, the moments alternate from B, 
and the moment at C is therefore negative — that is, gives com- 
pression above and tension below. Flange F 9, for the system 
of triangulation of P, would then be tension instead of com- 
pression, as above ; P will, however, still be greater than A -h B^ 
and hence the shear is to be laid off downy and F 9 must be 
laid off to the right. 

If, then, it were required to find the strains in the span B C, 
preceded and followed, it may be, by many others, it is suffi- 
cient to know the moment and shear at one support. We can 
then commence and continiie the strain diagram, without being 
obliged to go off to a distant free end and trace all the strains 
through till we arrive at the span in question. 

IM. Method off procedure for any number of Spans. — 
The general method of procedure which we advise, is then a« 
follows. Let us take any number of spans, say seiien [PI. 22, 
Fig. 87], and let it be required to find the maximum strains in 
the span D E. It is not, as we have just seen, necessary to com- 
mence at the extreme end A or H, and follow the reaction there 
through, from span to span, till we arrive at B. As we have 
seen from the preceding Art., we may start directly from D, 
provided we know the moment and shear there. Now, since a 
load in any span Gs,\i^e& positvoe moments and reactions at the 
two ends of that span, and since either way from these ends the 
moments and shear at the other supports altemate in character 
[Art. 102], any and all loads in A B cause positive moments 
and reactions at D. So also for loads in O D and in F O. 
Loads in B C, E F and 6 H, on the other hand, cause nega4!ive 
moments and reactions at D. [See Fig. 87.] 

To find the maximum positive moment and shear at D due 
to the other spans, we must then suppose the method of 
loading shown in Fig. 87 {a). For the maximum negative 
moment and shear at D, we have the system of loading shown 
in Fig. 87 (J). 
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Now these two moments and shears being once known, we 
can find by diagram and tabulate the respective strains in every 
piece of the span D B. Thus dividing the moment at D for 
either case by the height of truss, we have at once the strain in 
either upper or lower flange at D depending upon the system 
of triangulation as explained in Art. 125. With this strain and 
the shear at D properly laid off to scale, we can commence the 
strain diagram precisely as though we had traced all the loads 
through fix)m the extreme end A or H to D or B. 

We must next find and tabulate the strains in D B due 
to each apex load in the span itself, and for this we must 
know to begin with the moments and shears for each separate 
load. 

[Note. — Distinguish carefully between shear and reaction 9X 
a support. The shear at D, or at a point just to right of D, is 
the algebraic sum of all the reactions and weights between that 
point and A. See also Fig. 84 (Art. 123), where the reaction 
at B is — & a, but the aJtsar atB is— Ja + Ha=— HJ. 
So also the reaction at O is 4- J t?, but the shear at C is 
+ Jc — Ja-hHfl^ = HO, etc.] 

Conceiving now that we have found and tabulated the strains 
due to the first and second systems of loading as shown in Fig. 
87, and also the strains for each load P in D B, the sum of these 
strains will give the strains due to live load over the whole 
length of girder, and taking the proper proportion of these, we 
shall have the strains due to the dead load. Combining then 
these strains with those first found, we can easily find the total 
maximum strains which can ever occur in D B. 

Such is the method of procedure we advise for many spans, 
in order to find the maximum strains in any one span. The 
method is not, however, strictly correct, and does not give the 
theoretical maximum strains in the span required to be solved. 
The leascm is obvious. The method gives correctly the maxi- 
mum moment and shear at the left sujpport of the span in 
question, but does not give the true maximum at other points 
of that span. > 

Thus, as will be seen by reference to the table of the follow- 
ing Art., the maximum tension in A ^ occurs really for all the 
spans, except the one in question, loaded, while according to 

the above method we should have taken only the Ist, 3d, and 
13 
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6th spans loaded, and should have considered the other " ex- 
terior" spans as causing compression in the upper flange. 
This, although true for the end flanges, and indeed all upper 
flanges as far as the inflection points, is not strictly true for the 
flanges between the inflection points. The error is not great, 
more especially as even the strains thus found can never be 
realized in practice. It is exceedingly improbable that moving 
trains will ever in practice occupy just such positions as those 
supposed. We recommend, then, the above method as giving 
safe and reliable results, while it makes the table much smaller 
and economizes much labor. 

In order to find the true maximum strains, we must find the 
strains in every piece of the span in question due to load over 
each exterior span. We thus have a column in our table for 
each of these spans, or, in the present case, six columns, instead 
of only two, as by the above method. We leave the reader to 
adopt this method or not, as he chooses, and shall content our- 
selves with illustrating by an example the method of finding 
the true maximum strains. This method, though more labori- 
ous than the above, is by no means more difficult. We have 
only to consider the effect of each exterior span by itself, instead 
of the combined effect of several. 

lar. Exainple. — ^Let us take, as an illustration of the pre- 
ceding, the girder shown in Fig. 87, of seven equal spans, and 
seek the maximum strains which can ever occur in the middle 
span D E. Let Fig. 88, PI. 23, represent the span D E— lengtli 
80 feet, divided into 4 panels ; and let the live load per panel 
be 40 tons,* the uniform load being half as much, or 20 tons 
per panel. Height of truss, 10 ft. 

Now the quantities, which for the present we must suppose 
known or already found, we give below. IIow these quantities 
are found will be the subject of the next chapter. 
For 1st span loaded moment = + 61.55 ft. tons at D, 

shear at D = + 0.97 tons. 
For 2d span loaded moment at D = — 184.65 ft. tons. 

shear at D = — 4.74 tons. 
For 3d span loaded moment at D = 4- 677.05 ft tons. 

shear at D = -4- 10.67 tons. 



♦ A very great load : half the resnlting strains would give more nearly the 
strains in a single truss. 
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For 5th span loaded moment at D = — 181.38. 

shear at D = — 10.67 tons. 
For 6th span loaded moment at D = + 49.46 ft. tons. 

shear at D = -4- 2.91 tons. 
For 7th span loaded moment at D = — 16.48 ft. tons. 

shear at D == — 0.97 tons. 
Also for the loads in the span D E itself : 
For the Ist load Pj, moment at D = -f- 158.92 ft. tons. 

shear at D = + 36.17 tons. 
For the 2d load Pj moment at D = + 271.96 ft. tons. 

shear at D = + 25.88 tons. 
For the 3d load P, moment at D = -f 202.36 ft. tons. 

shear at D = -f 14.16 tons. 
For the 4th load P4 moment at D = + 62.88 ft tons. 

shear at D = + 3.82 tons. 

In Fig. 88 we have found by diagram the strains due to Pg. 

[For notation, see A.rt. 114.] We lay off to scale the shear 

14.16 upwards, since it is positive, and then, since the moment 

203.36 at D is positive, and hence the strain in A a must be 

203.36 
tension, we lay off A a = — -^— = 20.3 tons to the right of 

B A (Art. 125). With B A and Aa thus given, we can rapidly 
and accurately find all the other strains. Thus from our dia- 
gram we have, representing tension by minus and compression 
by plus: 

A<z=-20.4 A(j=+8.0 A«= + 36.4 A5r = -4-24.4 

A ^ = - 27.2 
Bi=+6.0 Brf=~22 B/=-50.8 BA= + 1.2 tons; 

and for the diagonals : 

aJ = + 19.6 ic=-19.6 erf =+19.6 rfd= - 19.6, etc. 

Heavy lines in the diagram represent compression. In a 
manner precisely similar, we can find the strains due to each of 
the other ^^ interior ^^ weights, as also to the ^^exterior^^ loads 
upon the other spans. Suppose all these strains thus found. 
Then the method of tabulation is as follows : 
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We first find and tabulate the strain in each piece of the 
span in question due to each apex load in that span, thus ob- 
taining the four columns for ^^ interior ^^ loads. 

We then find and tabulate the strains in each and every 
piece for load over each of the other spans in succession, as 
given by columns for I«i, I»|, Ij^, etc^ 

Now for dead load, if this is i of the live or any other frac 
tion of the live load, we simply have to add algebraically all 
the other columns horizontally, and divide the resultant sum by 
i or the proper fraction, whatever it is. We thus obtain the 
column for dead load. The table now gives us at once the 
maximum strains in every piece, as well as the position of loads 
which cause these maximum strains. We can also tell at once 
whether any piece needs to be counterbraced or is subject to 
strains of two kinds. Thus the dead load of course acts always, 
and in A a, for instance, causes a tension of 62.5 tons. Now 
all the interior loads Pi, P2, Ps, etc., we see from our table, also 
cause tension in A a, as do also the loads of the 1st, 3d, and 
6th spans. The maximum tensions, since all these loads inay 
act simultaneously, is therefore the sum or 225.6 tons tensii^n. 
On the other hand, the only loads which can cause compression 
in the piece A a are those in the 2d, 5th, and 7th spans. 

If these three spans are all fully loaded simultaneously, the 
nnited compi*ession in A e^ is less than the tension in the same 
piece, due to the dead load which always acts in that piece. 
Hence their united acti<m will only diminish the dead load strain, 
but cannot overcome it. This piece, then, need not be coun- 
terbraced. The greatest strain it will ever have to bear, under 
any possible loading, is tensile 07ili/, and equal to 225.6 tons. 

Again, for Ac we have a dead load compression of 11.8 tons, 
which may be increased by other loads, viz., all interior loads 
and load in span 2 to 85.9 tons compression. Loads in all other 
spans, except the second, cause tension in Ac. Adding up all 
these tensions, and subtracting the dead load compression, we 
have 38.6 tons tension remaining. The piece Ac then is sub- 
ject to 38.6 tons tension and 85.9 tons compression, and must 
be made to resist both. We also know at once from the table 
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what weights, and where placed, give these two strains. So 
for each and every piece the two columns for total maximum 
strains are at once made out from tlie preceding. The preced- 
ing are easily found, provided we only know the moment and 
shear at the left support for each apex load in the span D E 
itself, and for each exterior span fully loaded with live load. 
The formulae for these two cases, which are all sufficient for 
solution, will be given in the next chapter. 

We see, therefore, that there will be as many columns for 
exterior loading as there are spans, less one; in addition to 
which there are as many columns for interior loads as there are 
apex loads in the span itself. For long spans, and many of 
them, this gives a large table. The solution becomes more 
tedious, but not more difficult. 

In such cases the method referred to in Art. 126 is to be pre- 
ferred. It gives safe and reliable results, if not strictly maxi- 
mum results. It reduces all the '* exterior loading " columns 
to only two, and thus materially shortens the labor of solution. 

As in the example above, we have taken a middle span, ob- 
serve that the strains of Pi and P4, Ps and Pj, are the same, as 
should be, only in reverse order. Thus, strain in A a due to 
P4 is the same as in iLh due to Pi, and so on. 

138. Method of Moments.— We can very easily check our 
results by the method of moments of Art. 14. 

Thus for load over the 1st span we have the moment at 
D = 4- 61.55 ft. tons and the shear = -|- 0.97. We have then 
for the upper flanges of the 4th span for full live load over the 
1st span (see Fig. SS) : 

Aa X 10 = - 61.55 or Aa = — 6.15 

A c X 10 = - 61.55 + 0.97 x 20 or A c = — 4.21 

A ^ X 10 = - 61.55 + 0.97 x 40 or A « = — 2.27 

AjT X 10 = - 61.55 + 0.97 x 60 or A jir == - 0.3 

A>fc X 10 = - 61.55 + 0.97 x 80 or A* = + 1.6 
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For the lower flanges, in like manner : 

B J X 10 = + 61.55 - 0.97 x 10 or B5 = + 5.18 
BdxlO= + 61.55 — 0.97 x 30 or B<i = + 3.24 
B/ X 10 = + 61.55 - 0,97 x 50 or B/= + 1.3 
BA X 10 = + 61.56 - 0.97 x 70 or B A = — 0.6 

■ 

For the diagonals, since the angle made by these with the 
vertical is 45° = d and hence sec. = 1.414, we have : 

ah = 0.97 X 1.414 = -+- 1.37 bo= - 1.37, etc. 

We can thus fill out the column for Iii. 

In similar manner also we fill out the column for L^, L^, etc. 

So also for each of the apex loads in the span itself. Thus 
for Pi, we have moment at D = -f 158.92 and shear at D = 
+ 36.17. We have then (Fig. 88). 

A a X 10 = — 158.92, or Aa = — 15.89 tons. 
A (J X 10 = - 158.92 + 36.17 x 20 - 40 x 10, or 

A c = 4- 16.4 
Aex 10 =- 158.92 + 36.17 x40-40 x 30, or 

Ae= + 8.8, etc. 

So also for under flanges : 

B J X 10 = -t- 158.92 - 36.17 x 10, or B i = - 20.2. 
Brf X 10 = + 158.92 - 36.17 x 30 + 40 x 20, or 

B6?= — 12.6, etc. 

Also for the diagonals we have : 

ab = 36.17 X 1^414 = + 51.1, J ^ = (40 - 36.17) 1.414 = + 5.2, 

cd= — 5.2, etc. 

We can thus fill out the column for Pi, and in similar man- 
ner the columns for P2, Ps, etc. 
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We have only to remember that a plus moment at the sup- 
port gives compression in lower flange and tension in upper, 
and that a plus shear acts upwards, a minus shear downwards. 
Also, that for the diagonals, the shear at any apex, multiplied 
by the secant of the angle with the vertical, gives at once the 
strain. In the present case the angle is 45^ ; therefore the 
secant is 1.414. 



The shear at any point is equal to the shear just to the right 
of the left support, minus all the weights, if any between the 
support and point. Thus, as above, for P^ we have for diagonal 
Jc, the shear 36.17 — 40, or a downward shear of 3.83, since 
the weight of 40 acts down. This downward shear causes com- 
pression in b Cy since it acts at the top of b o. For ab we Iiave 
36.17 acting up at the foot of a i, and therefore also causing 
compression. The diagonals which meet at the weight are 
always either botli tension or both compression, according as 
the weight acts at the top or bottom. Right and left from the- 
weight the diagonals alternate in sign. 

The calculation, then, of the strains in any span of a contin- 
uous girder, as also the diagraming of these strains, is simple 
and easy, and offers no more real difficulty than the case of a 
simple tT\\SAy provided we know or can find the momenta and 
nheaHng forces at the supports for the variotcs cases of loading. 
The method of finding these necessary quantities will form the 
subject of the next chapteiv 

The reader will do well to compare the strains in the above 
table with those for the same simple girder similarly loaded. 
Considerable saving of material, so far as indicated by strain, 
will be found. On the other hand, some of the flanges are sub- 
jected to both tensile and compressive strains. 

It is to be well noted that a small sinking of one of the sup- 
ports of a continuous girder may, if the sinking is equal to the 
deflection, make one span of what before was two. A very 
slight sinking, then, may cause very great changes in the strains, 
and hence, in structures of this kind, it is imperative that the 
foundations must be secure from settling. If this condition is 
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complied with, then, where long spans are desirable, the con- 
tinuous girder may be preferable to a succession of single 
spans. 

If the greatest negative reaction at any support, as D, is 
greater than the constant positive reaction at that point due to 
the dead load, the girder will require to be latched or held 
down at that support. 
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CHAPTER XIII. 



ANALYTLOAJL FOEMULiB FOB THE SOLUTION 07 OONTIKOU8 OIBDE328. 

IM. Introduction. — As we have seen in the preceding 
chapter, the complete and accurate determination of the strains 
in the continaous girder, both for uniform and moving loads, is 
es&y^ provided we can find the moments and shearing forces at 
the sujpportsfor the various states of hading^ and for each apex 
load. Now this we are able to do witli mathematical accuracv, 
and without much labor. The formulae necessary for the pur- 
pose, when put into proper shape for use, are neither difficult of 
application nor more complicated than many which the pi-acti- 
cal engineer is often called upon to manipulate. Since the 
publication of ClapeyrovSs paper * in 1857, in which, for the 
first time, his well-known method was developed, and his cele- 
brated "theorem of three moments" made known, the subject 
has engaged the attention of many mathematicians. In 1862 
Winkler f first developed a general theory, and gave genei*al 
rules fo? the determination of the methods of loading causing 
greatest strains, together with tables for the maximum values 
of the moments, shearing forces, etc., for various numbers of 
spans of varying length. In the same year Bresse % followed 
with a similar work. In 1867 Winkler § gave a general ana- 
lytical theory, and, finally, in 1873 Weyraitch\ has treated the 
subject with a degree of completeness and thoroughness which 
leaves but little to be desired. He discusses the subject in its 
most general form, for any number of spans of varying lenp^th, 

* Clapeyran — Calcal d^nne poutre ^lastiqne reposant librement ear des ap- 
puiB in^galement esp^ces. — Compte rendus, 1857. 

t Beitriige znr Theorie der oontinairlichen Brackentiager— CVctI Ingenieur^ 
1862. 

X Brwte — Conn m^chaniqne appUqnde. Paris, 1862. 

g Winkler— mb Lehre von der Elastidt&t und Festigkeit. Prag. 1867. 

I Weyraueh—KXLfSGOLeiae Theorie und Berechnung der oontinnirlichen nnd 
eisfaohen Trager. Leipzig, 1873. 
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and for all kinds of regularly and irregularly distributed and 
concentrated loads — both for constant and varying cross-section 
of girder. His formula are mathematically exact, and for 
given loading are free from integrals. 

The above is but a very imperfect sketch, and we have named 
but ^a few of the many writers who have been occupied with 
the subject. ClapeyrorCa Theorem above alluded to, as origi- 
nally given by him, applied only to uniform load over whole 
length of girder, or over an entire span. But as early as Bres8e^8 
Treatise, it had been extended to include concentrated and 
local loads as well, and Winkler has also given a very complete 
and practical discussion of the subject. 

Notwithstanding the labors of these and many other mathe- 
maticians, there seems to be a wide-spread idea, even among 
those who are supposed to have considerable familiarity with 
mathematical literature, that the results deduced are unpracti- 
caZ. It is not uncommon to meet with even recent publica- 
tions* in which it is stated that the authorities pass over such 
problems with "judicious silence;" that the mathematical in- 
vestigations are intricate, and the formulae deduced tix>uble- 
some in application ; that even a " partial solution of the prob- 
lem by mathematical calculation is attended witli considerable 
difHculty, and that a complete solution for the bending moment 
and shearing force at every section, under moving partial and 
irregular loads, taxes the powers of the best mathematicians, 
and is well-nigh imjwssible, so far as any practical application 
of them by the engineer is concerned." How far such ideas 
are justified may be seen from the following pages. That the 
authors and works above referred to can only be read by good 
mathematicians is not to be denied. It may also be admitted 
that the subject is an intricate one, and when treated mathe- 
matically in its most general form the results are naturally in an 
unpractical shape. But that these results are, therefore, worth- 
less, or that the formulse, when applied to any particular case, 
are " too intricate for practical use," by no means follows. 

The desirability of formulse for the application of our graph- 
ical method as developed in the preceding chapter ; the erro- 
neous ideas prevalent on the subject which we have just noticed ; 



* Oraphieal Method far the Analiym qf Bridge Trueees : Greene. D. Yaa 
NoBtrand, pnbliaher, New York, 1875. 
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and tlie deplorable fact that the "authorities " do but too oftea 
treat the subject with "judicious silence," and that, therefore, 
thei*e exists in our engineering literature no collection of prac- 
tical and useful formulfle for this important class of bridges, 
though such formulfB are, and have been for years, free to all 
for the asking, — all these facts may serve as apology for the in- 
troduction of the present chapter, in a work which professedly 
treats only of Gi-aphical methods. The apologies of those who 
professedly' treat the subject analytically, and have yet omitted 
such formulae, are not so numerous. 

We propose to give the analytical results necessary for com- 
plete solution of a girder of uniform cross-section over any 
number of level supports, with all spans of different lengths: 
for uniform load over whole length from end to end of 
giixler, for uniform load over any single span, and for con- 
centrated load in any single span at any point of that span. 
These three cases, as we have seen in the preceding chapter, 
are sufficient for the complete solution of framed Bridge 
Trusses.* 

Many of these results are here given for the first time, at least 
in their present shape, in any published treatise, though, as re- 
marked, some of them in more or less practical form have 
long been common property for all who may have desired to 
make use of them. 

The formulfle only will be given, in such shape and with 
such illustrations of their application that, we trust, they will 
be found free from complexity, and pf considerable practical 
importance. In the Supplement to this chapter a demonstra- 
tion of the formulsB is presented. 

130. IVotallon. — The notation which we shall adopt is as fol- 
lows [see- Fig. 89, PI. 23] : 

* The formulae for ooncentrated loads are alone aU that is reaUy neceaaary. 

Their addition gplves, as we have seen in our tabulation, Art. 127, the strains 

for uniform load also. In fact, for strict accuracy, only sing^le isolated loads 

should be considered, as the results given by the f ormuls for uniform load are 

not perfectly accurate. This may be seen from the weU-known fact that, for 

a girder fixed at one end, and supported at the other, the reaction at the free 

5 
end for a load in the middle is r^ of the load, while if the same load were uni- 

3 6 

f ormly distributed, the reaction is gths, or ^a o' the load. The difference, 

however, for any practical case, where there are a number of panels, is veiy 
Blight 
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Whole number of spans is indicated by 8 ; 

Hence, whole number of supports is « + 1 — numbered from 
left to right. 

Number of any support in general, always from left is rru 

The supports adjacent to a loaded span left and right are 
indicated by r and r-fl. 

When extreme end spans vary in length from the interme- 
diate, they are always denoted by n Z, where n is a given fraction 
or ratio for any particular case. Thus, if intermediate spans 
are all 70 feet and end spans 50 feet, ^ = 70, n Z = 50, and n = 

-ths. 
7 

When spans next to ends also vary, they are similarly denoted 
hjpl. 

All other spans are of equal length and denoted by h 

The length of the span in which the load is supposed to be 
is in general l„ where the value of r for any particular case in- 
dicates the number of the loaded span from left. 

A concentrated load is indicated by P. 

Its distance from nearest left-hand support, by a. 

The ratio of a to length of loaded span l„ is A = --. 

Moment at any support in general is M^^, where m may be 
1, 2, 3, r, r +1, «, etc., indicating in every case the moment at 
corresponding support from left. 

In same way reaction at any support is Rm. shear S^. 

At supports adjacent to loaded span, then, we have M„ fH^+u 
R„ Rr+i, S„ Sy^i, for the moments, reactions, and shears at those 
supports. 

A dead uniform load is u per unit of length. 

A uniform live load, w per unit of length. 

wjZnx, then, indicates a uniform live load over any span. 

These comprise all the symbols we shall have occasion to use* 
By reference to Fig. 89, the reader can familiarize himself with 
their signification, and will tlien find no difficulty in under- 
standing and using the following formulae. Certain symbols 
which we shall use for expressions of frequent occurrence, will 
be best explained as we have occasion to introduce them. 

131. ** Theor em of Tfir ee MomenU.*^ — This remarkable 
Theorem, due taTClapet/ron^ expresses a relation between the 
moments at any TfttLu' tiTTisecutive supports, both for imiform 
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load over whole length of girder from end to end, and for uni- 
form load over the whole of any single span. It may be writ- 
ten as follows : 

M„ l^+ 2 M^^i (4^+ 4,^1) + M„^3 Z^^i =z _j— [4 + 4^.1]. 

If we supposb only one of the two adjacent spans as 2^ to 
contain the full live load Wy while all the spans are of course 
covered with the dead load Uy the above equation becomes 

If both spans bear the same uniform load u alone, 

M^l^ + 2 M„+i [4, + 4,^1] + M^+a 4,^1 = I [4 + 4+i]- 

If the spans are equals the above two equations become re- 
spectively 

and 

Kow in every continuous beam, whose extreme ends are not 
fixed, two moments ai*e always known, viz., those at the ex- 
treme supports, which are always zero. Hence, by the applica- 
tion of this theorem, we can form in any given case as many 
equations as there are unknown moments, and then, by solving 

these equations, can determine the moments tliemselves. 

133. EiAiin pie— Total untform lioad— all Spans equaL— 

Thus let it be required to find the moments at the supports for 

a beam of seven equal spans, uniformly loaded over its whole 

length. The moments at the end supports M^ and Mj, are zero. 

We have then, by the application of the last equation above, the 

following equations : 

For the first three supports 1, 2 and 3, m = 1, and 

4 M, Z -I- M« ; = !^ , or 4 Ma + Ms = '^ . 

For supports 2, 3 and 4, m = 2, and 

Ma + 4 Mb + M4 = !^. 



GBAP. Zm.] AKALTTIOAL FOKBIUI^JC. 207 

For supports 3, 4 and 6, tt* = 3, and 

or since in this case the moments equally distant each way 
from the middle are equal, this last equation becomes 

We have therefore three equations between tliree unknown 
moments, M^ M^ and M4, and by elimination and substitution 
can easily find 

19 

If, as in our example of Art. 127 in the preceding chapter, 
we take 'W = 1 ton per ft., Z = 80 ft., then uH^ = 6400, and the 
moment at the fourth support becomes 540.8. If the height of 
truss is ten feet, this gives [Fig. 88] 54.1 tons strain in the 
upper flange A a. By reference to our tabulation. Art. 127, 
we see that this agrees closely with strain in A 1 due to uni- 
form load, found in a manner entirely different, viz., by sum- 
mation of the strains due to first case of loading, and the several 
loads in the span itself, and serves therefore as a check upon 
our results. 

133, Triangle of HomenU, — For the benefit of the practi- 
cal engineer, who may object to the algebraic work involved in 
elimination of the unknown moments from the equations above, 
when the number of spans is great, we offer the following tabu- 
lation, from which he may easily and directly determine the 
moments at the supports for any desired number of spans 
without formulcB or calculation. 

Thus, if we were in the above manner to find the moments 
for a number of spans, and tabulate our results as given in the 
annexed table, an inspection of the table will show us that we 
can produce it to any extent desired without further calcula- 
tion. 
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HOMBNTB AT 8UPP0BTS TOTAL UNIFORM LOAD ALL SPANS EQUAL. 

GoeffidentB of u I* given in triangle. 



L<y^ IV. 




The Roman numerals along the sides of the triangle indicate 
the number of spans, and the horizontal line to which they be- 
long give the moments. Thus, for our example of seven spans 
just worked out, we have the extreme moments Mj and Mg = 0, 

Mj and M^ = _— - 1^ ?, Mg and M^ = — - u P, etc. 

Now, a simple inspection of this table will show us that for 
any even number of spans, as VIIL, for example, the numbers in 
the horizontal line are obtained by multiplying the fraction 
above in any diagonal column, both numerator and denomina- 
tor, by 2, and adding the numerator and denominator of the 
fraction preceding that. 



Thus, 



15 x2 + 11 _ 41 , 11 x2 -f 8 _ 30 _ 15 x2 
142 X 2 + 104 "" 388 ' 142 x2 + 104 ~ 388 "" 142 x2 



12 x2 + 9 



33 



I ^ ^r iff ~v^ ^4 • ■ 

in the other diagonal cohimn ; j^^^^ + io? = 388 ""' 

= TTs — K TTTT ^^ the other dia^^onal column ; and so on. 
142 X 2 + 104 ^ * 

For any odd number of spans, as IX., we have simply to add 
numerator to numerator and denominator to denominator, the 
two preceding fractions in the same diagonal column. 
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^^' 388 + 142 530' 388 + 142' ^^ 388 -fl42 "" 530' 
and so on. 

"We can, therefore, independently of the theorem and analyt- 
ical method by which the above results were deduced, produce 
the table to any required number of spans.* 

134. Total uniform Lcmd— all Spans equal— Reactions. 
— The moments being known, the reactions at the supports can 
be very easily found. 

Thus, the reaction at the first or last support is 

— _ -w Z M2 ^ _ul Mb 
at any other support 

ThuB, in our example in Art 127, we find 
_ 56 , _ Ul J - 137 , „ 143 , 

Hence, the shem" at the fonrth support is 

56 7.161 -137 ,^143 , „ , 71 , 
142 142 142 ^142 142 ' 

71 
or when ul= 80 tons, ^-r^ t^ Z = 40 tons. 

142 

Multiplying this shear by 1.414 (the secant of the angle with 
vertical), we find for the strain in diagonal a h (Fig. SS) due to 
uniform load + 56.5 tons, the same nearly as already found, in 
our tabulation. 

185. Triangle for Reactions. — The reactions for a number 
of spans being found, and tabulated, as above, in the case of the 
moments, we shall have a triangular table precisely similar to 
the one above, in which the same rule holds good for odd and 
even numbers of spans. 



* The above relations between the moments can be shown analytically to 
be a resnlt of the properties of the well-known '^Clapeyronian numbers.** 
For the table above, as also the others wluch follow, we are indebted to the 
kindness of Kr. Mansfield Merriman, Instructor in Civil Engineering in the 
Sheffield Sd. School of Yale College. They are given, so far as we are aware, 
in no treatise upon the subject yet published. 
U 
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REAOnONB AT BUPPORTB — TOTAL UNIFORM LOAD — ^ALL 8PAKB 

BQUAL. 

GoeffldentB ot ul given in triangle. 



o^ 



^ 



n. 







vm. <i« ><C *«^><*W \^ vm. 



"We are thus able to find both moments and reactions at the 
supports for any number of spans, so far as uniform loading is 
considered, and may then either diagram the strains in the 
various pieces or calculate them as explained in Arts. 127 and 
128. No formulfle are required. Any one who understands 
the method of moments as applied to simple girders can, by 
the aid of the two tables above, find accurately the strains in 
every piece of a girder, continuous over as many equal spans as 
is (^esired, and uniformly loaded over its entire lengthy all sup- 
ports being on the same straight line. 

As we have seen, Art. 127, this is one of the cases which 
must be considered in order to find the maximum strains in 
any span,* and the results above given for its solution will, we 
trust, be found by the practical engineer to be neither " com- 
plex " nor " difiScult of application." 

136. Clapeyronlan Numbers, — ^In the analytical discussion 
of continuous gii*ders, certain numbers having many remarka- 
ble properties play a very important rdle. 

We have seen that the theorem of three moments furnishes 
us with as many equations between the moments as there are 
moments to be determined. For a small number of supports, 

« See note to Art 129. 
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these equations can be solved by the ordinary rules of algebra ; 
but for a great number, or in the general analytic discussion of 
any number, we must have recourse to a special artifice. Tlius 
we multiply our equations, beginning with the last, by numbers 
indicated by <Ji, ^, ei^i, . . . . Ca__i, and then choose these num- 
bers such that, by the addition of all the equations, all the M's, 
with the exception of M^, disappear. We thus easily determine 
Ml without the tedious process of substituting from one equa- 
tion to the other, through the entire list. 

The following relations must then evidently hold between 
these numbers, as is evident from the theorem of three mo- 
ments of Art. 131 : 

2 (h (Ci + 4) + ^ CI = 0. 

<h 4-1 + 2 (^ (4_8 + 4..i) + c^ 4_, = 0. 

^8-3 4 + 2 c,_jj (4 + 4) + Cg-i 4 = 0- 

If the first number is chosen at will, say ± 1, the other num- 
bers can be found from these equations. 

Now in the present case of all spans equal, we have between 
any three of these numbers the relation: 

^-1 + 4 ^ + ^W+i = 0. 

If we take the fii-st, ^ = 0, and the next, ^ = 1, we have 
for the others the following values : 

Ci = 04 = + 15 fl, = — 780 ^10=+ 40545 

cij= + l cij=-56 (j^== + 29ll Cu = - 151316 

c^——^ (?6 = 4- 209 Cj = - 10864 C13 = -h 564719 

These are the so-called Clapeyronian numbers. They alter 
nate, as we see, in sign, and each is numerically 4 times the 
jiveceding minus the one p'receding that. We shall always indi- 
cate these numbers by the letter c, the index denoting the par- 
ticular one. Thus, c^ is the seventh number, counting and 
1 as the two first. 

No table of these numbers is needed. The index being 
given, any one can write down the series for himself, till he 
arrives at the desired number. 

137. Vnlfform Uve Load oirer any single Span— HoraenU 
at Supports of Eioaded Span. — These numbers being pre- 
mised, we can now give tlie following formulae for the momenta 
at the supports r and r -f 1 of the uniformly loaded span : 
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For tie left Btipport, 
For the right Biipport, 

"^---i^^L — ^^ — J 

These formulae, it will be Been, are very piinple and easy of 
application. 

Thus, for Beven spans, load over the fourth from left, we 
have « = 7, r = 4, and hence 



i^^ p'^'r^'l 



Both moments are equal, as should he the case for a middle 
span. Inserting now the proper values for the Clapeyronian 
numbers from the preceding Art., we have 

]yi4 = M, = -^w? 



1 „ ns X -56 + U*~\ 616 „ 
i^^L 2911 J=ll6i4^^- 



So for any desired number of spans, the values of r and s 
being known, the corresponding Clapeyronian numbers can be 
easily found, and, inserted in our formulse, give us at once the 
moments at the supports. 

Turning again to our example, Art. 127, and making w> = 2 
tons, and Z = 80 ft., we have wp = 12800, and therefoi^ M^ = 
676, and dividing by depth of truss = 10 ft., we find the strain 
in A a (Fig. 88) 67.6 tons, nearly what we may find by the 

summation of the strains due to the loads Pi_4 in our tabulation, 
13§. Triangle of Manientt— Vnlform Live liOad over any 
single Span. — If from the above formulae we find the moments 
at supports for a number of spans, and tabulate as before, we 
shall have a triangle of moments similar to those already given, 
which may be produced to include any desired number of 
spans. We have only to observe that the numerator or de- 
nominator of any fraction in the table follows the law of the 
Clapeyronian numbers — that is, is four times the preceding in 
the same diagonal column minus the one preceding that. 
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MOMENTS AT SUPPORTS OP LOADED SPAN. — UNIFOBIC LIVE LOAD 

OVEB ANY SINGLE SPAN. 
Goeffioients of w ^ given in triangle. 




VII. 



rp, o 153 x4- 41 571 , 

Thus for seven spans, ^^^^^ ^ _ = - ^, and so on. 

The triangle above gives the moments for uniform load over any 
span, both right and left. For left supports we have simply 
to count the span from right to left. Tlius for seven spans for 
load in the sixth span from left, we have moment at left-hand 

627 
support = ■ w ?, counting the spans from left to right in 

triangle. For the moment at right support of same loaded 
span, we count six the other way from right to left, and find 

571 « 
Il8S^^- 

130. moments at Sapports off Unloaded Spans. — The 

triangle and formulae above give the moments at the supports 
of the loaded span only, both positive — that is, always tending 
to cause tension in upper flange and compression in lower. 

If m represents the number of any support counting from 
the left, the moments at a/iiy support generally may be found 
by the following formulae : 

When m<r+l, M^ = ^ ^? P F^ ^-^^^ ^ ^ ^'^-'^^^ T 

4 L C.-i + 4:C, J 

When m>r, Jff^ = \wv\ ^' ^-°^^^ ^ \*' <^^m^i l 

4 L 0^1 + 4:0^ J 

If we make in these formulce m = r in the first, and m = 
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r + 1 in the second, we obtain the formulsB of Art 137. Foi 
any other support left of r, or right of r -f 1, we have only to 
give the proper values to m, 8 and r for any given case, and 
find the corresponding Clapeyronian numbers. 

140. Practical Rule, and Table. — The moments at the 
supports of the loaded span having been found by the formulas 
of Art. 137, or the triangle of moments of Art. 138, instead of 
using the above formulse, we may find the moments at the 
other supports as follows : 

For all supports left of the loaded span : Commencing at 
the left end support, place over each support the Clapeyronian 
numbers 

1 4 15 66 209 780, etc. 

Take the last number thus obtained, before reaching the left 
support of the loaded span, as a common denominator. Then 
the moment at the left end is of course zero. At the second 
support 1, at the third 4, at the fourth 15, at the fifth 56, etc., 
all divided by this common denominator, will express the frac- 
tional part of the moment at the left support of the loaded 
span, which the moment at the support in question is. For the 
moments at the supports right of the loaded span, proceed simi- 
larly, only count from the right end. 

Thus, for a girder of ten spans, sixth span from left loaded : 
The moments M^ and M; due to load being found, suppose we 
wish the moments left of M^. Commencing at left end, num- 
ber the supports 1, 4, 15, 56, 209. (Let the reader draw a figure 
representing the case.) The number 209 is the last before 
reaching the sixth support. We take this, therefore, for a com- 
mon denominator. Then we have Mt = Mo = 7r7r7r M. 

209 

So for supports to the right of support 7, we have 

Remembering that Me and M^ are both positive, and that 
the moments aUemate either way from these supports, we find 
easily the proper signs for the moments right and left. 

We can now, therefore, find the moments at D and £ due to 
the first and second cases of loading of Fig. 87 (Art 126). 
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Let ufi take the first case. For load on A B, we have from 

780 
our triangle or f ormulfie the moment at B = w P. At D, 

For load on C D, we have at once from triangle the moment 
616 



atD = 



11644 



to P. 



Finally, for load on P G, we have for moment at P, from 

X. 1 627 71 . .V X X T^ 15 627 n 

^"^^^^ ^ neii "^ ^^ ''''^ ^®'*^^''® ** ^ 209 ^ n«44 ^ 



45 



11644 



wP. 



All these moments at D are positive ; we have therefore, for 

717 
the first case of loading, the total moment at D = + ^ w P. 

If we make Z = 80 ft. and t<7 = 2 tons, we find the moment 
at D = 788, and dividing by 10 we obtain 78.8 tons as the 
strain in A a, Fig. 88, corresponding with our tabulation, Art. 
127. 

Table for aU the Moments. 

AU the moments may be found from a simple table similar 
to the following, which will be found perhaps preferable to the 
triangle of Art. 138. 



TABLE FOS MOMENTS. — UNIFOBM LOAD IK SINOLE SPAN. 



Support oonnted from Left 



1 


2 


3 


4 


5 


6 







1 


4 


15 


56 


209 


I. 





8 


12 


45 


168 


627 


n. 





11 


44 


165 


616 


ra. 

1 





41 


164 


615 




IV. 





158 


612 






V. 





571 










VI. 



B 

I 



Denominator A. 



Spans. 


iA. 


1 


1 


2 


4 


3 


15 


4 


56 


6 


200 


6 


780 


7 


2911 
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This table, it will be observed, can be produced to include 
any number of supports desired. The law of the Clapeyroniau 
numbers runs both horizontally and vertically. The smaller 
table gives the denominator, the larger the numerator of the 
coefficient oi wP for any case. Thus, for seven spans we have 
Jbur times 2911 = 11644 for the common denominator. For 
load on second span from right, moment at sixth support from 

627 
left, we have then directly wP; for fourth support from 

1®^> ttoTa ^ ^y *^® same as above. 
11d44 

For load in fifth span from right, the table gives us at once 

^'""11644^^ *^* "*" 11644 ^ ^' *^^ supports 1, 2 and 8. 

For the other supports, since if now we were to continue count- 
ing from left we shotUd have to pass a loaded support^ we 
must count the loaded span from left, and count the supports 
in reverse order. For fifth support from riffht, then, the num- 
ber required is at intersection of III. (instead of V.) and 5, or 

fi1 ft 

rTWTA ^ ?j as found above. Thus the tables above cover all 
11644 

cases, giving supports at loaded span itself, as also right and 
left of tliis span. We have only to remember to count sup- 
ports from left, and loaded span from right, for all supports 
left of load, and inversely for all supports right of load. [The 
reader should always, when using Table, make a sketch of the 
given number of spansy indicate the loaded spam.j and number 

the supports^] 
141. Reactions at Sapports~l<lve Load over rtngle Span. 

— For the reactions at ends of loaded span, we have 

For reactions at extreme ends, when end spans are loaded, or 
whenr = lorr = «, Ri = — ^-f -^w;/, R.= — ?p-}--^i 

la La 

When any other spans are loaded, or 

whenr>land<«, Ri=~?^ R,^,= _^. 
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For all other reactions, 

Thus for load covering the first span of seven spans, we find 
from the known moment, given in preceding Art., for the fourth 
support, 

-, 6 X 56 , 336 , 
^ 11644 11644 

For load over third span from left, 

_ 6 X 616 ,1 , 6607 , 
^ 11644 ""^^ ^"^^ 11644 

For load on sixth span, 

IT = — , — ^/? / X 6 = w I, 

^ 11644 11644 

Hence, total reaction at fourth snppoi*t for first case of loading 

is —r—r: "^ l* 111 the same way we can find the reactions at the 
11644 -^ 

first, second, and third supports, for the second case of loading, 
as shown in Fig. 87, and then can easily find the shear 2X any 
support, as D, by taking the algebraic sum of all the reactions 
and loads between that support and the end. 

We can now, therefore, find the shear and moment at D, and 
thus determine the strains in the span D E for both cases of 
loading, as given in our tabulation, Art. 127. 

143. Triangle for Reactions— Single Span loaded. — ^If 
we calculate from our formulee the reactions at supports of 
loaded span, for a number of spans, we can tabulate the results, 
as on next page, in a triangle, where each number is four 
times the preceding minus the one preceding that, all in the 
same diagonal column* 
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BBAOnONS AT 8UPP0ETB — LIVE LOAD OYKB SINGLE SPAN. 

GoeffloientB of to ^ given in triangle. 




This triangle, similar to the preceding one for moments, 
gives the moments at the left support of the loaded span, when 
we count from left to right. Counting the other way, we have 
the reactions at the right support of the loaded span. 

Thus for six spans, fourth span from left loaded, we count 

1770 
four from left in horizontal line for VI., and find — -rrrr w I for 

3120 

reaction at left support. For reaction at rigM^ we count four 

also from riqht end, and find ^rrr:r: w I. 
^ ' 3120 

143. Reactions in unloaded Spans-— I^oad over one Span 
only— Table. — The formulse of Art. 141 for the reaction at 
any unloaded support are suflSciently simple and easy to apply ; 
still we may, if thought preferable, also draw up tables for 
these, to be used in connection with the triangle of the pre- 
ceding Art. The following tables give the coeflScients oi wl 
for the reactions not adjacent to the loaded span. The denomi- 
nator of the fraction is to be taken from the triangle above; the 
tables referred to give only the numerators. 
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REACTIONS AT UNLOADED SPANS. 



Supports ooonted from left. 



Supports oounted from right. 



1 


2 


3 


4 


6 


6 




1 


6 


24 

72 

264 

984 


90 
270 
990 

• 


386 
1008 


1254 


I'. 


3 18 
11 j 66 
41 246 
153 918 


n'. 


m. 


IV'. 


v. 


671. 
2131 




VI'. 


vn'. 








6' 


6' 


4' 


3' 


2' 


1' 


L 

IL 

ITT. 

IV. 

V. 

VI. 

VU. 


1254 


836 

1008 


90 
270 
990 


24 

72 

264 

984 


6 

18 

66 

246 

918 


1 

3 

11 

41 

158 

671 

2181 







Tables giye the nnmeratois of the coeffi<Kent8 of w I Denominators from 
triangle on page opposite. 

These tables may be carried out to any desired extent by the 
law of the Clapeyronian numbera in the vertical columns. 

As an example of their nse, take seven spans load in fiftli 
from left, that is, in third from right. (Make sketch.) From 
the triangle we take the common denominator 11644. Then 
from first table in the horizontal column of III.' we have for 
left end 

11 , _ 66 , _, 264 - _ _ 990 

^ = 11644*^^' *» = '"11644'^^' ^^Tieii'^^' ^— ~1164i- 

For supports right of loaded span, we must take the second 
table, and look in horizontal column for V. We thus obtain 



»« = 



153 
11644 



wly R7 = - 



918 
11644 



wL 



We can now, therefore, either by our tables or formulsB, or 
both, find the moments, reactions, and shearing force at any 
support for both cases of loading given in Fig. 87. The reader 
will do well to take the example of Art. 127, and find the mo- 
ment and shear at D for both cases, and thus check our results 
as given in Art 127. Thus, from the data there given, we find 
for the 1st case + 788.2 ft. tons, and for the 2d case — 382.5 ft. 
tons for the moments and 14.55 tons for shear. 
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144. Concentrated I^oad In anjr 8pan— Homents at Sup- 
ports. — It only remains to consider a concentrated load at any 
point. If the formulae for this case do not prove to be too com- 
plex or intricate for practice, we may consider the case, so far 
as equal spans are concerned, as fully solved. 

We have seen that the " theorem of three moments," so far 
as uniform loads are concerned, enables us to solve the case 
thoroughly. It is more especially as regards concentrate or 
partial loads that the opinion widely prevails as to the impossi- 
bility of obtaining practically useful formulse ; and this, not- 
withstanding tliat it has been shown by Bresaey WinJder^ Wey- 
rauchy and many others, that the theorem of three moments 
can be extended to include concentrated loads also. 

The Theorem as tlius extended is as follows: 

M^-i /m-i + 2 M^ [4,^1 + Zj + M^^i l^ = 

where, by our notation (Fig. 89, Art. 130), a' and a are the dia* 
tances of Pm-i, Pm> from the nearest left supports.* 

By the aid of this theorem, we are able to deduce the follow* 
ing formulsd : 

For moments left of r, and including support r, that is 

whenm<r + l, M^= -o^ ^^-^^« "^ A^^-r^i ^ 
For moments right of r + 1, including support r + 1, or 
whenm>r, M. = - ^-,., ^ ^ +. ""^ ^-' . 

^8 + 1 

In these formulae, c represents, as above, the Clapeyronian 
number, and A A' stand for the following expressions : 

A = PZ(2yfc-3>P + *») A' = PZ(A->fc»), 
h being the fraction j, or the ratio of the distance of the weight 

P from the left support, to the length of span. 

14l(. Illustration of Application off above Formate. — 

These formulae are by no means difficult of application. Let 

* For demonstration of this Theorem, aee Supplement to this chapter. 
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US take the example of Art. 127 (Fig. 88), where P = 40 tons^ 
Z= 80 ft.j and a bccomeB 10, 30, 60 and 70 ft. respectively. 
First, as regards the expressions A A' : 

These become in the present case 3200 (2 k^3 i? -h X?) and 
3200 {k — ff) respectively, where k has the values i*, f, 4, and | 
successively. Now as the denominator is in each term always 
the same, in the first 8, in the second 64, in the third 512, and 
only the numerators of the values of k vary for the different 
positions of P, we may put these values of A and A' in the 
forms 

A = 3200^^-!^ + i-.V A' = 3200/^-^V 
\ 8 64 512/' \8 612/' 

or 

A = 800 A— 160 A* + 6.2305 A», 

A' = 400 A - 6.2305 A«, 

where A has successively the values 1, 3, 5 and 7, for P^ P2, 
P, and P4 respectively. These are then the practical formute 
for substitution in the present case. 

We can now apply the formulae for M above. Thus, sup- 
pose for seven spans we have Pg in the fourth, as shown by 
Fig. 88, and wish the moment due to Pg at the fourth support 
D. Then « = 7, r = 4, and m = 4, and we have 

Agg + A'o^ 
M4 — — 04 , 

or, referring to Art. 136 for the Clapeyronian numbers, 

-56 A + 15 A' 840 A - 225 A' 



M4 = - 15 



2911 " 2911 



5 
Now for Pg we have >fe = -, or A = 5, and therefore 

A = 1028.81 A' = 1221.2. 

Hence 

„ 589430.4 cr^cA x^ 4. 
^ = 0Q11 — = 202.4 ft. tons. 

This divided by 10 = height of truss gives tension in A « = 
20.2 tons, nearly what we have already found in our tabulation, 
Art. 127. 

In like manner we may easily find the moment at D due to 
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every weight, cr by giving the proper value to m in our for- 
mulsB, wo may find the moment at any support we please. 

The moments at the supports of the loaded span being found; 
the moments at the other supports may be obtained according 
to the rule given in Art. 140 for uniform live load over single 
span. 

146, Triangle of Momeiito. — The reader may also by the 
aid of the formulsB above form a triangle similar to those al- 
ready given, containing the coefficients of P ^ for the moments 
at the supports of the loaded span. 

Thus for two spans, for moment at left support, we should 

obtain and i [2 * - 3 A^ + **] P ?, and this last value will 
run down the right diagonal column without change, except in 
its coefficient i, which will become successively ^, ■^, ^^, 
for three, four and five spans respectively. For three spans 
we shall have, 0, ^ [7 A — 12 ^ H- 5 ^] P Z, and, as above, 
Tj^ [2 * — 3 P -f ^] P ^. The second of these will run down 
the second diagonal column from the right without change, 
except in its coefficient, which will be i^, tj^, etc., for five 
and six spans. 

So, for four spans we have 

0, uV [26*~45>{? + 19>5?] PZ, ^^ [7*-12**H-5A»] PZ, 

H[2*-3*2 + ^]PZ, 

for moments at left, for load in 1st, 2d, 3d and 4th span re. 
spectively. The second of these runs down the third diagonal 
cohimn from the right, changing coefficient as above. 

If the triangle be now drawn, and these expressions properly 
inserted, we shall observe that along the diagonal columns 
sloping down and to the left^ the values of Jc in the parenthesis, 
as also the denominators of the outside fractions, follow the law 
of the Clai>eyronian numbers. The numerators of these out- 
side fractions in these columns remain unchanged. The outer 
left column is of course always zero. 

Another triangle must be found for moments to the right of 
load, and then the moments at the unloaded supports may be 
found by the rule of Art. 140. 

All the moments may also be found from a couple of tables 
formed similarly to those of that Art. It is unnecessary to 
give such tables here. From the above the reader can form 
them for himself, if desired. The formulsB for moments given 
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above are so simple, and with a little practice so readily worked, 
that tables are scarcely needed. 

147. Reactions at Supports for concentrated Eioad in 
•MiVio Span. — For the reactions wo have the following formulse: 

Ist. Abutment reactions. 

When the end span contains the load, that is, when r = 1 or 



r = «, 



When the load is not in the end spans, i.e.y when r > 1 and 

p _ ^ p _ ^ 

2d. Reactions at sv^pporte of the loaded ypan itself {pot end 
span), 

R,^i = 6 ^' + P *». 
3d. For aU other reactions j 

The above formnlse, in view of what has been said in Art. 
145, are sufficiently simple to need no illustration. 

For load in fourth span of seven spans we find easily for the 
reaction at left support, 

H^ = oSi [^911 - 3 jfe - 6387 Jf + 34:79 *»]. 

This can be put in working order as explained in Art. 145, 
and the reader can check the results which we have given in 
the example of Art. 127 for himself. 

A triangle and two subsidiary tables for the reactions at the 
supports of loaded spans may be formed similarly to the tri- 
angle and tables of Arts. 142 and 143. We leave tl)i8 for the 
reader to accomplish for himself, if thought desirable. 

148. ^hear at Supports off loaded Span. — We are now in 
possession of all the formulfle necessary for the complete solution 
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of a girder over any nnmber of supports, all spans egrual. For 
any desired span, we can find the maximam positive and nega 
tive moments by the cases of Fig. 80, as also the moments due 
to various positions of the weight P. We can also find the re- 
actions at all the supports due to these cases. From the reac- 
tions and known forces, we can then easily find the algebraic 
sum, or sheoTy at any support. The moment and shear at any 
support due to any case of loading are, as we have seen, the 
quantities required for calculation. 

Now it is not necessary to find all the reactions in order to 
obtain the shear. The moments at the supports being known^ 
we can find the shear directly. 

Thus, for concentrated load in a span 4 (Fig. 89) we have for 
any point x 

M^ - S, a? + P (Z; - a) - m = 0, 

where S^ is the shear at the left of the loaded span, and m is 
the moment at any point. We see at once that, to determine 
this moment, it is the shear that we wish, and not the reaction. 
For a uniform load we have similarly. 

If in both these equations we make a; = Z^, m becomes Bf^^.!, 
and we have 

Sr- ^ + ?, 

where j' = P (1 — A) f or a concentrated load, and q = -^ for 

uniform load. 

In an imloaded span at the left support, or when 7n < r, 
q disappears, and we have 

whenm<r, S^ = '^ - M^^i ^ 

For the shear at the riffht support of the loaded span we have 
simply S^ — P or S^ — wly and hence 
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where 3^= P^ for concentrated load, and j' = -^ for nni- 
form load. For any other span at the right support 

o m — ^ 

Thas, SjQ and S'^^ are the shears at any support just to right and 
left of that support respectively. The reaction at any support 
is then R„, = S„, + S'„. 

The moments, then, at two successive supports being known, 
we can readily find the shear at any support, and these two, 
moment and shear, we repeat, are the quantities requii^ed for 
calculation. The reactions, and the tables for the reactions 
above, are only useful as enabling us to find the shear. It is 
this last, together with the moment at the support, which gives 
us the moment m at any point of the span in question, as is 
evident from the above equations. It is only in the case of the 
simple girder that the reactions at the ends are the same as the 
shears. In the continuous girder ordy the latter should he 
uaedy except for ends of end spans, where the two are identical. 
We have only to remember, then, that the shear at any support 
is the atgebrcdo sum of all the reactions and loads from that 
support to the nearest extreme end, and then, knowing these 
reactions and loads, the determination of the shear is easy. 

We might give tables for shears directly, as above, for reac- 
tions; but this is unnecessary. Having taken the reactions 
from our tables already given, and found the moments either by 
our formute or tables, we can then find the shears both by means 
of the reactions and also directly from the moments them- 
selves, and thus check at once the accuracy of our determina- 
tion of both. From what has already been given, the reader 
can easily construct tables of shears similar to those already 

given for reactions for himself, if desired. 

149. Recapitulation off Formalse— Contlnnons Girder 
0¥er anjr Nomber of lievel Sapportt, all Spans equal.*— 

Fbr notation^ see Art. 130, F^g. 89. 

* These formiilaB are given in similar form in Winkler's ** Der Lehre von 
der Elastddtaet nnd Festigkeit,** Art. 144, p. 128. They were also indepen- 
dently dednced by Mr. Merriman, to whose kindness we are indebted for much 
of this chapter. The above methods of tabulation were oommonioated l^ 
him, and are given in no treatise npon the subject, 
15 
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Ist Moments at supports. 



when m> Tj Mg^ = — ^».^+a 



• ^.+1 
in which * = land A = P?(2*-8«»+;P), A' = Pi(*^A») 

c 

for concentrated loads, and A = A' = ^ wP for a uniform 
load oyer any one span. 

2d. Sliear at the st^pports. 

In the loaded span, to the right of the left support, 

8, = ^-^*^ + g. 
To the left of the right support, 

Si __ Mf-j.! ^ M, , f 
r+l 7 + 2^* 

In the tmloaded spans, to the right of the left support, 
To the left of the right support, 

Oin — J • 

For the reaction at any support, Rm = S „ + Sn. 

3d. Reactions. 

(a) Abutment reactions : 

when r = l, Ri=— ^ + j; when r = «, Rg+i = — ^+g^; 

when 7* > 1 and < «, R^ = — ~? R.^.i = — -~. 

(J>) Eeactions at supports adjacent to loaded span (when this 
span is not an end span) : 
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{e) All other reactions : 

Where for concentrated load, 

A = PZ(2*-8;P + >{?) A' = PZ (*-;?) 
y = P(l-*) ^ = PA. 

For uniform load in single span, 
A=^A' = iwPy q=^ = ^wl, k being always y, and 

V 

<?i = <?4 = 16 oy = - 780 <Ju, = 40545 

ci = l <%=-56 cii = 2911 (Ju = - 151316 

(% = — 4 <% = 209 c^ = - 10864 (?» = 564719, etc. 

We give also, for sake of completeness, although not needed 
for calculation, the formulsd 

FOB ITNIFOBM LOAD OVER SNUBS LENGTH OF OIBDBE.* 

Moment at any support, 

M, = 2 A g, ^"-' \*^ - ^'^' \ 
Reactions at abutments, 

Beactions at other supports, 

B« = 6?^ + ?; 

where, as before, A = J ^ ?, qz=z\wly 
and the numbers indicated by b are as follows : 

Ji = J4=-3 J8=-41 itt=-571 

J, = 1 Jfc = - 4 S, = - 56 S^ = - 780 

6^ = 1 Je = + 11 *io = + 153 etc. 

ft, = + 15 &u = + 209 

* The above eqnatiiotts weze first given by Mr. Meniman, in the Jawr. 
FrankUn InHit^Oe, April, 1875. 



328 ooNimuous gibdss. [ohap. xm. 

These numbers change signs by pairs alternately, and every 
other one follows the law of the Clapeyronian numbers. In 
fact those with the odd indices are those numbers, and the even 
ones, commencing with 0, 1, 3, follow the same law. 

The above comprises aU the formulae thus far given, in a 
shape very convenient for reference. The reader who has fol- 
lowed attentively our explanation of their use, needs nothing 
more to solve the case of equal spans completely. The expres- 
sions, however, for the reactions are unnecessary. As we have 
seen from Art. 148, we need only the moments and shea/rs at 
any support in practical calculations. The practical formnlsa 
necessary and sufficient for any case will be found in the next 
Art. 

150. Girder conttnnoas orer any Bf amber of Level Sop- 
ports ; Symmetrical with respect to tlie Centre, and irltli 

two variable end Spans n Tand p I on eacb side. — [^ig* 

89.]* 

Moments at Supports : 

whenm<r+l, M^ = -^ ^ ^'-'^j, o /^V^^'*' ? 

when m> r, M« = ^f^ ^W^''T\ - 
8hea/r at Supports — ^loaded span. 



imloaded spans, 



O r+1 — T r y , 



in= J > 



Mm — Moj^l 



S' = 

In 1 



For uniform load. 



* Jcur, Franklin Institute^ March and Apzil, 1875. 
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For concentrated load, 
A = P^(2*-3>6»+;5?), A' = P^ (*-;?)> 
and 1? = P (1 — ^)> j' = P ^, A being always j. 

The quantities denoted by c are also as follows : 

Oi = 0, t^ = 1, 

— 2^ — 271 

<H- , 

P 

jp (4 + Z p) + n, (4 4- 4^) 
d = , 

P 

^ _j?(14 + 12_p)-n(14 + 16i?) 
^ — , 

JP 

_ j? (52 4- 45 jg) 4- /^ (52 + 60 j?) 

P 

_ ^p (194 -jr 168 j?) - n (194 4- 224 jp) 

p (724 + 617 i>) + n (724 + 836 jj) . 

following the law of the Clapeyronian numbers. 

161. Application of the above FormuiaB, — The for- 
mulsB of the preceding Art comprise in a most compact form all 
the formulsB hitherto given, and are all that is necessary for the 
complete solution of any practical case. 

Thus, by making p = unity and retaining only n, we have 
the case of a girder with variable end spans n 2, of different 
length from the others, which latter arc all equal and repre- 
sented by L The reader will find no difficulty in using the 
above. For any particular case, when w orV and Z, A, n and 
p are given, A, A', q and q' can be easily found, and the prob- 
lem is solved. If n andjp be both unity, we have the formulae 
for all spans equal. The expressions for M^ will then reduce 
to those already given in Art. 144. Thus, in Art. 145 we have 
already found for seven equal spans, i = 80 ft., load P = 40 
distant 50 ft. from left ; the moment M4 = 202.4. Now, from 
our formute above, we find for M^ making m = 5, « = 7, 
r = 4; Mb = 272.8. 

Then by our formulae for shear, S4 = 4- 14.12, or nearly 
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what we have assumed in Art. 145. We may also find the 
same shear by finding the algebraic sum of the reactions at 
ABC and D f ron* the formulae of Art. 147. This is more 
tedious, and, as we see, unnecessary. The moments can be 
easily found, and then the shear obtained directly from these. 

We must bear in mind that ^ ahoays denotes the span the 
load is upon, whether nlypl^ or i, while ^m is any span in gen- 
eral, according to the value of m, 

159. Coiittnaoas Girder with fixed ends.— It is worthy of 
remark that if n be made zero in the formulae of Art. 149, we 
have a girder with fastened ends and variable end spans p I. 
If in addition jp is unity, then all the spans become equal. We 
must, however, remember that when we thus make ti = 0, the 
number of spans is a — 2 instead of «, as before, and the end 
spans are p I ; the end supports are also 2 and a instead of 1 
and « + 1. 

153. Examples. — As illustrations of the use of the formulae 
of Art. 150, we give a few examples. 

Ex. 1. A beam of one span is fxed horizontally at the ends. 
What are the end moments and reactions for a concentrated 
weigM distant k \from the left end f 

Here the two outer spans of three spans are supposed zero. 
Therefore, « — 2 = 1, and « = 3. The left end is 2 instead of 
1, and the right end 3. .Hence, r =2 2, j> = 0, and n = 1 in the 
formulae of Art. 150. We have, then, 

(?! = 0, Cj = 1, c^ = — 2, (J4 = 4) and hence, 

for m = 2, M, = ^^^-±-^; 
' ^ I C8 + 2e^ ' 

or, inserting the values of c above. 

Mi = g^^ (2 A - A'), M, = - 1^ (A - 2 AO. 

For a concentrated load, A = P?(2*-3P + ^, 

and A' = P?(*-*»). Hence, ^ = Vl{k-^Jf + Jf), 

and M; = P Z (*» - *»). 

For the reaction at the left end, whidi is in this case the 
Barne afi the shear, we have 
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S,= '^7'^ +P(l-;fe) or S, = P(l-3;{? + 2>{^, 

8, = ^~^ + PJk or S, = P(3*»-2;{^. 

Tor a load auywhere, we have simply to give the proper value 
to ky and we have at once the reactions and moments. Thns, 
for a load at \ the span from the left, k = ^y and 

.For a load in centre, ^ = h ^^^ 

[Compare Supplement to Chap. VIL, Arts. 16 and 17.] 
Ex. 2. For a uniform load over the sayne beam, what are the 

end moments and reactiona f 

We have simply to introduce the proper values of A and A' 

for this case, and we have at once 

M, = -^t(7 2^=:M3 and S^^S^^^wl 

Ex. 3. A girder of three equal spans is ^^ walled in^^ at the 
ends, and has a concentrated load in the first span. What a/re 
the m>omentSy shears^ andrea^stions at the ends amd intermediate 
avfpportsf 

In this case, « ^ 2 = 3, and hence « = 5, r =: 2, f» = 0, 
p = ly and therefore 

jJT^^ A (% + A^ <?4 

^ I c,-\'2c ' 

I 04+2(%' * I Ci + 2Ci ^ ' 
also, (jj = , (3^ = 1, ^ = — 2, (J4 = 7, 0^ = — 26, etc. 

Inserting these values and the values of A and A' for con- 
centrated load, we have 

M, = ?^(45A-78*« + 33;{^), M,= |^ Pi (iP - «^, 
M:4=-^(3A?-8^, M5 = ^(3^-3i{^. 
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ObBerve that the moments are positive at each end of the 
loaded span and alternate in sign from that span, varying aa 
the numbers 1, 2, 7, or as the numbers o [Art. 140]. A positive 
moment always denotes compression in lower fibre. For the 
shears we have, then, from Art. 150, 

Sg== J(45-99;{? + 54/!^, S', = i^ (99 4» - 54 *»). 
4i) 45 

S, = J (27 ^ - 27 -P), S'4 = J (- 27 *» + 27 >?), 

S, = ^ (- 9 A» + 9 yi!»), S', = J (9 *» - 9 *»). 

For the reactions, then, 

B, = S^ H, = S', + S, = J (126 ;? -81 i{?), 

Observe that the reactions as also the shears are positive at 
the supports of the loaded span, and alternate in sign from 
those supports. A positive shear or reaction acts always up- 
wards. Disregarding, then, for the present, the weight of the 
beam itself, it would have to be held down at first pier from 
right end. 

If the weight is in the centre of first span from left, ^ = J, and 

*"""*-360 ' ^"360^' ^~"360^' ^" 360^- 

The reactions add up to P, as they should. 
If P = 100 tons, and Z = 15 ft., we have 

M, = 237.5 ft. tons, Mg = 87.5, M4 = - 60, M^ = 25 ft. tons. 
R9 = 60 tons B« = 47.5, R* = - 10, Bj = 2.5 tons ; 

Sj = 60 tons, S'g = 40, 88 = 7.5, S'4 = - 7.5, 

84 = -2.5, 8'5 = 2.5. 

Ex. 4. A beam of five spana^Jree at ends; centre and adja- 
cent spans 100 ft, end spans ea^h 75 ft,y has a uniform load 
extending over the whole of the second spa/n from left. What 
are the mmnents at the ends and supports t 
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Here «=5, n = f, jp = l, r = 2; therefoi*e, from Art. 150, 

and Ci = 0, <^ = 1, <% = — Ji C4 = 13, <% = — 48.5. 
Since, then, A = A' = —— for uniform load, we have 

Mb = tAt wP,M^ = 0. 
If the load is two tons per ft., wP = 20,000, and 
Ml = 0, Ma = 4U.7, M, = 1036.6, M^ = - 279.5, M5 = 79.7. 

Find the shears and reactions at each support. 

Ex. 5. A beam of four equal spanSy has the second span from 
left covered with full load. What is the moinerU and shear at 
left of load? 

Ans. Mg = 3iV^ w l^, Sj = J^ w I. 

What at right of load ? 

Ans. la^ — ^wly 8\=z^j^wl. 

What are the f ormute for concentrated load ? 

Ans. M2==^[26*-45*»+19*»]PZ, 

M, = ^g [7 ;fc - 1 2 *» + 5 ^] P Z, 

82 = ^ [56-58;fc + 3^-i5:»],' 

P 

S's = [58 A - 3 *» + i?] ^• 

Examples might be multiplied indefinitely. 

The above is suflicient to show the comprehensiveness of our 
formulae, and the ease with which results may be obtained, 
which, by the usual methods, would require long and intricate 
mathematical discussions. The points of inflection and the 
deflection may also in any case be easily determined, and gen- 
eral equations similar to the above deduced, but, as we have 
seen, the above are sufficient for full and complete calculation. 

IM. Tables for MomenU. — From the formulse of Art. 150 
we can easily flnd the moments for both unifonn and concen- 
trated load m a single span for various numbers of spans. If 
these results are tabulated we, shall obtain tables from which 
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the moments may be at once taken. The formal^ for the 
shears are so easy when for any case the moments are known, 
that it is nnnecessary to give tables for these. 

The reader will do well to make himself perfectly familiar 
with the formul88 by calculating the moments for various cases, 
and comparing with the following tables. We give the prac- 
tical case of variable end spans nl and equal intermediate 
spans 2. 

TABLE TOB MOMENTS — T7NIF0BM LOAD OYER ANT SINGLE SPAN. 

Ooefloienta ofwVftvm table. End tpans n L 

Som^arta ooontBd fironi l6fL 



1 


a 


8 


4 


6 


6 


L 
II. 


« 




"o 



"o 
"o 
"o 


nk 


(9+a«)n» 


(7 8n)n« 


(26+80 n) n» 


(97+119 n)n» 


& 


1+Sn 


a+««)C«+8») 


(U9n)(7+8n) 


(l+9n)(96+80n) 


eto. 


1 


6+Cn 


(6-t-6n)(8+9n) 


(6+6 n) (7+8 n) 


etc 




TIT. 
IV. 
V. 
VL 


9 


19+S9fi 


(19-i-29n)(9-t-9A) 


(19+a«)(7+8n) 






t 


71-1- 89 fi 


(71-i-89n)(9-i-9n) 


oto. 






965-1-804*1 


oto. 


1 









If mnbor of 


One-f oarth of Denomliuitor. 


1 




» 2 




8 


8+8n+4n* 


4 


19+98 n+16n* 


6 


46 + 104 n+60n« 


6 


168+888 n+894ns 



The above table can be easily extended to include any num 
ber of spans. It is precisely the same as the table of Art. 140, 
and, in fact, includes that table. We have only to make n = 1 
and we have at once the table for equal spans. Suppose we 
take five spans, load in second from right. From the smaller 
table we have at once for the denominator of the coeflBcient 
oi wVj 4 (45 + 104 /I + 60 n% Then from the other table 
we have at support 1 from left Mi = 0, 

at support 2, M, = ^( 45 + 104 ;! + 60 n^ 
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, etc. 



at support 3, Mj = (1 + 2 n) (2 -f 2 n) t(? ? 

4(45 4-104 71 + 60^ 

If the load were in Becond span fi-om left^ and supports to 
right of load were required, we have simply to count the sup- 
ports the other way in the table. 

Tb,»,M. = 0,Mi = j^Ly^l^. or »„e » M. 



in first case, etc. 



a 



TABLE FOB MOMENTS — CONOENTRATED LOAD IN ANT SPAN, Tc = •=-• 

End spans n 1. Coefficients of V It from table. 



•8 





a = ft' 


fi 


V 


«=»' 


r 


IL 
III. 

ivT 

V. 
VI. 


8+Sn 


1 


Sn 


1 


9+9n 


9+10 n 


9-t-Sn 


8+4n 


9+9n 


7+8 n 


S8+98n 


7+8n 


19+14 n 


7+8n 


96+aOn 


lS8+143n 


96+80 ft 


46+69n 


96+80 7» 


97 + 112 n 


4694-680*1 


97+119 n 


168+194 n 


97+119 n 


863+418 n 


vn. 


etc 


eta 


eta 


eta 


eta 



/ 




8+4n 


n'. 


12+14 n 


lU'. 


46+S3n 


TV. 


168+194 n 


v. 


627+794 » 


VI'. 


eta 


VII'. 



s. 



I 



Number of 


Denomlnfttor A. 


8 




8 


8+8»+4n« 


4 


19+98 n+16n» 


5 


46+104 n+60n« 


6 


168+886 f +224 n« 


7 


eta 



The above tables give only the moments at the 9V/pportB of 
the loaded span. The Roman numerals I., II., III., etc., denote 
the number of this span from left^ and I'., II'., III'., the num- 
ber of the loaded span from right. The expression for the 
moment at left support is 

M = P 4 ^ [y * - 3 iS' «• + a' ;5?.] 



236 oomiNuonB oibdeb. [ohap. xm. 

For the right support, 

where the expressions for tf, 6\ A, 7, *y', )9, p\ a, a\ are to be 
taken fi*om the tables and inserted. 

Thus, for five spans load in second span from right, or third 
from left, we have at once A = 45 + 104 n 4- 60 n*. For the 
moment at the left support, to find ^, we must take horizontal 
line for III., and thus find (2 -f 2 n). For 7', ^8' and a' we 
must take 11'., and find, therefore, 3+4n, 2 + 2;* and 3 + 2 n. 
Hence, moment at left support is 

»'='*'=^^ 46+m!+60n' [(3+*«)*-8 (8+2n)**+ (8+2«) *»]. 

For moment at right support, we must take line 11^ for 6' and 
line 111. for 7, fi and a, and hence 



Pt 



^j-j^^ [(8-h4;i)*-h8(2+2n)*«- (9+10 »)*»]. 



Rince the span in question is not an end span, 4 = ^ ^^^ 



*""r 



For a load in an end span, use the formulae of Art 150. 
For a load in middle span of five spans, ^.d., third span from 
each end, we have 

«'="«•= 45SSSS1? [ ^''-^^''^ *-^'' ^'-''*' *'- ^•■^'^ "^ *' ]• 

When >fe = -5, both these moments become, as they should, equal 
2 

for any assumed value of w, as the reader may readily prove by 

insertion. 

For the other moments not adjacent to the loaded span, the 

rule of Art. 140 holds good. 
Thus, Mi = 0, M, = lM„M, = |^M„M,==-^*M„etc., 
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and similarly on the other Bide, 

1 

M, = 0, M^i = ^— ]^^.i, M,^, = -^ B^^.1, etc. 

We must remember always to give the proper signs to the 
moments, viz., positive for extremities of loaded span, and 
alternating each way from these for the others. From the 
formulse of Art. 140 we can then easily find the shear at any 

support. 

IM. Contlnooas Olrder— fjevel Supports— Spans all dif- 
ferent— General FormalflD.* — The preceding form nlse com- 
prise the case of one or, at most, two variable end spans. We 
give below the general formulae for aU spans different. These 
formulae include all the others as special cases. Thus, if we 
make all spans equal, we have the formulse of Art. 149. If end 
spans l^ and 2, are made zero, and we take the number of spans 
equal to «— 2, and first support 2, we have the continuous gir- 
der with fixed endSy in which the intermediate spans may or 
may not be equal, as we choose. If we make Z^ = or Z, = 
alone, and « — 1 = No. of spans, we have a continuous girder 
fixed at one end only. In short, the fonnulfle comprise the 
entire case of level supports. They are as follows : 

Let s = number of spans, ^ = length of loaded span, A = p 

a being distance of load from left support ; Zi, 4> 's • • • • ^»-i^i» 
the length of the various spans counting from left. 

Then,when^<.-.l,M. = <^^i^?^^ 

m>r,M„ = <f.,„,^2 ; ^ It// ^^7 \^ '^ ^^^ ^^^ ^^"^^^ 
at supports of loaded span, S, = — *" ^"^^ -\- q S'^+i = 

^*' ~ ^ + y'. For unloaded spans, S„ = ^° ~ ^^*\ S'„ = 

If ^m 

^m— 1 

* These f ormuls were first given by Mr. Merriman, and may be found in 
the London Phil. Magaeine, Sept., 1875. 

t We can put l^ d _,+ 8 (l^+ 1,) d. = - d ^^ J, Mid <._, Vi+ ^ ('.+ '.-i) ', 
= — 6 A. These valnes may be nsed for supported ends. The above 

values axe, however, the most general, and hold good not only for supported 
ends, but lox fixed ends as well. 
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For the reaction at any support, B^ = S'm + 8^- In which 
we have always ^ = y , y = P (1 — i), j^ = P A. 

A = P y (2* - 3 ;5? + *») and B = P y (;fe - *») for concen- 
trated load ; and j^ = g^ = J ^ ^ and A = B = i t^ 4* for uni- 
form load entirely covering any one span. 

Also for and d we have the following values : 



Ol — 


0, 




e» = 


1, 




A. — ™ 


— 


2 (^ + Zi) 


C^ 


^ ' 



" O ' 

or, generally, 

rfi = 0, 
(^ = 1, 

"^^ ^7^:^ ' 



or, generally. 






Ab an illustration of the use of the above f ormulse, let us 
take thi'ee unequal spans, load in the first. Then « = 3, r = 1, 

£ = -p For moment at second support, w = 2, or m > r j hence 

Ml — // Acx + B(^ 

"•■^ "^4^ + 2(4 + 4) (%• 



OHAP. Zm.] AHALTnOAL TOBOtULJEL 239 

But Ci = 0, (^ = 1, 
hence, Bince B = P Z^' (^ — X?), 

If in this we make 2i = 4? ^^ ^^^^ the extreme spans equaly 
and then 

^~ ^{h + hf-v ' 

If we make in this, again, Z^ = ^ we have for aU Bpana.eqoal 

Mi= ^3 \ 

jnst what we should have from Art. 149. 
For the reaction at the end support, we have 

Ri = S. = ?*L^+P(l-*), 
or, since Mi = 0, 

For all spans equal, or ^ = 4 = 2^ = ^^ this reduces to 

8i = ^(15-19* + 4*»), 

as we should have found from Art. 149. 

Ex. 1. — A beam of one ymri is fisned horizoriitalhf at the 
right end} what a/rethe rea^ctions amd th^ mornenta for concenr 
tratedloadf 

Here « — 1=1 or «=2, r = l, ^2 = 0, and from the for- 
mul» of Art. 155, c^ = 0, t)^ = 1, and di = 0, c^ = 1, d^ = — 2, 

Twr — A ivr — /7 A^_+B^_ Bo^ 



or 



Si=-?^ + P(l-*) = J(2-8* + «^, 
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Ex. a. — A ieam of three spafis of 25^ 50 and 40 feet respec- 
tively is fix^ JiorizontaUy at the right end^ and has a concen^ 
trated load of 10 tons at 12 feet from the third support froin 
left. What are the moments a;t the supports t 

HereZi = 25, 4 = 50,4 = 40, 4 = 0, P = 10, *4 = 12, 
k = 0.3, « — 1 = 3, « = 4, 4 = a^d r=S. Also, Oi = 0, 
Cg = 1, (i, = — 3, ^4 = 12.25 and ^4 = 0, (4=1, ^4 = — 2, 
d^ = 6.4, ^ = - 32.4. 

When, then, m < 4, 

In^rting k = 0.3 and the values of o, 
for w = 1, Ml = ; m = 2, M, =- 8.20 ; m = 3, M, = 24.62 ; 
for n = 4, 

M4 = ^t: (- 3 A + 12.25 B) = ?^(6.25* + 9 A» - 15.25 *»), 

or M4 = 42.29 ft. tons. 

Find the shears. Also moments and shears for uniform load 
over third span. 

Ex. 3. — A beam of fo^ir spans li = 80, 1, = 100, Ij = 50, 
I4 = 40 ft., free at the endsy has a load of 10 tons in the sec- 
ond span at 4:0 ft. from left. What are the moments t 

Here « = 4,Ci = 0, c, = l, <^ = — 3.6, C4 = 19.6, c^ = -83.7, 
c4 = 0, <4 = 1, ^4 = - 3.6, t4 = 10.3, <4 = - 41-86, r = 2. 

For m <8, M„= - -^j- (A ^^ + B <4), 

Hence, Mi = 0, 
M, = ^^-^ %~J-^ ° = f sis (17 ^ - 30.9 >{? + 13.9 i?) = 82.01, 

M, = -3.6 ^g~^^° = ^^^(1.6^ + 8^-4.610 = 88.56, 

m;i = o. 

Find the ehears. Alao find the moments and shear for nni 
form load over second span. 
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lft6. Thus wo 866 that, as in Art 150, a few short and sim- 
ple formulsB, which may be written on a piece of paper the size 
of one's hand, are all that we need for the complete solution of 
any case of level supports — ^whether the spans be all equal or 
the end ones only different, or all different ; whether the girder a 

merely rest on the end supports or be fastened horizontally at 
one or both ends. We have only to remember that a positive 
moment causes tension in upper flange at support, and there- 
fore compression in lower; inversely for negative moment. 
Also, that a positive shear acts upwards, and a negative shear 
downwards. Also, that both moment and shear are positive at 
supports of loaded span, and alternate in sign both ways. This 
is all that we need to form properly the equation of momenta 
at any apex, and determine the quality of the strains in flanges 
and diagonals. We can thus solve any practical case of fi-amed 
continuous girder which can ever occur with little more diffi- 
culty than in the case of a simple girder. 

Thus, for the span D E (Fig. 87) we have only to find the 
moments at D and £ due to every position of P in the span 
D E, and the corresponding shears at D. These once known, 
and, as we have seen, they can be easily obtained from our 
formalae, we can find and tabulate the strains in every piece 
due to each weight, as shown in Art. 127. An addition of these 
strains gives, then, the maxima of each kind due to interior 
loading. 

We have, then, to find, in like manner, the strains due to the 
two cases of extensor loading as represented in Fig. 87, or else due 
to each exterior span loaded, making a column for each span. 
From the columns thus obtained, we can deduce the dead load 
strains, and then finally the total maximum strains of each kind 
for every piece. [See, for illustration of the above. Art 127.] 

Thus, the whole subject is solved with the aid of but four 
simple formulfiB, and for a problem generally considered impos- 
sible by reason of its " complexity," our results will, we trust, 
be found sufficiently simple and practical. 

In view of" the fact that the necessary formulse for practical 
computations have been often given in the later works of 
French and G-erman authors, although perhaps never before 
in so compact and available a shape as above, it is indeed sur- 
prising that they should have been so completely ignored by 
English and American writers. 

The tables and formul» which we have given will, we trust, 
16 
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bring the subject fairly within the reach of the practical engi- 
neer, and should they be the means of calling more general at- 
tention to this important class of structures, will not, we hope, 
be considered as odt of place in the present treatise. 

For the mflitence of difference oflevd of the supports, as well 
as for va/riable cross-section and the relative economy of the 
continuous girder, see Arts. 17 and 18 of the Appendix. 
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SUPPLEMENT TO CHAPTER XHL 



DEMONSTRATION OP ANALYTICAL FORMULA GIVEN IN TEXT. 



In the following we shall giye the complete development of the general 
formulae of Art 155. As these formulae include, as we have seen, all the 
others as special cases, it is sufficient to show how they are obtained in 
order to enable the reader to deduce all the others. 

!• Conditlonn off Eqnillbrfam.— In the rth span of a continuous 
girder, whose length is 2r (see Fig.), take a point o vertically above the rth 






r*t 




support as the origin of co-ordinates, and the horizontal line ol as the axis 
of abscissas. At a distance x from the left support pass a vertical section, 
and between the support and this section let there be a single load Pr 
whose distance from the support is a. 

Now all the exterior forces which act on the girder to the left of the 
support r we consider as replaced, without disturbing the equilibrium, by 
a resultant momerU M^ and a resultant vertical shearing force 8^. Tliis 
moment is equal and opposite to the moment of the internal forces at the 
section through the support r ; while the vertical force is equal and oppo- 
site to the shear. 

Not only over the support, but also at every section, the interior forces 
must hold the exterior ones in equilibrium, and therefore we have the con- 
ditions : 

lit The sum (algd^aic) of all the horizontal forces must be zero. 

2^. The sum {algebraic) of all the vertical forces must be zero. 

8d. The sum {algebraic) of the moments of all the forces must be zero. 

Thus, for the section a;, we have from the third condition 

X M = Mr — Sr a? -4- Pr (a; — a) - w = . . . . (I) 

where m is the moment at the section. From this we have 

m = Bfr — Sra>-l-Pr(aj— a) (2) 

If in this we make x^l^m becomes Mr 4.1, ^^^ we thus have for the shear 
just to the right of the left support of the loaded span 



Sr = 



^-±}^^{U^a), 
it 
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i For an unloaded span the weight P disappears, and * 



For the shear just to the left of the right support of loaded span, 

B r+1 = FyS- B, = h -— . 

For unh>aded span, the weight P disappears, and 



SI SMM.JXI ASm— 1 
m = = • 

S'm is then the shear to the left of any support m, and S^i that to the 
right. The reaction at any support is therefore 

Km = S m 4" Bin* 

These are the formuUs already given in Art. 148. 

9. Equation off the Ela«itic Line.— We can now easily make 
out the equation of the elastic line for the continuous girder of constant 
cross-section, or constant moment of inertia. 

The differential equation of the clastic line is,* 

where B is the coefficient of elasticity, and I the moment of inertia. 
If now we insert in (8) the value of m, as given in (2), we haye 

d^y _ Mr — BrX + P, (g — g) 
dx'~ BI 

Integrating f this between the limits x = and ^ and upon the condition 
that X cannot be less than a, the constant of integration ^ =r ^ = the tan- 

€v X 

gent of the angle, which the tangent to the deflected curve makes with the 
horizontal at r ; and we have, since we must take the / P, (a?— a) simul- 
taneously between the limits x = a and ^ f or x = and x ; 

dy ^ rM,x-B,j^ + V^(x-a^ 

dx ^^ 3BI ^ ' 

If we take the origin at a distance Ji, (see Fig.) above the support r, 
then integrating again, the constant is ^, and we have 

y = ^+«r« + ' Q^j ... (4) 

which is the general equation of the elastic curve. If in this we make 



* See Supplement to Chapter YII., Art. 11. 

f Notice that when a; = 0, a ■- 0, and hence {x — a)=0 also. 
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a 



x= Ir^y becomes ^+i. If also we put Y = h or a = hlr, and insert also 
for St its value as g^ven in (2 a), we find for tr 

t^^h±l^^-L.^^2Mrlr+Mr^rlr -T^V (2 AJ- 3- P + i«)] ..(5) 

We see, then, that the equation of the curve *i8 completely determined, 
when we know M, and M^^.!, the moments at the supports. These, as we 
shall see in the next Art, are readily found by the remarkable " theorem 
of three moments," already alluded to in Art 144. 

3. Theorem of Three Moments, 



I L. 



•^^« M * « »• • ^^* 



% 




T^t 



In the Fig. we have represented a portion of a continuous girder, the 
spans being h It . , , Ir, eta, and Ihe supports 1, 2 ... r, etc. Upon the 
spans 2r^i and If are the loads Pr-i and Pr, whose distances from the near- 
est left-hand supports are ^^^i and kU; k being any fraction expressing 
the ratio of the distance to the length of span. 

The equation of the elastic line between P, and the r + 1'^ support is 
given by (4), and the tangent of the angle which the curve makes with the 
axis of abscissas is given by (8 a). If in (8 a) we substitute for 8r its 
value from (2 a), and for tr its value from (5), and make at the same time 

x = lr, then -j^ becomes ^4.1, the tangent at r + 1, and we have 
ax 

Remove now the origin from <» to n, and we may derive an expression 
for tr by simply diminishing each of the indices above by unity ; therefore 

Now, comparing these two equations, we may eliminate the tangents, 
and thus obtain 

Mr_i 2r-l + 2Bflr («r-l + ^r) + Mf+l k = 

_ 6 B I r ^-^-i +^ZL-^tO^. p,_, V-l (ife-^ + Pr V (2 Jk^S *» + 10. 
■- fr-l h -■ 

which is the most general form of the theorem of three moments for a 
girder of constant cross-section. 

When the ends of the girder are merely supported, the end moments are, 
of course, ssero. TTien, for each of the piers, we may write an equation of 
the above form, and thus have as many equations as there are unknown 
moments. 
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4. ]>eterininaUon of tbe ]IIoineiit»— SopporU all on 
level. — ^Vnien all the supports are in the same horizontal, the ordinatea 
Ai) ^1 Ar» etc., are equal; and hence the term involying BI disappears, 
and we have simply 

. Mr-i Ir-l + 2 Mr (?r-l + t) + Mj+i ^ = 
Pr_i V-l (h - A») + Pr V (2 * - 8 *» + t»), 

as already given in Art. 144. 

Now let 8 = number of spans, and let a single load P be placed on the 
rth span. [PI. 23, Fig. 89.] 

From the above theorem, since Mi and BCg^i are zero, we may write the 
following equations : 

2Mt(li + h) +M,Z, = 0; 

M.Za + 2M, (;, + h) + M4 2t = 0. 



Bfr_i Zr_i + 2 M^ (t_i +• ^) + Bf,^i Ig = 
PrV(2ifc-81j«H-P) =A; 

Bflf if + 2 Mr+i (Ir + Ir+l) + Mr+2 t+1 = 
Pr V (*-*■) = B. 



(6) 



M8_2 i-2 + 2 M,_i (Zg_2 + Z»_i) 4- Bfl^ 4_i = ; 
M._i 2b_i 4- 2 Ma (2g_i + y - 0. 

The solution of these equations can be best effected by the method of 
indeterminate coefficients, as referred to in Art. 186. 

Thus we multiply the first equation by a number <^, whose value we 
shall hereafter determine, so as to satisfy desired conditions. The second 
we multiply by c«, the third by c,, the rth by Cy+i, etc., the index of e cor- 
responding always to that of M in the middle term. Having performed 
these multiplications, add the equations, and arrange according to the co- 
efilicients of Ma, Ms, eta We thus have the equation 

[2 Ct (li + 1%) + Ci U] Ma + [Ca Za + 2 (J, (U + h) + C* Z»] M« + ... 

+ [<V-l t-1 + 2 Cr (t-1 + Zr) + Cr+1 W My + 

+ [<58-.2 i-2 + 2 Cb_i (ij_2 + Zg_i) + «B l^i] Mg^i 
4- [(Wi Z»-i + 2 Cb (Zb_i + W] M, = a Cr + B Cr+1. 

Now suppose we wish to determine Mg. We have only to require that 
such relations shall exist among the multipliers c that all the terms in the 
first member of the above equation, except the last, shall disappear. We 
have then evidently, for the conditions which these multipliers must 
satisfy, 

2 Ca (Zi + ia) + C$ Za = ; 

Ca Za 4- 2 Cs (Za +U) + C4 U = ; 



Cr-l t-1 + 2 <Jr (Zr-1 + fc) + Cr+l t = 0; 

<^-2 4i-2 + 2 <%_i (^8-2 + Ib-O + c« t-1 = 0; 
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"While for B8« we have at once, 

If, in like manner, we should mnltiplj the l(ut of equations (6) by the 
number cU, the last but one by dt, the rth by ^.r+it etc. ; then add, and 
make all terms, except that containing Ma, equal to zero ; we should have 
the conditions : 

2 <?« ft + 1^0 + dtk-i=0; 



while for the moment we have 

<4-i 2i + 2 (2, ft + ?,) cig+i 2i 

The values of Mt and Mg are thus given in terms of the quantities 
A and B and e and cZ. 
A and B depend simply upon the load and its position in the rth span. 

Thus A=Pt'(2ij-8i» + *»), B^Tl^ih-V). 

As for the multipliers c and (2, they depend only upon the lengths of the 
spans, and need only satisfy the conditions above. Hence, assuming 
Ci = 0, e« = 1, and ii = 0, <^ = 1, we can deduce the proper values for 
all the others. Thus, 



Ci 


= 0, 








et 


=1, 








et 


= — 


2'' + 
2. 


U 




«4 


= — 


ac^ 


+ h 


•4 


6« 


=s — 


ie,^ 


+ U 


-4- 



1^1 = 0, 

^ = 1. 



^ + t-1 



d. = -2?Lfi!zl. 

«.= -2«.?i±ii-«.ji, a. = -2& ^ + ^-* -d,jtd, 

etc., etc etc., etc 

Kow from equations (6) we see at once that Ms = «• Ms, M4 = Ca Ms, 
«tc, or, tmiversally, when n < r + 1, 

affn=^Afi = — •- p (A(^^3 + B(^^i) . . (7) 

Also taking the same equations in reverse order, Mg^i = d% M^, M, % = 
d4 M«, etc, or, universally, when n> r^ 

M,i = ^2«+»M. =-^=^ (Atfr + Bcr+i) ... (8) 
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Equations (7) and (8) are the general equations given in Art 155, whicli, 
as we have seen, include the whole case of level supports. 

5. Untform Loail. — For uniform load the same equations hold 
good. We have only to give a different value to A and B. 

Thus, for several concentrated loads we should have 

A = -y P Z,« (2 * - 3 i" + lO- 
For a uniform load over the whole span 4y let w be the load per unit 

of length, then 

A A 

= I wd a; oTBinoea = klr, ST=: / wltdh 

Inserting this in place of 2* P above, and integrating, we have 

A = B = i w t*. 

Thus the equations of Art. 155 hold good for concentrated and uniform 
load in any span, for any number and any lengths of spans. 

The above f ormulsB were first published in an article on the Flexure of 
OorUinuotu Girders^ by Mansfield Meniman, C.E., in the f/mdon Phil, 
Jfagctgine^ Sept, 1875. 

6. FormnlK for tbe Tipper. — ^The expressions for the reactions 
in this case, already given in Art 120, may be easily deduced. The solu- 
tion is tedious by reason of lengthy reductions, but the process of deduc- 
tion is simple. 

The construction in this case is indicated in Fig. 83, PL 22. We sup- 
pose, as shown there, a weight upon the first span only. Under the action 
of this weight the beam deflects, and one centre support falls and the 
other rises an equal amount. Thus, if we take the level line as reference, 
A, = — As. Moreover, the reactions at these two supports must always be 
equal. 

We have, then, as representing this state of things, A, = — As, and calling 
the supports 1, 2, 3 and 4, we have from Art 1, since Mi = M4 = 0, and 
Ix = U, 

R. = St = 8, = - ^ + P (1 - i), 



R, = 8', + S. = ^ + P Ij + -^'7""' , 

« «» c, M,-M, M, ) . . . (9) 

R, = 8', + 8, = — ^~ 1 + -^, 



R4 — 84"= y-, 

nrhese reactions will evidently be known, if we can determine the mo- 
ments. 

Let T, = 6 EI ["^ " ^-^ + ^ "V^^' 1» Then the gen- 

eral equation of three moments of Art 3 becomes, when we neglect Pr, that 
is, suppose only the first span loaded : 

Mr-i t-l + 2 M, (Zr_i + Zr) + ^r+l t = - "^Tr 4 Pr-1 V-l (* - *0. 

This expresses a relation between the moments at three consecutive 
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rapports for load between the first two. Let r — 1=1, orr=3. Then^ 
smoe Mi = M4 = 0, we haye 

2M, (?, + y+M,i, = -T, + Pii« (*-*•) =R . . (10) 

where R stands for convenience equal to the expression on right. 
Let r — 1 = 2, or r = 8. Then the weight disappears, and since li = 2a, 

M,?, + 3M, (Z, + ?x) = -Y, fli: 

From (11) we have 

^^^-Y,-2M.(U + h) ^^g^ 

But since Rs must always eqnal Ra, we haye from (9) 

M>--M. ^ 2Ma--aM, ^^p^ .... (18) 

Substituting (12) in (10), we have 

r;,-2Y.(2> + M 

Snbstltating (12) in (18), 

~ 8^'+8^Zi + 4fi» ^^^ 

From (14) and (15), we have then 

-T, -R = ?, iaPis. 
Insert in this the value of R from (10), and 

Y, - T. = P «i« (ib- F) + P 2i ?, * = P (h* k^h^B+liU *). 
Now in the present case hi = 0, k* = 0, and ha =* — ^a, and since also 



2ht_h% 

-2 Aa hi- 



Y. = em[---^--] 



and Ya = 6Birz£!' + pl That is, Y, = - Y,. 

Hence, from our equation above, 

Ya = | [^.•i-Zi'i'+ZiZalj], 

Y, = -| [^« i- 2.» i^^h hhj. 

Substituting these values of yt and yt in (11) and (18), we can obtain at 
once Ma and Ma, which finally substituted in eq. (9), will give us the re- 
actions as already given in Art. 120, when we put n 2 in place of Za. 

7. In similar manner we can solve other problems. Thus — tohat are the 
reactions for a girder cantinuoue over three supports, the two right-hand ones 
resting upon an inflexible body which is pivoted at the centre f 

This is the case of the tipper when raised at the centre so that the ends 
just touch, and then subjected to a load at any point of first span — the 
other end not "being latched down, so that it rises freely, as though without 
weight of its own. 
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In this case we hare from (9), since now Ms = 0, 



and Ri = 0. 
By the conditions Ra must equal Rt, hence 

2 



- + -7- = — Fife, or 
•1 



3 3iM, + ?,M, = -?, iaP* (16) 

From the equation of three moments aboye, we haye, malring r — 1 = 2, 
or r = 8y since then P disappears, 

MsZ. = ~T. (17) 

Y, 



or at, = — ^. 

Substituting this yalue of Ms in (16), we find 

and therefore, at once, 

IHitting n Z in place of U, we haye 

Ri=^ + P(l-*), R. = R,= ^* 



' Ri + 2 Rs, it will be obsenred, equals P, as should be. 

The conception of a beam tipping^ as in the last two Arts., is due to Clem- 
ens Herschel (OontinttmiSt BevoUnng Drwwhridgeay Boston, 1875), and the 
aboye f ormulsB were first deduced by him in the aboye work. 
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LITERATURE UPON TEEB CONTINUOUS GIRDER. 

We give below, for the benefit of students and those interested in the 
■abject, a list, chronologically arranged, of works upon the continnoiu 
girder. A glance at this list will convince the reader as to the thorough- 
ness with which the problem has been treated. 

1. Rbbhamn. — "Theorie der Holz-und Eisenconstructionen." . Wien, 
1856. — [Treats the continuous girder of constant cross-section and equal 
■pans according to the old method of Nayier ; first determining the reac- 
tions at the supports. A load in any single span only is considered, either 
total uniformly distributed, or concentrated and acting at the centre.] 

2. KOpkb. — '* Ucber die Dimensionen Ton Balkenlagen, besonders in 
Lagerhfiusem.*' Zeitschr. des Hannov. Arch. u. Ing. Ver., 1856. [The 
simple and continuous girder. Attention is here first called to the advan- 
tage gained from sinking the supports.] 

3. ScHEFFLBB. — "Theoric der Gewolbe, Futtermauem und Eisemen 
BrQcken.'* Braunschweig, 1857. [Continuous girder with total uniformly 
distributed load, and invariable concentrated loading. Advantage of 
■inking ths supports.] 

4. Clafbtbon. — Calcul d'une poutre ^astique reposant librement sur 
des appois in^galement esp^ces.^^ Comptes rend us, 1857. [Here, for the 
first time, the well-known Clapeyronian method is developed, by which a 
series of equations between the moments at the supports is first obtained. 
Application to total distributed loads, but varying in different spans.] 

5. MoLLiNOs BT Phonier. — " Traits tb^oretique et practique de la con- 
struction des pontfi m^talliques." Paris, 1857. [Treatment of the con- 
tinuous girder of constant cross-section, according to Clapeyron.] 

6. Grashof. — " Ueber die relative Festigkeit mit Rucksicht auf deren 
moglichste Yergrosserung durch angemessene Unterstutzung und Einmau- 
erung der TrSger bei constantem Querschnitte.^' Zeitschr. des Deutsch. 
Ing. Ver., 1857, 1858, 1859. 

7. MoHB. — "Beitrag zur Theorie der Holz-und Eisenconstructionen.** 
Zeitschr. des Hannov. Arch. u. Ing. Ver., 1860. [Theory of continuous 
girder, with reference to relative height of supports. Application to gird- 
ers of two and three spans. Best sinking of supports for constant cross- 
section. Disadvantage of accidental changes of height of supports. In- 
fluence of breadth of piers.] 

8. H. — '* Continuirliche BriickentrSger." Bomemann^s Civil-Ingenieur, 
1860. [Continuous girder of constant cross-section of three spans. Best 
ratio of spans, and sinking of supports.] 

9. Winkler. — "Beitrfige zur Theorie der continuirlichen Brucken- 
trSger." Civil-Ingenieur, 1862. [General Theory. Determination of 
methods of loading causing maximum strains; and, for the first time, 
general rules for the same given, fiest ratio of end spans.] 
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10. Bresse. — "Cours m6caniqae appliqu^ profess^ ft P^cole imp^riale 
des ponts et chaussdes.^' Seconde Partie. Paris, 1862. [Analytical treat- 
ment of the continuous girder of constant cross-section* The transverse 
forces are not considered. The exact determination of the most dangerous 
methods of loading, with reference to the moments in the neighborhood of 
the supports, is also wanting.] 

11. Albaret. — "Etude des ponts m^talliques A poutres droits r^posant 
sur plus de deux appuis.'' Ann. des ponts et chaussto, 1866. [Conttnu- 
ous girder of constant cross-section, treated after Clapeyron.] 

12. Rbnaudot. — ''M^moire sur le calcul et le contrdle de la resistance 
des poutres droites k plusiers trav^es." Ann. des ponts et chauss^es, 1866. 
[Continuous girder, treated according to Clapeyron.] 

18. CuLMANN— " Die Graphische Statik." Zurich, 1866. [Graphical 
treatment of simple and continuous girder of constant and variable cross- 
section. Moments at the supports are determined analytically.] 

14. H. Schmidt. — ^" Ueber die Bestimmung der ausseren auf ein Briick- 
ensystem wirkenden KrSfte.'' Forster's Bauz., 1866. [Data for the amount 
of live load for Railroad and Way Bridges. Determination of the equiva- 
lent uniformly distributed load. Data for dead weight and wind pree- 
sure.] 

15. Grashof. — "Die Festigkeits Lehre." 1866. [Gkmeral analytical 
treatment of the girder without special reference to bridges. Continuous 
girder of uniform strength.] 

16. Winkler. — " Die Lehre von der Elasticitaet und Festigkeit." Prag., 
1867. — [General analytical theory of the continuous girder of constant and 
variable cross-section. Application to total uniformly distributed loading. 
Influence of difiFerence of height of supports.] 

17. Frankbl. — ** Ueber die ungiinstigste Stellung eines Systems von 
Elnzellosten auf Tr3gern iiber erne und uber zwei Oeffnungen, speciell auf 
TrSgem von Drehscheibcn." Bomemann^s Civil-Ingenieur, 1868. 

18. MoHR. — "Beit rag zurTheorie der Holz- und Eisenconstructionen," 
Zeitschr. des Hannov. Arch. u. Ing. Yer., 1868. [Here, for the first time, 
the elastic line is regarded as an equilibrium curve, and the graphical 
treatment of the continuous girder founded.] 

19. H. Schmidt. — **Betrachtungen uber Bruckentrftger, welche auf zwei 
und mehr Stiltzpunkte frei aufliegen, sowie uber den Einfiuss der unglei- 
chen Hohenlage der Stiltzpunkte." Forster^s Bauz., 1868. 

20. CoLLiQNON. — " Conrs de m^canique appliqu^ aux constructions." 
Paris, 1860. [Continuous girder of constant cross-section and uniform 
load.] 

21. Laissle and Sch&blbr. — ''Der Bau der BruckcntrSger mit beson- 
derer Riicksicht auf Eisenconstructionen." IIL Aufl., I. Theil. Stutt- 
gart, 1869. [Treatment of the continuous girder, according to Clapeyron.] 

22. Lbtqxje. — ** Etude sur les surcharges ^ consid6rer dans les calculs 
des tabliers metallique d'appr^ les conditions g^n^rales d'exploitation 
des chemins de fer." Paris, 1871. 

23. LippicH. — " Theorie des continuirlichen TrSgers constanten Quer- 
schnittes. Elementare Darstellung der von Clapeyron und Mohr begrun- 
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deten Analytiscben und Graphischen Methoden uad ihres Zosammen- 
honges.'* Forster's Bauz., 1871, also separate reprint. [The geometrical 
constructions are deduced from the analytical formul<e.] 

2'i. Sbbfehlner, G. — ** A tobbnyngpontd vasr&cstartdkr^l — A magyar 
m^rrok €s 6pit^ — egylet kozlonye/' 1871 [Hungarian]. 

25. RiTTBR, W. — '* Die elastische Linie und lb re Anwendung auf den 
Gontinuirlichen Balken. Ein Beitrag zur graphischen Statik." ZQrich, 
1871. [This and the preceding work treat the continuous girder after the 
Gulmann-Mohr method.] 

26. Ott.— " Vortritge uber Baumechanik," n. Theil. Prag, 1872. 
[Analytical determination of the shearing forces and moments for the sim- 
ple and continuous girder of constant cross-section and level supports.] 

27. Wbyrauch, J. I. — " AUgemeine Theorie und Berechnung der con- 
tinuirlichen und einfachen Trfiger." Leipzig, 1878. [A work well deserv- 
ing to close the list Gives the general theory for constant and variable 
cross-section for any number of spans from 1 to oo, and for all kinds of 
regular or irregularly distributed and concentrated loads. The formulsB 
are general, and for given loading free from integrals. Difference of level 
of supports ; most unfavorable position of load ; exact theory of the fixed 
and movable inflexion and influence points, etc. Examples illustrating 
use of formulse, and complete calculations of girders.] 

This last work leaves but little to be desired in thoroughness and com- 
prehensiveness. 

It will be observed that England and America have contributed but lit- 
tle to the literature of the subject. Indeed the standard works of both 
countries show scarcely a trace of the influence of the labors of French and 
German mathematicians in this field. The only works which, so far as we 
are aware, can be mentioned in this connection are as follows : 

Ra2(kinb, W. J. M. — " Civil Engineering." 1870. [Very brief and in- 
complete.] 

Hui^EB. — " Strains in Girders." American Ed. New York : Van 
Kostrand. 1870. [Graphical constructions, holding good only under the 
supposition that the end spans are so proportioned that the girder may be 
considered as fixed at the intermediate supports, for full load.] 

Stokbt, B. — "Theory of Strains." London, 1878. [Very brief notice 
of the subject Points of infiection are found for full load, and tlie flanges 
then cut at these points.] 

Hepfbl, J. M. — ^Phil. Mag. (London), Vol. 40, p. 446. 

Also Minutes of the Proceed, of the Inst Civ. Eug. [Excellent papers, 
which might well have been followed up.] 

In the latter publication also : 

Bell, W.— Vol. 82, p. 171. 

Stonby, E. W.— Vol. 29, p. 882. 

Barton, Jahbs. — ^Vol. 14, p. 448. 

In American literature : 

Frizbll. — "Theory of Continuous Beams." Jour. Frank. Inst, 1872. 
[Development of the subject according to Scheffler. See 8.] 
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Greene, Chas. E. — "Graphical Method for the Analysis of Bridge 
Trusses/' Van Nostrand. 1876. [Force and equilibrium polygons are 
used, but the moments at. the supports are found by an ori^nal method of 
approximation, or hcdaneing of moment areas.'] 

Herschel, Clemens. — *' Continuous, Reyolving Drawbridges." Boston, 
1875. [The f ormulse of Weyraueh are made use of. The case of " second- 
ary central span '* is for the first time investigated, and the appropriate 
formulae given. The fact that the live load reactions for supports out of 
level are uachaoged, provided the dead load reactions are zero, is also for 
the first time clearly stated. The draw span is thoroughly treated, and the 
idea of weighing off the reactions at the piers of a continuous girder sug- 
gested.] 

Merriman, Mansfield.--^'' Upon the Moments and Reactions of the 
Continuous Girder" — Journal of the Franklin Inst for March and April, 
1875 ; Van Nostrand's Eng. Mag., July, 1875, August and Sept, 1876 ; 
London Phil. Mag., Sept, 1875, ** On the Theory and Calculation of Con- 
tinuous Bridges," D. Van Nostrand, New York, 1876, 16mo, pp. 130 ; as 
well as the formulae contained in Chapter XIL of this work. [By the aid 
of the properties of the Clapeyronian numbers, Mr. Merriman has deduced 
new and general formulae eminently suited for practical use. Also relations 
are deduced from which tables for moments and reactions may be drawn 
up to any desired extent by simple additions and subtractions, indepen- 
dently of the general formulae. (See Chap. XIL) The simple girder 
appears as a special case of the continuous girder. The formulae are, in 
respect to simplicity and ease of application, superior to any heretofore 
given.] 
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PART III. 

APPLICATIOU OF THE GRAPHICAL METHOD TO THE ARCH. 



CHAPTER XIV. 

THE BBAOED ASOH. 



157. IHIferent kindi of Braeed Arches. — JuBt as in gird* 
ere, we may distinguish between the solid beam, or " plate gird- 
er,'' and the open work, or framed girder ; so, regarding the arch 
as a bent beam, we may distinguish the braced arch and the 
solid arch, or arch proper. The strains in the various pieces 
composing the bi*aced arch may be easily found by the method 
of Arts. 8-15, or by calculation by the method of moments of 
Art. 14 for any loading, if ordy all the outer forces acting 
upon the arch are known : that is, so soon as, in addition to the 
load, we know also the reactions at the abutments, or the hori- 
zontal thrust and vertical reactions at the points of support, and 
the moments, if any, which exist at these points. 

We may distinguish three classes of braced arches : viz., 1st. 
Arch hinged at both cix)wn and springing ; 2d. Arch hinged 
at spring line only — continuous at crown ; 3d. Arch continu- 
ous at crown Kadi fixed at abutments. 

15§. Arch hinged at both Croini and AbutmenUi. — This 
form of construction [PI. 23, Fig. 90], owing to the hinges at 
crown and abutments, afiPords for live load but little of the 
advantage of a true arch. It is, in fact, an arch only in form, 
but in principle is more nearly analogous to a simple triangular 
truss of two raftere, these rafters being curved and braced ; the 
thrust being taken by the abutments, instead of resisted by a 
tie line A B. 

The case presents no especial difficulty, and may be easily 
calculated or diagramed, provided that not more than two 
pieces, the strains in which are unknown, meet at any apex. 
Thus, in PI. 23, Fig. 90, the resultant at the abutment due to 
any weight P being known, it may be directly resolved into the 
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two pieces which taeet there. The strains in these two pieces 
being thus found, those in two others in equilibrium with each 
of them may be obtained. In Art. 13 we have already ill as* 
trated the method of procedure for such a case, as also the 
method of finding graphically the resultant at crown and abut- 
ments due to any position of the weight. 

Thus the resultant at the ci-own for the unloaded half must, 
for equilibrium, pass through the hinge at B also. Its direc- 
tion is tlius constant for all positions of P upon the other half. 
The resultant for the other half must then pass through a and 
the hinge at A (Fig. 90). 

We have then simply to draw a B, prolong P to intersection 
a, and draw a A. A a and B a are the directions of tlie resul- 
tant at A and B, and by resolving P along these lines, we may 
find the vertical reaction Y = ab and the horizontal thrust 
H = c6. 

We can thus easily find the reactions at the abutments in 
intensity and direction, and following these reactions through 
the structure, as illustrated in Arts. 8-13, Chap. L, can deter- 
mine the strains upon all the pieces for any position of the 
weight. A tabulation of the strains for each weight will then 
give us the strains for uniform load as well as live load, as al- 
ready explained in the preceding chapter. Art. 156. 

There must be only two pieces meeting at the abutments. 
Thus the pieces in Fig. 90, represented by broken lines, can 
serve only to support a superstructure, or transmit load to the 
arch, and have no influence upon the strains in the other pieces. 

If the span A B = 2 a, the rise of the arch is A, and tlie dis- 
tance of the weight P from the crown is a?, positive to the left ; 
then taking moments about tlie end B, we have 

2V« = P(a + a;), or V = ?-%±^. 
Similarly, taking moments about the crown, 

— V6J-f-HA=— Pa?, orH= r = — ^r. — ^. 

n An 

The same formnlse apply for a weight upon the other half, for 
V and H at the other end. 

The values of V and H can easily be found from these for- 
mulsB, and the strains then calculated by moments, thus check- 
ing the diagrams. If these reactions ara found for the given 
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dimensionfl of the centre line^ we may, if we choose, 8nppo6e 
the depth of the arch to vary above and below the centre line 
equally, from the crown to ends. The lever arms of the pieces, 
and hence their, strains, will be different, but V and H are the 
same as before. Thus, whatever the shape of the arch, we can 
easily find the strains both by diagram and calculation. If we 
draw a line through A and the hinge at crown, we may easily 
prove that the greatest vertical ordinate between this line and 
the arch is 

where r is the radius. 

Now if the depth d of the arch is made greater than this or- 
dinate, it may be shown that both flanges will always be in 
<;ompression. This condition serves, then, to determine the 
proper depth of circular arch, which should Tiot he less than 



a ▼ 



+ A^ - r. 



It is unnecessary to give here an example.* The method is 

so simple that the reader will find no difficulty in applying the 

principles above to any case. lie will do well to calculate or 

diagram the strains in an arch similar to that shown in the Fig. 

for comparison with the two cases which follow. 

169. Arcli blnged at AbatmenU— coutinuoai at Crown. 

— If we suppose the hinge at the crown removed — those at the 
abutments being, however, retained — then, for any position of 
the weight, the i*esultant at each end must for equilibrium 
pass, as before, through the end hinges. In the preceding 
case, a, for load on left half, was always to be found atintersec 
tion of weight with the line through B and hinge at crown, and 
was therefoi'e fully determined. Now, however, a, the com- 
mon intersection of weight and resultant abutment pressures, 
has a different position, and hence the resultants and horizon- 
tal and vertical reactions are different. 

If we can find or know the locus or curve in which this point 
a must always lie, we can easily find, as before, the resultants 
or reactions by simply prolonging the line of direction of the 
weight till it meets this locuSj and then drawing from the point 

* See Note to this Chap, in Appendix. 
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of intersection lines to A and B, and resolving P in these direc- 
tions. 

Tlie equation of this locus can be found analytically without 
much difficulty. 

Ist. Parabolic Arc. — Thus, for e^jHirabolic arc, we have* 

_ 32 a^h 
y - 5 (5 a^ - a?y 

Where [PI. 23, Fig. 91] a is the half span, and h the rise of 
the arc ; x the distance of the weight from the crown, and y 
the ordinate N rfof the locus cd eik. 

For a given arc, then — that is, a and h given — we have only to 
substitute difFerent values for a?, as ar = 0, 0.1, 0.2, etc., of the 
span, and we can easily iSnd the corresponding ordinates y, and 
thus construct the locus cdei'k. It is then easy to lind the 
reactions at A and B for any position of P, as above indicated. 

The vertical reaction at the abutment may also be easily 

found by moments — ^thus, 

p 

Vi X 2 « = P (a -h a?), or Vi = ^^ (a + x). 

The horizontal thrust is 



2a 



(5 a? - a?) {a^ - a?) 



These values, though not needed for the construction above, 
may be of use, and are therefore given. In the following 
tables we give the values of H and y for different values of x : 



X 


H 


y 


X 


H 


V 




0.1 

0.2 

0.8 

0.4 

0.5. 


0.8906 
0.8859 
0.3706 
0.8490 
0.8176 
0.2783 


1.280 
1.288 
1.290 
1.804 
1.322 
1.347 


0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

.a 


0.2788 
0.2320 
0.1797 
0.1226 
0.0622 



1.847 
1.879 
1.415 
1.468 
1.527 
1.620 


,a 




.h 


P^ 


.A 



* For the demongtration of the analytical results made use of in this chap- 
ter, we refer the reader to Die Lehre ton der Elasticitat und Featigkmt, by B. 
Winkler. Prag, 1867. See also the Supplement to this chapter. 
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From the table, a and A and P being known, H and y can be 
found for the successive positions of P at 0.1, 0.2, etc., of a, or 

the half span, by multiplying P 7 by the tabular number for 

H, and h by the tabular number for y. 

2{i. CisouLAK Abo. — ^For a circular arc we have for the equa- 
tion of the locus cdeik [Fig. 91], 

l-hBic 

where k = -r— 5, 1 being the moment of inertia of the coristcmt 

cross-section, A its area, and t the radius of the circle : also 
where 

__ (sin* tt—sin' g) (a— 8 ain a cob a -h 2 a cos' a) 

^*"~ sin a [sin* a— sin* jS + 2 cos a (cos /3— cos a)— 2 cos a (a sin a— ^ sin /S)]* 

a being the angle subtended at centre by the half span, and 



A=: 



2 cos a (a sin a — /8 sin /8) 



B = 



sin'a - sin'/8 H- 2cosa(co8)8 — cosa — asina + )88in/8)' 

2 a cos^ a 
2 (a — 3 sin a coe a+ 2 a cos^ a)^ 

or, approximately, 

24 6 a* 



^""5a»-i8» 



B - — - - - 



6A« 



D-M!)"] 



4 a* ■" 64 A*' 
where /8 is the angle from crown to weight. 

~ = the square of the radius of gyration, or, approximately, 
the square of the half depth^ hence k = -— approximately. 
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For the exact values of A and S 


i, we have the following 


table: 




/8 


a=0 


a=10'' 


a=20' 


a=30* 


0=40" 


a=60'* 


a=60'* 


a=90' 







1.20 


1.19 


1.17 


1.14 


1.08 


1.00 


0.88 









0.2 


1.21 


1.20 


1.18 


1.16 


1.10 


1.01 


0.90 







A 


0.4 


1.24 


1.24 


1.21 


1.18 


1.18 


1.05 


0.94 





a* 




0.0 


1.29 


1.29 


1.27 


1.24 


1.20 


1.13 


1.02 









0.8 


1.88 


1.88 


1.86 


1.84 


1.80 


1.24 


1.18 







B 


1.0 


1.60 


1.50 


1.49 


1.47 


1.45 


1.41 


1.36 







a 


0.284 


0.288 


0.221 


0.208 


0.178 


0.146 


0.107 





a* 






j 




1 






• 


A* 



For the values of 


yo we have the 


following table 






/3 




a=0 


a=10" 


a=20'' 


a=30° 


a=40' 


a=50'' 


a=60* 


a=90" 


1.280 


1.282 


l.Soo 


1.800 


1.816 


1.840 


1.375 


1J571 


0.2 


1.290 


1.292 


t206 


1.809 


1.327 


1.348 


1J80 


1.571 


0.4 


1.822 


1.824 


1.829 


1.840 


1.354 


1.874 


1.408 


1.571 


0.6 


1.879 


1.880 


1.885 


1.898 


1.405 


1.421 


1.448 


1.571 


0.8 


1.468 


1.469 


1.471 


1.476 


1.488 


1.490 


1.504 


1.571 


1.0 
.a 


1.600 


1.600 


1.599 


1.597 


1.594 


1.691 


1^88 


1.571 








.h 






1 



It will be seen that for the semi-circle the locus is a straight 
line, for which y = i7rr =1.6708 r. Thus, for any given case 
— that is, I, A and r given — we can easily calculate k. Then 
from our tables, for given value of a, we can find A, B and y^ for 
values of )8 of 0, ^^ths, -^ths, etc., of a. These values inserted 
in the equation for y above, will enable us to plot the curve or 
locus cdeik, which being once known, the rest is easy. We 
have thus by a union of analytical results with our graphical 
method a very easy and practical solution of this important 
case. We may, if we choose, only use our method to determine 
the horizontal thrust and vertical reaction as shown by the Fig. 
91, and then calculate the strains by the method of moments. 
The availability and ease of the method here given, as com- 
pared with calculation, will be seen from a consideration of the 
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analytical formulee for the horizontal thrast and vertical reac- 
tion at A, Thus, for the vertical reaction, we have, as before, 
simply 

For the horizontal thrust, however, we have the following 
very clumsy formula : 

„ _^ sin* a — Bin' ^-f 2co8 a (cob /g— cos o) — 2 (I+k) cos a (aein a— /gsin fi) 
~ 2 [o — 8 sin a cos a -h 2 (1 H- «) a cos* a] 

For the semi-circle, this rednces to 

IT 

K being, as before, = ^-^ ; where A is the area and I the 

moment of inertia of the cross section, r tlie radius of the arch, 
and the angles a and y8, as represented in Fig. 91, viz., the 
angle of the half span, and the angle to the load, subtended by 
X, The first of the above formulae is sufficiently simple, and 
by it we may check the accuracy of our construction. Thus 
having plotted the curve cdeik by the aid of our expression 
for y and the tables above for any position of P required, we 
draw dAdB, and resolve P along these lines, thus finding V 
and H [Fig. 91]. We can then calculate V from the formulce 

above, viz., V = — ((z -f x). If this calculated value agrees 

with that found by diagram, we may have confidence that the 

curve is properly plotted, and hence that the value of H is also 

correct. Thus, with very little calculation and great ease, 

rapidity and accuracy, we can find the reactions at the end A 

for any given position of P in any given case. These reactions 

once known, we can easily find the strains either by diagram, 

as illustrated in Chap. 1., or by calculation by the method of 

moments of Art. 14. 

160. Arcb fixed at Abntmeiits—coiitlnuoas at €roi¥n. 

This is by far the most important case of braced arch, as by the 
continuity of the crown and fixity of ends we obtain all the 
advantage possible due to the combined strength and elasticity 
pf the arch. It is also the most difficult case of solution, as the 
formulse obtained by a mathematical investigation are complex, 
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and give rise to tedious and laborious computations in practice. 
A method combining simple analytical results with graphical 
construction similar to the preceding, will, however, obviate 
these difSculties, and bring the subject fairly within the reach 
of the practical engineer. 

In the present case, as before, the common intersection of the 
weight and the reactions lies in a curve, the equation of which 
may be found, and the curve itself thus plotted for any given 
case. 

But this curve, or locus, ILK [PI. 24, Fig. 92] being con- 
structed, in order to find the directions of the reactions which 
now no longer p<Z88 through the ends of the arc A and B, it is 
necessary to find and construct also the curve enveloped hy these 
reactions for every position of P ; that is, the curve to which 
these reactions are tangent. If, then, these two curves are con- 
structed, we have only to draw through L [Fig. 92] lines tan- 
gent to this enveloped curve, and we have at once the reactions 
in proper direction, and by resolving P along these lines, can 
easily find their intensities, and therefore V and H, as before. 

Ist. Parabolic Arc. 

For a parabolic arc we have for the locus ILK, y = ^h\ 
that is, the locus is a straight line at \th the rise of the arch 
above the crovm ; since we now take y as the ordinate to the 
locus measured above the horizontal tangent at the crown. The 
origin is, therefore, at the crown instead of at the centre of the 
half span, as in the previous case. 

For the second curve, or curve enveloped by the reactions, we 
have,* taking v as the abscissa and w as the ordinate of any 

• ^ n7- Aoi 2 «« (23 a« + 20 aa? + 5 a?) A 

pomt [Fig. 92], t, = ^_^, ^= \5(^^^)(3^^^ j-^ 

where, as before, a is the half span, h the rise, and x the dis- 
tance of the weight from crown. For a? = 0, v =^\ a, and 
«/7 = J|. A. For a; = a, v =-\ a, and t/7 = f A. For a? = — a, 
v = a, and to = — - oo. Eliminating x from both equations, we 

, h a? — h av -¥ ^ 'i? . 

nave ^r= — 7 — A. 

15 a (a — V) 

Hence the curve enveloped by the reactions is on each side an 

* For the proof of aU the ezpressioiui aasumed, see the Supplement to this 
chapter. 
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hyperbola^ which has for asymptotes the vertical through the 
abutment and a straight line which cuts the axis of symmetry 
of the arch at the point h [PI. 24, Fig. 93], \ h under the crown, 
the tangent at the crown at f a from the crown, and the chord 
of the arc at — 6 a from the centre. The centre of the hyper- 
bola is at <?, -j^ A below the horizontal through the crown. The 
two hyperbolas osculate at the point \ a vertically below the 
crown. [See Fig. 93.] 

As an aid to the construction of these hyperbolas, we give the 
following table : 



a? 


V 


w 


X 


V 


w 




+ 


+ 


+ 


+ 


+ 


1 


1.0000 


00 





0.6667 


0.5111 


0.0 


0.9524 


2.7731 


0.1 


0.6453 


0.4897 


0.8 


0.9091 


1.5455 


0.3 


0.6349 


0.4733 


0.7 


0.8695 


1.1065 


0.3 


0.6061 


0.4677 


0.8 


0.8384 


0.9999 


0.4 


0.5883 


0.4468 


0.5 


0.8000 


0.7600 


0.5 


0.5714 


0.4849 


0.4 


7693 


0.6756 


0.6 


0.5555 


0.4358 


0.3 


0.7407 


0.6165 


0.7 


0.5405 


0.4160 


0.3 


0.7144 


0.5714 


0.8 


5363 


0.4103 


0.1 


0.6897 


0.5377 


0.9 


0.5138 


0.4053 





0.6667 


0.5111 


1.0 


0.5000 


0.4000 


,a 


.a 


.h 


.a 


.a 


.A 



From the table it is easy to construct the hyperbola for any 
given case. We have, of course, a perfectly similar hyperbola 
for the other half, its centre e being similarly situated with 
respect to the crown, to the right of c. We have then simply 
U) draw a line through the intersection m of the weight P 
[Fig. 93] with the line i i, at y A above c, tangent to the hyper- 
bola, and we have at once the direction of the resultant. Tins 
tangent may be drawn by eye, or geometrically constructed if 
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desired.* A similar tangent to the hyperbola on the other side 
determines the direction of the other reaction. We can then 
resolve P in these two directions, and find at once V and H. 
The problem, then, so far as a parabolic arc is concerned, is 
suflSiciently simple and easy of solution. We have only to draw 
a straight line and two easily constructed curves. The formulae 
for V and H and moment at crown Mq are for this case alsti 
simple, and may be used for checking our results. They are : 

•Mo c= — TT l* ^ y 

H = Hpi^, T^^p C— ')'jf-^') , 

where, as before, a is the half span, h the rise, and x the dis- 
tance of weight P from crown. A negative moment always 
indicates tension in lower or inner flange. 

2d, Circular Arc. 

In this case we have for the locus ILK [Fig. 92], for small 
central angles a, the equation : 

a, A, and x being as above, and ^ = -^ = the square of radius 

of gyration ; A being the area and I the moment of inertia of 
cross- section. 

l^Nbte. — In aU the cases hitherto considered, or which we 
shall consider hereafter, the cross-section is assumed constant.] 

According to the exact formula, which is too complicated to 
make it desirable to be given here, we have the following 



* For the oonstmotion of a tangent to a oonio section, see Appendix, Fig. 4. 
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TABLE, FOB VALITB 


OF y. 




^ 


az^O" 


a = 80' 


= 60* 


a = 90' 





0.200 


0.211 


0.252 


0.829 


0.2 


0.200 


0.210 


0.246 


0.812 


0.4 


0.200 


0.207 


0.236* 


0.280 


0.6 


0.200 


0.202 


0.217 


0.228 


0.8 


0.200 


0.197 


0.200 


0.158 


1.0 


0.200 


0.188 


0.151 


0.082 


a 


h 



Instead of determining the curves enveloped by the reac- 
tions, the expressions for which are in this case somewhat com- 
plicated, it will be found preferable to find the distances c^ c^ 
of the intersections (f> and -^ of the reactions [see Fig. 92] with 
the verticals through the centres of gravity of the end cix>ss- 
Bections. For small central angles a, we have 



c, = — 



2h 



Oft= - 



15 {a -f x) 

2A 
15 (a -h x) 



[K 45 I aT 



[ 



a-h Sx 



_ 45 I a '] 



where a, A, A and Xj have the same signification as above. 

Since I divided by A equals the square of the radius of gyra- 
tion = j^, we have 

2A r . 45j^a 



Ci = — 



Ci= - 



U{a + x) 

2h 
15 {a -f- x) 



[ 
[ 



a — &x 



a-f- 6a? — 



45 ^a 



J 
J 



For braced arches when the material is nearly all in the 
flanges, the material in the bracing being very small, we may 
call the radius of gyration half the depth of the arch measured 
upon the radius from centre to centre of flanges ; or represent- 
ing this depth by rf, 
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2A 



(h^ 



15(a4- X) 



[. 45 ^al 



2 A r . ^ 45^al 

^ = — TFT ^ I « 4- 5 a? — — i-,„- I. 

^ 15 (a + a?) [_ 4A2 J 

[A negative result indicates that the distance is to be laid off 
hdow the centre of cross-section.] These formiilsB are easy of 
application, and sufficiently exact for arches whose rise is small 

compared to the span ; when — is, say, not greater than y^. 

A (if 

All the above formulse are for constant crosasection^. Exact 
formulfle for variable cross-section give results but little less^ 
and are much more complicated. The effect of using the above 
formulae is therefore, merely, to increase slightly the coefficient 
of safety. 

161. We are now able to determine readily and accurately 
the 8ti*ain8 in the various pieces of bmced arches hinged at 
crown and abutments, and hinged at abutments only. We 
have only to construct in each case the reactions at the abut- 
ments, as explained in Arts. 158 and 159, Figs. 90 and 91, and 
then, by the method already detailed in Arts. 8-13, we can fol- 
low these reactions through the structure, and thus find the 
strains in each piece due to every position of the load. We 
may also, having found the reactions for given position of 
weight, calculate the strain in each piece by moments. 

For the case of the arch continuous at the crown ^xoA. fixed at 
the ahiitme7its^ we must remember that we have also a moment 
at each end tending to cause either tension or compression in 
the inner flanges according as it is negative or positive. The 
case is precisely analogous to the continuous girder, or girder 
fixed at ends. As in that case [see Fig. 77, Art. Ill] the 
moment at one end, as B, was the product of H into the vertical 
distance B D, so here the moment at A (Figs. 92 and 93) is the 
product of H into Ci, found by the formute above. This 
moment can, then, be easily found when Ci and H are known. 
We can then lay it off, according to the directions of Art 125, 
for " passing from one span to another of a continuous girder," 
and thus commence our diagram of strains; or we can cal- 
culate the strains by the method of moments. 

163. Illuftratton of Method off Solatlon. — ^As an illustra- 
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tion, take a portion of a braced arch, as represented in PI. 24, 
Fig. 94r. We have fii-st to plot the npper curve or locus of «^ 
for the given dimensions of the centre line of the arch. This 
curve once plotted, then, for any position of the vs^eight, we have 
only to prolong P to m^ and draw a line from m to the end of 
centre line if the arch is hinged at ends, or to ^ at a distance 
<Ji, above or below the end of centre line if the arch is fixed at 
ends ; c^ being easily found from our formulae above. In sim- 
ilar manner, we draw a line from m to the other end, or c^. 
Now these two lines are the resultants of the outer forces P, 
and by simply resolving P in these directions, we have at once 
V and H, while the moment at the end M^ = — - H Cj, positive 
if it tends to cause compression in lower flange, or since c^ is 
negative down, if it acts hdow the end. 

We can now easily find the strain in any flange, as D, 
whether the arch vary in depth or not^ provided only it is sym- 
metrical with respect to its centre line. Thus for D, take the 
opposite apex a as the centre of moments. The moment of H 
with reference to a^ as shown in the Fig., tends to cause tension 
in D, while that of V causes compression. We have then, 
representing tension by minus, 

moment of V — moment of H 



strain in D = 



lever arm of D 



all with reference to a. If the result is minus, it indicates thus 
tension, if plus, compression ; if it is zero, the two moments are 
equal, and at a, therefore, no moment exists ; hence a must be 
a ])oint of inflection. Note that H and V must be taken as act- 
ing at ^, Fig. 94. We can also evidently take tliem as acting 
at the centre of the end cross-section, if we take into account 
the moment H Ci. 

In similar manner, for O we take h as centre of moments, and 
then, since H now causes compression in C and V tension, we 
have for V and H, acting at <^, 

, . . -- moment of R — moment of V 

stram m C = = >-7= . 

lever arm of O 

For V and H, considered as acting at the end of centre line, we 

, p __ moment of H -f H c?i — moment of V 

nave ^ — <. p « 

lever arm ox 

taking ^ Mrithout regard to its sign, but simply to the kind of 
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strain it tends to cause in the piece in question. Properly, 
since when H is below Ci is negative, we should have — H tfi 
for moment causing compression in O. 

Thus we may proceed till we pass P, and then the moment 
of P, with its proper sign, as producing tension or compression 
in the piece in question, must also be taken into account, or we 
may instead take the moments of V and H at the other end, 
that is, the same side of the weight as the piece itself. 

The diagonals may be similarly found by moments. It will, 
however, be best to determine them by diagram, one of the 
flanges being first calculated (in this case the first upper flange), 
as explained in Art. 125. They may also be calculated fi-om 
the resvltant shea/r at any apex. Thus, for diagonal 3 find the 
vertical components of the previously determined strains in D 
and O. These vertical components, together with the vertical 
component of the strain in 3, must for equilibrium be equal and 
opposite to the total shear at J. 

Calling this shear F, and a, fi and 7 the inclinations of D 
and 3, we have for the strain in 3, 

Ss = (F — Sj sin a — gj ^^^ P) CO67. 

If either of the vertical components of the strains in D or O 
acts opposite to the shear P, it must, of course, be subtracted ; if 
in the same direction, added to P. For the ready determina- 
tion of the proper signs, see Appendix, Art. 16 (4). 

The moment H Ci is the moment at the fixed end, and is con- 
stant throughout the arch for any one position of the load. It 
causes tension in outer and compression in inner flanges, pro- 
vided, as in the Fig., <f> fall below the centre of the end section. 
This moment is increased (or diminished if ^ is above) by the 
varying moment of H for each apex. 

The above method of determining the strains in the braced 
arch, though not strictly graphical, but rather a combination of 
analytical and graphical methods, offers such a ready solution 
of this important and difficult case, that we have not thought it 
out of place to notice it somewhat in detail. We consider it by 
far the simplest and easiest method which has yet appeared. 

163. Analytical Formulae for T and 0. — A comparison 
of our method with the long and involved analytical expres- 
sions to which the theory of flexure conducts us, will render its 
advantages still more apparent. 



CHAP. XIT.] THE BBAGED ABOH. 269 

Thus, for a load of w per noit of horizontal length, reaching 
from left end to a point whose angle from vertical through 
crown is fi (Fig. 92), a being the angle subtended by the half 
span, we have * 

H = ^^ [*i sin i8~*a /i + is + t sin »^], 

where R is radius of arch, and 

z. , . 2 sin a , sin a cos a , sin^ a 
ii;=:a + Binaco6a— , ki = h — —^ 

, sin a 7 sin a r . n , 

Aj = -z — , ^ = -J — I a — sm a cos a I, and 

4a 4a L J' 

/4 = /3 4-2/Ssin»i8 + 8sin/8coBi8. 

For V we have 
^ _i»r cosa8in«/3 8in/3 K Scoea— ooe*a T 

▼ =« *| ^TT : ; s : h ^-^ ; ; +81110 i, 

L2 (a— Sin a COS a) 2 a— Sin a COS a 6 (a— Bina COSo) J 

where K-'^^ + ^^^ - *^'^ 

For a concentrated load P for any point [Fig, 92], we have f 

or, more correctly, 

V — P ^ ~ )^ ^ Q^" ^ ^QQ ^ "" s^" )S cos /8 + 2 cos a sin fi 

2 (a — sin a cos a) 

For the serai-circle, this becomes 

--_p9r— 2)S— 2sin)8cos)8 

For H we have 

2 sin a [cos 3 — oos a + (1 + k) /3 sin /9] — (1 + «) a (sin' a + sin* ff) 



=:P 



2 [(1 -\- k) a{a-{- sin a COS a) — 2 sin* a] 



* Taken from Capt. Eads^ Report to the lUinois and St. Louie Bridge Ch., 
May, 1808. 
t Die Lehre von der Blaetidtai und Feetigkeit, Winkler. Prag. 1867. 
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I . 

where k = —-—5 ; I being the moment of inertia, and A area of 

the crosB-section, and r the radius of circle. 

These formulae, it will be observed, involve much labor in 
any particular case. Where the number of weights is large, 
the computation is tedious in the extreme. A method which 
shall give accurate results and avoid such formulae as the above 
is certainly very desirable, and such we believe to be the 
method which we have given. 

For the analytical investigation of arches, and the demon- 
stration of the formulae for the curves of which we have made 
use, the reader may consult Die Lehre von der Eldstidtdet und 
Festigkeitj by Dr. E. Winkler^ to which we have already re- 
ferred, and which contains a thorough discussion of the whole 
subject. The tables which we have given, as well as the for- 
mulae for y, Ci and c^^ will, it is hoped, give the method here 
presented a practical value, and render the solution of any par- 
ticular case easy and rapid. 

164. For a solid or plate girder arch of given cross-section, 
we may also determine the proper proportions by finding, as 
above, the moment M of the exterior forces at any point. 

TI 



Then M = 



7"' 



where T is the strain per unit of area in any fibre distant t 
from the axis, and I the moment of inertia of the cross-section. 
Thus, for a rectangular cross-section l=z ^bd^y where h is the 
breadth and d the depth. 

Hence M = | T J «?, 

if we take t^-. 

The strain, then, per unit of outer fibre will be 

6M 



T = 



6rf2- 



The safe working strain should not exceed for iron 5 tons 
per sq. inch for tension and 4 tons for compression, and there- 
fore d being assumed, we can easily proportion & so as to sat- 
isfy this condition. 

As examples of braced arches, such as we have considered, 
viz., continuous at crown and fixed at abutments, we may men- 
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lion the Bridge over the Mississippi River at St. Louis^ by 
Copt, Eads ; one over the EWe near Hamburg on the Paris- 
Hamburg It, i?., in which, however, the outward thrust of the 
arch is balanced by a precisely similar inverted braced arch, 
or suspension system. Thus the piers have to support a verti- 
cal reaction only, and the necessity of larore and expensive abut- 
ments of masonry for resisting the horizontal thrust is obviated. 

The strains in the invei^ted arch of this character are found 
in a precisely similar manner. The only difiFerence is that the 
reactions, and therefore the vertical and horizontal components, 
act now in a direction opposite to the direction for the upright 
arch, and the strains, though the same in amount, are of re- 
verse character in each piece. 

The bridge over the Rhine at Coblenz is an illustration of 
the braced arch pivoted at the abutments only. 

Examples of the solid or cast-iron arch of all kinds are 
common. 

165, Straln§ due to Temperatare. — In the first class of 
braced arches, viz., pivoted at both abutments and crown, there 
are evidently no strains due to changes of temperature. The 
arch can accommodate itself to any change of length by rising 
at the crown and turning at the abutments, and no strains are 
induced. 

We represent by € the coefficient of linear expansion for one 
degree [aboxU 0.000012 for iron^for every degree centigrade']^ 
and by ^, the temperature above or below the mean tempera- 
ture t^ for which no strain exists. 

Then for arch pivoted at abutments only, we have for the in- 
crease of thrust,* 

2 E I 6 ^ sin g 

"~ r* (a — 3 sin a cos a -I- 2 a cos^ a) -h 2 /e r^ a cos' a, 

where B is modulus of elasticity, I moment of inertia of cross- 
section, and K = -r—^ ; A being area of cross-section, r radius of 

arch, a the angle of half span, or, approximately, 

_ 15EIe^ _ 15EIAe^ 
7^ (2 a*-|- 15 /c) "" 8 A A2 -h 15 I' 

where h is the rise of arch. 

^Lehre von der EUutidt&t. Winkler. Also Supplement to this chapter, 
Art. 26. 
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For the moment at any point, then, due to change of temper- 
ature, we have 

M = H r (coe )8 — cos a), 

/3 being the angle from vertical to that point. 

This moment, if positive, causes tension in outer and com- 
pression in inner flanges, and we can, as before, easily find the 
corresponding strains either by diagram or calculation. 

For an arch fixed at ends and continuous at crown, we have 

2 E I c < (1 -h it) g sin g 

"" r* [(1 -f- k) (g* + a sin g cos g) — 2 sin *g]* 

or, approximately, 

„_ 45 EI 6^ _ 46EIAe^ 
"" r» (g^-h46 ic) "" 4 A A» + 45 1* 

But this thrust does not act at the abutment, since, if it did, 
there would be no moment there. It must be considered as 
acting at a distance for rise of temperature, bdow the crown of 

_ (1 + ic) g — sin g 
^ "• (1 -h /c) g ^' 

or, at a distance above the end abutment of A — ^ 
Approximately, we have 

_ g» + 6 ic _ ( A g» + 6 I) A 
^ 6 "" 3A^* ' 

a being the half span. 

This thrust and its point of application being known, we can 
easily find the moment, and hence the strains at any point. 
We see that the horizontal thrust is about six times as great as 
for the case of an arch pivoted at botli ends. 

The constant moment acting at the abutment, which may be 
considered as acting at every point, is 



-^ /sin g \ „ 

Ma.= — I cosgjHr; 



it acts to cause compression in outer and tension in inner 
flanges at abutment. If we find this moment, we can then con- 
sider H as acting at the end, and then we have for the moment 
at any point 

* Oapt. Eads* Report to the Diinm and St. Louit Bridge Co., liay, 1868. 
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a positive result, giving tension, a negative, compression in the 
outer flanges. 

166. EITecta of Temperature. — ^We are now able to solve 
accurately and thoroughly any class of braced arch, both for 
variable loading and changes of temperature, and here the fol- 
lowing remarks upon the latter subject may not be without 
interest We quote from Culmann — Die Oraplmche Statik^ 
p. 487 : 

" The question arises whether tJie fears which the additional 
strains, due to variations of temperature, have given rise to, ai*e 
well founded. Before the construction of the Arcole Bridge 
in Paris the Engineer Oud/ry made various experiments with 
a rib of about the same span as the bridge itself, of which the 
following seems decisive as regards the present question. By 
driving in the wedges upon which the rib rested above and be- 
low, he could raise and lower the crown much more than the 
distance due to variation of temperature without diminishing 

its supporting capacity Ovdry^ haviiig thus assured 

himself of the harmlessness of temperature variations, decided 
upon broad and firm bearing surfaces. 

" Interesting observations have also been made upon the 
changes of form of the cast-iron arch of 60 metres span over 
the Rhone at Tarascon^ published in the Annales de% Pants et 
Chemins^ 1854, from which, however, it only appeared that the 
changes of form followed slowly the temperature; that they 
were less than the received coefficients would have led us to 
expect, aud were nowhere found to be prejudicial. 

^^ Since, then, this question appears to have been settled more 
than ten years ago, may we not fear that those who still wish to 
pivot iron may some day seize upon the idea of pivoting stone 
arches also I 

" Stone, as is well known, expands not much less than iron 
for equal changes of temperature, and, moreover, its modulus of 
elasticity is much less. The expanded stone arch cannot accom- 
modate itself to the given span, therefore, as easily as the iron 
arch, and it would then be clearly more advantageous to pivot 
the stone a/rch ! As, however, such a clumsy contrivance would 
give no great impression of stahUity^ we feel justified in recom- 
mending a broad and solid bearing surface for all arches." 

As the opinion of an eminent engineer, the above may not be 

without interest. We would only add that, according to the 
18 
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accepted formulfie for temperature straiiiB already given, the 
results are of more importance than the above remarks would 
indicate. As will be seen in the Appendix, the temperature 
strains in the braced arch, fixed at ends and continuous at 
crown, are very considerable, and, if the formute are accepted 
as correct, can by no means be disregarded. By compai-ison of 
our numerical results for the three cases of braced arch there 
given, it appears that the one hinged at crown, and springing, 
is by far the best form of construction, but it must be remem- 
bered that a different proportion of span to height and depth 
may considerably affect this conclusion. Upon this point we 
refer the reader to Art. 28 of the Appendix. 

With the above, we conclude our discussion of .braced arches, 
or arches whose weight is not so great that the effect of the live 
load can be disregarded, and pass on to the stone arch, or arch 
proper.* 

* See Appendix, Art. 17, far a practical application of the principles of thia 
chapter. 
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SUPPLEMENT TO CHAPTER XIV. 



DEMONSTRATION OF ANALYTICAL FOBMULiB GIVEN IN TEXT. 

In order to complete our discussion of the braced arch, we shall now 
give the analytical development of the formulse of which we have made 
use in the preceding chapter. We do this the more readily, as in no book 
of easy access to the student are these formuln made out In the work of 
WinMer^ already referred to in the text, will be found a very thorough 
discussion of the subject We shall confine ourselves at present to the 
case of a single concentrated load. 



CHAPTER I. 

OBNBBAL 0ON8IDBRATIONS AND FOBMITLiB FOR FLBXT7RB. 

1. Fundamental Equations. — ^The resultant of all the forces act- 
ing upon a curved piece in a common plane may be decomposed into a 
force normal to the piece N, and into a compressive or tensile force in the 
direction of the axis or of the tangent to the axis G ; and this latter force, 
if taking effect above or below the axis, acts to bend the piece, and gives 
rise to a moment M as well as to a compressive or tensile force Q. These 
forces cause corresponding strains. Thus, if P is the tangential sprain per 
unit of area d a, then 



/■ 



Vda = Qt (1) 

while, if 9 is the distance of any fibre from the axis, 

Vo^a = M (2) 



/■ 



(a) Coeffieieni of elasticUp. 

Let the length of a piece be s, its area of crossHsection A, and, as above 

a 

the force acting upon this area G. Then ^ ^^^^ ^^ ^^® force per unit of 
area. Let the displacement [elongation or compresaion] produced by this 

Q 

force he As; the sign A indicating and reading *' elongatioiL*' Now 



^* 
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experiment shows that within narrow limits, i.^., within the dcutie UmttSf 
the elongation or compression is directly as the force of extension or com- 
pression. Supposing that this held true always for all values of A «, then, 

since a force — produces a displacement A «, the force necessary to produce 
a displacement s, will be — timed as great. Calling this force B, we haye 

A 9 



Aa $ 



The force E, then, is the force fjDhich would he necessary to produce a dU- 
pUtcement s equcU to the original length, if the law of proportionality of the 
displacement to the force always held good for all values of A «. This 



value 



(8) 



we call the coefficient of ehMtidt/y. 

From (8) we easily obtain for the force in the direction of the tangent 
to the axis 



= £IA — 



and for the relative displacement 

AS 

s 



BA 



(4) 



(5) 




(b) Fibre strain P, and moment M. 

Afl seen in eq. (1), the longitudinal strain upon an element of croaB*«ec- 
tion da \a called P. In a curved piece conceive two cross-sections, as 
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shown in the Fig., as A O B D perpondicnlar to the axis of the piece m n. 
Let these sections be infinitely near ; then, the distance h a upon the axis is 
d s. Let dsyhe the length of any fibre, as ^ c, h^are the change of form. 
'Then, after deformation, its length is = <2 «y + A (2 «v But if d (f> Ib the 
small angle between the normals, d»r = d8 + vd<l>y where v is the distance 
a 6 of any fibre from the centre of gravity of the cross-section. After 
deformation^ d s becomes ds-h Ads, and d <f> becomes d<f> + Ad<Pj and 
d «T becomes dSy + Adsy, Hence the length of any fibre after deforma- 
tion is dsy + AdsY = ds -^ Ads ■{■ 9 (d(f> + Ad<l>). 

Subtracting this from the eq. for d Sy above, we have 

Adsy::^Ads-^vAdtt>. 

Therefore the ratio of the change of length to the original length of fibre 

Adsy Ads -^v Add} 
dsr ds + vdKf} 



If r is the radius of curvature, then rd<b = ds, -^ = — : hence 

dsr 



, d<b 1 

^=r^ + .^_:!L« (6) 

dsy L ds ds JrH-« ^ 

a 

From eq. (1) we have the strain on a fibre P = 7 • 

From eq. (4), G = B A — . Hence P = B — . In the present case 

As * 

— is given by (6) ; therefore 

p=Hr4^+,^]4- (7) 

L ds ds J r-\-v 

Since now from (1) O = I "Pda, we have from (7) 

O^ Ads r da Ad(t> /*v da 

B-^TTJ FT^'^^~djJ r~i>' 

Since from (2) M = j Vvda, we have again from (7) 

M Ads /*i)da Add) Pv*da 



ds Pvda Ad<f> rxrda 
T J r4-« "^ *" ds J r + V 



But 



/rtr da 
— 7 — is, when v is very small compared to r, equal to 

I 9* da, which is the moment of inertia of the cross-section I. Also, 

/da ^ r p vda 

r + f> ~y ^^ J r-\-v' 
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or, r / = I da I vda+ -/ — -- = A + -•, because sinoe 

J r -^ 9 J rj rJr-^9 r*' 

9 is measared from the centre of grayity, I vda = 0. 
. . rvda /• , Pt*da I 

Therefore the insertion of these values of the integrals in the equations 



for ~ and =r above gives 



A^# rAi0 A^riZ ' 



M r A<?<^ a4«~|^ 



O Ai{f IC 

Inserting the second in the first of the above equations, =- = -^— A — =r-, 



and hence 



Ai» O M 



d9 BA^^BAr 

Inserting this in the second equation above, 

A^ _ 1« M Q 

(i« ""BI'^'b Ar' '*"BAr ^^' 

(c) Change of length and position of aaie. 

From (8) we have at once for the elongation of axis, 

^•=-i/(l+".)«^* (i«) 

or, when o is vety small compared to r, 

1 ra 

^•=ByA^' (") 

From (9) we have for the change of direction of the tangent to the axis 

1 r/M M a \ 

^* = B 7 (T + a7« "^ Ai^l ^'» ^' ^^^"^ (^^) '^'*' 
c^n^tant, that is, for a circle. 

When V is very small compared to r, we have 

1 rM 
^*= By T^* W 
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If the piece had been originaUy Hraight^ d^<f> would be equal to <2 ^ and 

d iiih dih 1 SI 

—J- = —3^ = -; hence from (18) we have M = ——-. 

as rd<t> r ^ r 

From the calculus we have the radiuB of conrature 

[' * d-D']' .^ .^ 

r = J, , or, approximately, r = — -; 

dit^ 

hence M = HI^^ (18 6) 

This is the equation assumed in the Supplement to Chap. XIII., Art. 2. 

9. DitplacemenC of aiiir point. — We indicate the horizontal dis- 
placement of any point of the axis along the axis of iv by A x, along y by 
A y. The corresponding changes of dx^ d y, and dg are ^dx, ^dy^ Adi. 
The total horizontal displacement is then dx-k-Adx= (ds + Ads) cos 
(^ + ^4>)' '^^ total yertical displacement is<fy+A^y = (<2«-HA<2ir)sin 
(0 4- A ^). Hence, since Adx = dAXf Ady:=^dAy, 

d A X = {d s-{- A d s) COB {<l> + A <f>) —dx, 

dAy={d8-k'Ad8) sin {<l> + A<l>) — dy, 

By Trigonometry, cos (^ + A ^) = cos ^ cos A ^ — sin <^ sin A ^, 
sin ((^ + A ^) = sin <^ cos A ^ + cos ^ sin A <^, or if cos A ^ = 1, 

dx d y 

sin A <^ = A 0, cos (^ = ^ , sin = -5—. 

dx dy 

cos (<^ + A<^) = ^ - A <^ j^, 

dy d X 

sin (<^ + A<^) = ^-H A<^ jy. 

Sul)stituting these in the equations above, 

dAx = {dx — A^fdy) ll +-^ — 1 — c?«, 

(Ad8\ 

or, removing the parentheses, and neglecting quantities of the second order 

A d8 
with respect to A ^ and -^ — , 



Ad» 
dAx= — A4>dy+ -^ — dx 

Ad» 
dAy=^ + A<pdx-h -T — dy 



(14) 
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When the radius of cairatnre is yeiy great with reference to the thick- 
ness of the beam, and the relative change of length —^ — is disregarded, 
"we have simply 

M,ds Adt 



/Nlds Adi 



/Md» 
^ , , hence, for v very small with 

reference to r, 

rMds^ ^ 

"•=-/-'' I ....„« 

We shall have frequent occasion to refer to formulae (8), (12), (18), (14) 
and (16) in the following discussion. 
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CHAPTER II. 

HINGED ARCH IN GENERAL. 

3, Notation— The outer forces In general. — We suppose th€ 
ends of the arch to be hinged at the abutments at the centre of gravity oi 
the end cross-sections. Then the^end reactions must pass through these 
points. These end reactions and the loads constitute, then, the outer forces. 
For equilibrium, then, the horizontal components of these reactions must 
be equal. Each of these components we call the horizontal thrust. 

We use the following notation [PL 23, Fig. 91]: 

R and R', the reactions at ends A and B. 

V and V, their vertical components. 

H, their horizontal component, or the thrust. 

a, the half span. 

A, the rise of arch. 

a, the half central angle, if arch is circular. 

The origin of co-ordinates we take at crown, x horizontal, y verticaL The 
angle of radius of curvature at any point with y, or of tangent to curve at 
any point with x, we call 4>. 

THE OUTER FORCES IN GENERAL. 

Suppose a single load P to act at any point S. Let its horizontal dis- 
tance from crown be 0, the corresponding central angle B O O be /3. 
Then the conditions of equilibrium are : 

V -h V = P, 

Va — Va — P« = 0. 

From these last, we have 



V = P 
V'=P 



2a 
a — e 



(16) 



2a 
For a circular arc, since a = r sin a, = r sin ^, 



2sma 2 sin a 

We distinguish three segments in the arch [Fig. 01], viz., A E, or from end 
to the load ; B O, or from load to crown ; O B, or from crown to right 
end. Quantities referring to the second we indicate by primes, to the 
third by double primes. Thus for the tangential component of the result- 
ant at any point within A B, we put Q ; for the normal component, N. 
In B O, then, we have O' and N' ; in O B, Q' and N'. We have then 
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Q= — Hcos<^ — Vsin0, O' = — Hcos^ + Vain^ / ,-«. 

N=-H8m<^ + Vco8<i>, N =:-H8m<^-V'coB(^> ' ' \ ) 

M = H(A-y)-V(a-aj), M' = H (A-y) - V (a + «) . .(19) 

In the case of a circular arc, a = r sin a, h = r(l^ cos a), a; = r sin 0, 
y = r (1 — cos <f»), and hence 

M = H r (cos ^ — cos a) — 'Vr (sin a — sin ^) ^ .g^v 

M' = Hr (cos (f) — cos a) — V'r (sin a + sin 0) ) 

4. IntenecUon Line.^We call the locus of d [PL d3, Fig. 91], or 
the curve edeih, the in^M^tzon ^w. 

If now there are three hinges, one at crown and one at eaoh abutment, 
then the resultant for each half must pass through the crown O. If, there- 
fore, for the crown (a?=0, y=0), we make in (19) M'=0, we have H=V'-, 

n 

or inserting the value of V from (16), 

pOl:^ (21) 

2A ^ ' 

If the load lies to the left of O, then only the resultant R' acts upon the 
right half, and must pass, as above, through the crown O. The point d 
lies then always upon B O or A O prolonged. Hence, the irUerseetum lines 
a/re two straight lines, which poM through the crown and ends. 

5. Parabolic Arc— concentrated Load.— For a parabola we 

have y = — X* \ hence, dy= - xdx, and, approximately, de =d x. 
a a 

(a) Change of direction of tangents. 

Inserting this value of y in equations (18) for Bf and M', we have from 
equation (13), Art 1, since rd<l>=zds = dxtor the change of direction of 
the tangent at any point before and after flexure, 

BId^<f>= FhA^I -^\-y(a-z)ldx. 
Integrating this, we have for the three segments A B, B O and O B, 






(82) 



where A, A', A* are constents of integration, to be determined by the as- 
signment of the proper limits. Thos, if we make e = «, the two fint at 
equations (33) are eqnal; hence, 
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and accordingly A - A' = (V- ▼')aa - i(V + V')«. Since V + V =P, 
and from (16) V — V = P — , we have, 

A-A' = iP«« (I.) 

(b) Harigontal dinplacement. 

Inserting the value oi dy for the parabola, viz., ay = —^xdx^ and the 

value of M from (19), and inserting in this last the value of y, viz., 

y = -- «*, we have from equation (15), Art 2, 
a* 

Integrating this, we have for the three divisions of the arch, as before, 

BIA«"= -^^r^HAaJ A- ^^ -iV'aaj» (i -h?5^ +iA"a;« + B"1 

For the point B, or :2; = z, we have from the two first. of these equations, 
B - B' = J (V - V) ««• - 1 (V + V')«* - 4 (A - A') ««, that is, 

B-B'=:-f»TPe* (H.) 

For the crown, « = 0, and the second and third equations are equal, 
hence 

B' = B' (HI.) 

For the left end, that is, for « = a, since the end of the arch must not slip, 
we must have a»' — » = 0. So also for the right end, for a? = — a. There- 
fore, from the first and third equations, putting B' for B', we have 

TVHa«A-/fVa* + iAa* + B = 0, 

-TVHa*A+ AV'«* + tA'a* + B' = 0. 

By the addition and subtraction of these equations, we have, since 
V + V = P, and (V - V) « = P«, 

APo'«-*(A-i- A')a«-(B + B') = .... (TV.) 

i*tfHa«A-AP(5«* + O + i(A-A*)a«=0 . . (V.) 

We might, in a precisely similar manner, form three equations similar to 
(23) for the vertical displacement A y. This would introduce three more 
constants and four more equations of condition between them. By the 
nine equations I. to IX. thus obtained, these constants may be then deter- 
mined in terms of the known quantities H, A, P, a and 0, and thus the 
change of shape at any point may be fully determined. 

The complete discussion, as indicated, is unnecessary for the purpose we 
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have in view, and we shall not, therefore, pursue it further. We have 
already all the general formulae of which we shall need to make use in the 
discussion of the parabolic arch. 

•• Circular Arc— concentrated Eioad*— In a perfectly similar 
manner we may make out analogous formulas for the circular arch. Thus, 
referring to equation (8), Art. 1, and inserting for O and M their values as 
given in (18) and (19), Art. 8, we have for the force in the direction of 
the axis (see eq. 4), 

^d9 



ZI A -^ = —Hcosa — Vsino 

^ . A<2«' __ _, . 

B A — - — = — H cos a — V sin a 
as 



. . (24) 



Putting for H, Vand V their values from (21), Art 4, and (17), Art 8, we 
have, 



— -^^' _^sina+sin/9 — 2 cos a sin /3 

as 2 (1 — cos a) 

A (i «' _ _ _j sin a — sin j3 



- . . (26) 



• ds 2(1 —cos a) 

(a) Change of direction of tangents. 

Referring to equation (12), Art 1, we have, since rd<fi = ds and r ^ = <, 



/M ^ds 



The value of M is given in (20), of -= — in (24). Inserting these values, 



ds 



we have 



A<p=z =^ / I H (cos — cos a) —V (sin a — sin ^) I 



— ^TT (H cos a + V sin a) (f>. 

Performing the integration,* and putting, for brevity, ic = — — ^, we have for 
the three segments of the arc, as before, 

BlA^ = r> rH(flIn^ — ^oosa) — V(^8ina + oob ^) | — ic r* (H oos a -i- VMn a}^ *** <^ 1 
BlA^'=r3 Fh (8in^-^ooBa)-y'(^Bina-ooe^)']-icr*(HooBa -f y'8ina)^ + A' Vt6 
BlA^" = ra[H(8ln^-0co«a)-y'(^idna-ooB^)~|-Kf«(Hoosa-(-VBlna)^+A" J 

For the point B, <^ = 3, and the first and second equations become simul- 
taneous. Hence, after reduction, 

A- A' = (V - V) r« i3sina -f (V + V) r« cos^ + ic (V-V) r« ^sina. 

ButV4-V' = P,andfrom(6)V-V'=P?^, hence 

sma 

A-A' = Pr*rcos/3 + (l+ic)/3sini3"] ... (I.) 



* See Art 7, following. 
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(h) Sbrissantal dispUieement 

According to cq. (14), Art. 2, since « = r gin <^, y = r (1 — cos <^), 
dx^r cos <l>d<f>, dy = rsin<f>d<l>, we have 

SlAx = r / r H r* (sin <^ — </> cos a) — V r* (0 sin a -f- cos ^), 

— « r' (H cos a + V sin a) </> + A J sin i ^, 

— ic r* / (H cos a + V sin a) cos <pd<f>. 
The integration gives us the three equations, 

S I A a; = — r* I H (^ (^ — I sin ^ cos (^ — cos a sin + cos a cos ^) 

— V (sin a sin — <l> sin a cos <^ + i sin* <^) I 

— ic r* (Hcos tt + V sin a) <^ cos ^ — A r (1 — cos (ft) + B. 

B I A a;' = — r" I H (I <^ — ^ sin cos <f) — cos a sin <^ + <^ cos a cos c^) 

— V (sin a sin — (^ sin a cos ~ i 8in*<^) I 

— jcr* (H ooso + V" sin q) </) cos <^ — A' r (1 — cos 0) + B*. 

B I Ax' = — r* I H (i — ^ sin (/> cos ^ — cos a sin ^ 4- ^ cos a cos (f>) 

—V (sin a sin ^ — (/> sin a cos ^ — i sin* 0) I 

— « r* (H cos a + V sin a) (^ cos <^ — A' r (1 — cos <f>) + B*. 

For <^ = /3, that is at the load, A x must equal A x'. 
Hence, after reduction, 

B-B'=:-iPr'(2 + sin*/3-2co8i3-2i3sin^)4-icPr«i3sin3 . . (U.) 
For the crown ^ = 0, and A a;' = A a;' ; hence 

B' = B' (in.) 

For the left end, <l> =a and A a; = ; for the right end, = — a and 
A«' = 0; that is, 

— ^Hr" (a — 8 sin a cos a + 2aCOs' a) + iVr'(8sin"a — 2a8inaC08a) 

— «t r* (H COS a + V sin a) a cos a — A r (1 — cos a) + B = 0, and 

+ iH r* (a — 8 sin a cos o + 2 a cos* a) — ^ V r* (8 sin* a — 2a sin a cos a) 
+ « f» (H cos a + V sin a) a cos a — A' r (1 — cos a) + B' = 0. 

The subtraction and addition of these equation gives, after reduction, 

H r* (a — 8 sin a cos a + 2 a cos* a) 
— 4Pr*(8sin*a — 2 a sin a cos o- 2- ain*/3H- 2cosi3+ 2i38in^) 

+ kt* I 2 H a cos* o H- P (a sin a cos a — jS sin /3) J 

+ (A-A'')(l-cosa)=:0 (IV.) 

and ^ Pr' sin ^ (8 sin a — 2 a cos a) 

— (A + A') r (1 - cos a) - K Pr"o cosa sinjS H- B + B ' = . . (V.) 
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Here, as before, we shall leave the discussion, as we hare already all the 
equations of which we shall make use. 

7. Iiiteffral8 uned In ttie aboTe Dlscuseion. — ^For convenience 
of reference, we here group together the known integrals employed in tlie 
preceding discussion. 

I sinxdx=: ^ C08X, I coBxdx = mx. 
I sin* xdx = -^x— ^sinxcoBX, I cos* xdx= ix-\- |sina;cosz. 



/ sin a; 



coBxdx— ^sin'a;. 



/ sin" aj^a; = — i cosaj (2 + sin* a?), / cos* aje^a; = i sin a? (2 4- cos* «)• 
/ sin* aJCosa;<2aj = isin'a;, / 8inajco8*ajda? = — ^cos^a;. 
/ a;sina;iZa; = sina; — a;cosa;, / xcosxdx = cosa; + ^sino^ 
/ xfan*xdx = ^x* +i8in*a — ^xm 



sin a; cos a;. 



/ xco6*xdx= Jaj* — isin*aj + i a; sin a; cos a^ 
/ a;8ina;co6a!(2a; = i(2iB8in'««a; + dnarcosa;)* 
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CHAPTER III 

ABOH HINGED AT ABUTMENTS ONLY — 00NTINII0U8 AT CBOWN. 

A PARABOLIC ARC— <X>N8TA2rr OROSa-SBCTION — CONCENTBATKD LOAD. 

8. Horizontal Thrust. — We can apply here directly the results oi 
Art 5. Thus, in equations (22) for a; = 0, A ^' = 0, and A <^' = 0, heno* 
A' = A'. If then in eq. (Y.) of that Art. we put A' for A', and then for 
A — A' its yalue from (I.), we have at once 

an an 

This is the formula which we have given in Art. 159 of the text, without 

demonstration. The thrust is greatest when the load is at the crown. We 

a 
have then » = and H = f } P -. The value of V is given in Art. 8. 

h 

9. Interiectlon Curve. — Denote the ordinate of the curve cdeih 
(PL 28, Fig. 91), taken above the line A B by y. Then we see from the 

V 

Hg. that ^ = A N tang, d KIX := (a — ») — The value of H is given 

above, that of V has already been found* in Art 8, eq. (16), viz., 

V = P . Hence we have, after reduction, 

2a 

_82a^ 

^ 5(5a»-»«) ^ ^ 

which is the equation already given in Art 159, and from (18) and (19) 
the values of the table in that Art. have been calculated. 

The above values of H and V are simple and of easy application, not in- 
volving much calculation in any special case. Hence we can readily com- 
pute H and V, and thus check the accuracy of our method of construction 
given in Chap. XIY. 

B. CmCULAB ABC — CONSTANT CR0B8-BECTI0N — CONCENTRATED LOAB. 

10. Horizontal Tlirnst. — ^Here we can apply directly the results of 
Art 6. Thus, inserting in eq. (TV.) of that Art A — A' for A — A', and 
taking the value of A — A' from (L), wo have an equation for the deter- 
mination of H. This, after reduction, becomes 

rina Or- rin^ p -f 8ooaa(o(wp — oo» a) — > (1 + ») oo« a (» ain <i — gidng) 
8 [a — 8 sin a oosa + 8 (1 + x) a oo<H a] * 

which is the equation given in Art. 159 {)&) ot the text 
For the semi-circley a = 90^, sin a = 1, and cos a = 0, and this becomes 

H = P -. 
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It we put 
Ai = Bin* a — Bin* /3 + 2 cos a (cos /3 — C0Ba~asma + /3aiii/3), 
As = 2 cos a (a sin a — /9 Bin /9), 
Bi = 2 (a — 8 sin a cos a + 2 a cos' a), 
Bfl = 2 a cos* a, 
we have 



-_ p Ai — -^a * _ p 



1 ^- 

1 r- K 



Ai /A,\ 

1 ^ 2i « V»'> 



Bi -hB, 

Bi 

or, if we put A = -^^ B = =', and Ho = P =•*, we have 

But Ho = P f ' is the value of H from the formula above, when the terms 

containing k are disregarded. ^ 

We have also, by series (see Art. 20, following), 

Ai = iV (n' — 0^ [ (5 a»- ^O - 1.V (49 a* + 84 o« i3« - 11 /9«) + . . .] 

A, = 2 (a« - /3') [1 - i (4 a* + i3») + . . .] 

B, = A a* (1 - iV a« + . . .) B, = 2 a (1 - a« + . . .) 

Approximately, therefore,' since for h small with respect to a, the tan^ 

gent may be taken for the arc, and hence — = — , or « = r-?f we have 

ran 2 a 

- 24 _ __ 6a» B = — = 1^ 



'• "'['-l-C^)'] 



Hence, when rise is small compared with span, we have the approximate 
expression 



24 ^- 

H = Ho ^ ^— = Ho 



■ [■ - H°)'] 



, , 15 ^ , ^ 15 o« 

'"■IT*' »-^64A*« 

By means of a table calculated for Hp, for various values of a and jS = 0, 
0.2, 0.4, etc., of a, the thrust can be readily found in any case from the 
above formula. 

We give in the following Tables the values of Hr, A and B, calculated 
from the exact formulfls. The formula for H above is thus made of easy 
practical application, without tedious calculation, and the results given by 
the method of Chap. XIY. may easily be checked. 

The value of V is given in Art. 8. 
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Table fob Ho. 
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3 



0.2 
0.4 
0.6 
0.8 

1 

a 

i 


«r=0 


a =10** 


= 20" 


a = 80** 


a = 40' 


a = 50' 


a = 60' 


a»90' 


0.891 


0.801 


0.888 


0.885 


.0.380 


0.873 


0.864 


0.818 


0.372 


372 


0.869 0.365 0.859 


0.352 


0.342 


0.288 


0.818 


0.817 


0.315 0.309 1 0.301 


0.292 


0.278 


0.208 


0.232 


0.231 


0.228 


0.222 j 0.213 


0.202 


0.187 


0.110 


0.128 


0.122 


0.119 


0.115 1 0.108 


0.099 


0.086 


0.030 























Coefficients of P-r. 



Thas, for = 0, iS> "Afy etc, of a, the numbers in the table gi^e the co- 
efficients of P ^ for a = 0, 10% 20"*, etc 
h 

For the Yalues of A and B, we have the following 



Tablb for a and B. 



A 


3 

a 


a = 


a = 10- 


0=20" 


a=30'* 


a = 40'' 


a = 50« 


« = 60' 


• 

«=90' 







1.20 


1.19 


1.17 


1.14 


1.08 


1.00 


0.88 





Coeffi- 
cients 
of 


0.2 


1.21 


1.20 


1.18 


1.15 


1.10 


1.01 


0.90 





0.4 


1.24 


1.24 
1.29 


1.21 


1.18 


1.13 


1.05 


0.94 





0.6 


1.29 


1.27 


1.24 


1.20 1.13 


1.02 





0.8 


1.38 


1.38 


1.36 


1.34 


1.30 


1.24 


1.18 





1 


1.50 


1.50 


1.49 


1.47 


1.45 |1.41 


1.36 





B 




0.234 


0.233 


0.221 


0.203 


0.178 


0.146 


0.107 





a* 



Thus, for Tarious yalues of ^, we have the coefficients of -r^, whidi give 

a A 

A for a =: 10"*, 20^, etc., and for the yalues of a haye the coefficients of 

a* 

•r^, which giye B. 

11. Inteneetlon Curre.— Indicating, as before, by y the ordinate 
19 



or 
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Md of the curve cdeih [Fig. 91], we have, as before, y= AN tang. 

a A N = (a — «) ^, or sinoe a = r sin a, « = rsinftV = P — ;— -r- -. 

A 2 am a 

from eq. (17), 

Bin' a — sin* /9 P 
2 sin a A 

» 

Inflcrting the Talue of H above, we have 

_ sin' g - Bin' /3 ri -hBic -iB, 
^"^ 2 8]na Li-aJa,' 

(sin'a — sin*/9\B, 
2dn IaT » *^** ia, if y» is the value of y when 1; is 

neglected, 

which is the value of y given in Art 159 (2) of the text In that Art we 
have already tabulated the values of A and B, as also of y^ for various 
values of a and /3. 
For fi = a, that is, for the end ordinate, our expression for y reduces to 

---. In this case, by differentiating numerator and denominator, we have 

a — 8 8inaCOSa + 2(l+r)a COS* a 

y ^- (ft . - ■ . ^ ■■ ■^ ^ 

sin a — a cos a — <c (sin a -t a cos a)' 

For the semi-drcle, a = 90** = — , sin a = 1, cos a = 0, and hence 

y = ^nr = 1.6708 r. Hence, for the semi-cireU the interaeetum curve be- 
€ome» a horizontal straight line at 0.5708 r above the crown. In all cases 
for small centi*al angle o, k may be disregarded. 

The above results are sufficient to enable us to either diagram or calcu- 
late the strains in every piece for any given position of load. 
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CHAPTER IV. 



ARCH FIXED AT SUDS. 



13* IntrcNlactloii. — In the preyioas case, the end reactions pass 
always through the ends. If, however, the ends are *' walled in,'* so that 
the end cross-sections remain unchanged in position, and cannot turn, these . 
reactions pass then no longer through the centres of the end cross-sections. 
In the first case, the moments at the ends are zero ; now, however, we have 
end moments to be determined, viz., Iff 1 and Mi, left and right For their 
determination we have the condition that the tangents to the curve at the 
ends must always remain invariable in direction, or for the ends, A (^ = 0. 

In the arch above with hinges at ends, we have always considered a por- 
tion lying between the end and any point In the present case, however, 
we shall consider the portion between the erawn and any point Both 
methods lead, of course, to the same results, but the latter, in the present 
case, is somewhat simpler. 

Accordingly, we conceive the arch cut through at the crown [PL 24, 
Fig. 98]. The total resultant force exerted upon the one-half by the other, 
we decompose into a vertical force V at the crown, and a horizontal force 
H. The distance ch of this last from the centre of gravity of the section 
at crown is ^o> ftnd hence the moment at crown is Mg = — H 00. 

13. Concentrated lioad— General Formnlse. — Let a weight 
P act at any point; then representing, as before, by primes, quantities 
relating to the portion between the load and right end, we have, as in (18), 

O = — H cos ^ — (P — V) sin ^, O' = — H cos + V sin ^ ) 
N=-H8in(^-f-(P-V)cos<^, N' = ~Hsin<^-Vsin<^f"^ ^ 

Also, M = — H (e« -f- y) — Va? H- P (« — «), M' = — H («. + y) — Vas, 

or, since — H «• = Mo = moment at crown, 

M = Mo-Hy- Va? + P(iB-g), M' = M, -Hy- V« . . (32) 

(a) Intersection eurw. 

The two reactions, R and R', intersect, as before, in a point L (Fig. 92), 
which must lie upon P prolonged, as otherwise R, R' and P could not be 
in equilibrium. The hctu of the point Ii we call, as before, the intersection 
ewne. The equation of this curve can be easily found when V, H and Mo 
are known. 

The force acting upon the portion B B (Fig. 92) is the resultant of V 
and H. The component H acts at the point of intersection of this 
resultant 1* ^ with the vertical through O. The vertical distance of this 
point from e is, as above, e^ ; its horizontal distance from P is e. Then 
s cot Zi ^ it IB the vertical distance of this point from !«, and « + « cot 
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V 

Ij^ib = 0o + 0^ = ^, where, as in the Fig., e« is negative. In any case, $9 

Mo 

is given by eo = — ^ ; hence, for the intersection carve, 



y = ^'-— (88) 

(b) Direction curves and segments. 

The direction of the resultants R and R' can be determined in two ways. 
First, by the points of intersection (^ and ^ with the verticals through the 
centres of the end cross-sections ; second, by means of the curves enveloped 
by these resultants for every position of P. We call the first distances 
A ^ = (71, B ^ = Ca, the direction segments, and the enveloped curves the 
direction curves. 

Taking Ci and e% as positive when laid off upwards above the ends, we 
have Ml = — H ci M« = — H ci ; therefore 

Ml Ml .. 

^1 = — -w- «« = — -^ (o4; 

We may also easily determine the equation of the direction curves. Let 
the co-ordinates with reference to the crown of any point be v and to (Fig. 
92). If the load P is now moved through an indefinitely small distance, 
the new resultant cuts the former in a point of the curve required. These 
two resultants intersect the vertical through O in two points. Let the dis- 
tances of these points from O be and e + dc, and let y and y + d 7 be 
the angles of the resultants with the vertical. Then « = (10 + e) tan y, 
V = {w + e + dc) tan (y + d y). 

Eliminating v, 

_ (c +dc) tan (y + <2 y) — c tan y _ d{c tan y) 
tan (y + rf y) — tan y d tan y 

From the first of the equations above we have then 

de ^ , 

« = - -7- tan'y. 

atany ' 



But tan y = ^, c = - -=^, c tan y = — =?, hence 



(f ) (^) ' 



d 



-(*)_ 



(85) 






(I) 



Thus we see that in any case we have only to determine H, V and Mt, and 
we can then from (88) and (84) or (35) determine at once the intersection 
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curve, and tlie direction segments or curves. These are all we need for our 
method of construction as given in Chap. XIV. ; once given, we can then 
easily construct H, V and Mo or Mi for any position of weight 



A. PABABOLIC ARC — CONSTANT CROSS-SBGTION — CONCENTRATED IX>AD. 



«• 



14. Determtnatlon of H, T and Ho.— We put y = h — 



a 



i» 



A OS 
dy = 2 -^dx^ ds = dw, B8 before. Then from the values of M given in 
a' 

(82) we have, according to equation (13), Art. 1, after inserting the values 

of y and di above, and integrating, 

B I A = « Tm, - ^?^iB»-. ^ Vaj + iP (« - 2 «)] + A, 

and 

lllA<^' = ajrMo-i?^«»-iV«"j + A'. 

For x = Bf A <^ = A^', hence ^P (s — 2e) s + A = A', or 

A-A' = iP«* (L) 

For a; = a, A ^ = 0, and for a; = — a, A(f> = 0, hence 

= arMo-iHA-iVa + iP(a-2e)J + A, 

0=-a[Mo-iHA + iVa] + A', 

and by addition and subtraction, 

A-|-A' = Va*-iP(a-2«)a .... (H.) 

2Moa-tHaAH-iP(a-e)* = . . . (EL) 
From L and IL we have 

A = iVa«-iP(a«-2a«-«*) ) 

A' = iVa*-iP(a"-2a» + «*) j ^ ^ 

For the horizontal and vertical displacement of any point, we have from 
15), Art 2, after integration, 

BlA«=-^riM.aj«-?i,a^-iVaJ*-hiP(ia^-ie«^+iAaf* + BT 
a L loa J 

B I A a' = - ^ fi M. aj"- :^, a^-i V a^H-t A'aj«4-B'l, 
a* L loa" J 

and 

BlAy = iMaaJ»- ?^,a^-i (V-P)aj»-iP«aj»+Aaj-hO, 

12 a* 

B i A 1^= i Mo «•- ?^, *•- J V a^+ A' «+0'. 

l« a 
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Fora; = s, Ax = Aafy and Ay = Ay', hence 

B-B' = AP*'-i(A-A)»«, and 0-0' = iP««-(A-A')«, or 

B-B' = -,»iP2^ (IV.) 

0-0' = -iP«" (V.) 

For « = a, A a; = 0, A y = 0, and f or « = — a, A »' = 0, A y' = 0, 
hence, 

= + iMoa» - -ArHAa* - iVo* + ,VPo*(8a - 8z) + i Aa« H- B, 

= - iMoa" + VffHAa* - ^ V a* H- i A' a« H- B', 

= + tMoa« - VfHAa* - i (V - P)a« - 4P«a« + Aa + O, 

= + iMoft* - VjHAa* + i Va« - A' a + O'. 

The addition and subtraction of the two first and two last of these equa- 
tions gives, when we put for A +A', A — A', B — B', O — O', theif 
values above : 

B + B' = -iVa* + APa»(3a-4«) . . . . (VI.) 

2Moa»-iHAa»H-iP(8a*-8a*e+6aV-^) = . . (VH.) 

O H- O' = - Mo a* -hiUha* -^Va(a^ - 8a« + 80*j . . (Vm.) 

}Va»-4P(2a»-8a*«4-«») = (IX) 

Equations IIL and VII. contain only H and Mo unknown. Their solu- 
tion gives 

(a« - «»)• 



H = ifP 



a'A 



, p (g - 0)^8 g' - 1 g g - 5 8») 

a* 



From IX. we find directly 



T^;r («-')'(2« + ») 



(86) 



(87) 



(88) 



These are the equations given in Art 160. From them we have the folr 
lowing table : 



2 


H 


Y 


Mo 


a 


H 


V 


M. 





0.4688 


0.5000 


- 0.09375 


0.5 


0.2687 


0.1568 


+ 0.02539 


0.1 


0.4594 


0.4252 


- 0.04986 


0.6 

1 


0.1920 


0.1040 


+ 0.02400 


0.2 


0.4820 


0.8520 


- 0.01606 


0.7 


0.1219 


0.0607 


+ 0.01814 


0.3 


0.8882 


0.2818 


+ 0.00689 


0.8 


0.0607 


0.0280 


+ 0.01025 


0.4 


0.8808 


0.2160 


+ 0.02025 


0.9 


0.0169 


0.0078 


+ 0.00814 


OOS 


0.2637 


0.1562 


+ 0.02539 


1.0 

* 


0. 


0. 


0. 


.a 


P-? 


.P 


.Pg 


1 
.g 




.P 


.Pg 
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From (34) and (85) we can now find the intersection and direction curves. 
The preceding table giyes us sufficient data for complete calculation by 
moments according to Art 163. The intersection and direction curves 
will, as already explained, enable us to find the above quantities graphi- 
cally. 

V0 — Mo 

15. IntersecUon Curve.— From (88) we have y = — — , or m- 

jb 

serting the values of H, V and Mo above, and reducing, 

Hy = A^-^^^^' (« + «)• = iH A, hence y = tA. 
o 

For the parabolic arch with fixed ends, then, the interaction curve becomes 
a etraight horizontal line, \ h above the crown. 

16. Direction Curve.— From (86), (S*!) and (88) we have 

d'B,_ l^T (a^ -- 1^ z dV _ 8P(a^~g') 
dz ~ 8a»A * dz "" 4a» ' 

dMo ^ Tja-z) (4a* ~ Sag - 5g*) 
dz "^ 8a» 

Inserting these in (85), as also the values of H, V and Mo themselves, and 
reducing, we have 

2 a* 
V = ~- — 

®* + * I (89) 

_ (28a* -|-20ag + 5g«) A 
^^ 15(a + g)(3a4-g) 

For g = 0, « = I a, to = iih. For g = a, v =^ia, tc = | A. 
For g= — a, V = a, w = — oo. Eliminating g, we have 

5a* -5ai> + 2t>* ,.^. 

w = — TT-T ^ A (40) 

15 a (a — v) 

This is the equation of an hyperbola. Hence, for the parabolic arc with 
fixed ends, ^ direction curve is upon each side of the crown an hyperbola. 
This hyperbola is descril)ed in Art. 160 of the text, (Fig. 98), and a table 
to facilitate its construction is there given. 

B. CIRCULAR ARC — CONSTANT CROBS-SBCTION — CONCENTRATED IX>AD. 

17. Fundamental Equations.— From eq. (82) we have, since 
« = r sin ^, y = r (1 — cos </>), g = r sinft 

M=M« — Hr(l — cos<^)-l-(P — V)rsin<^ — Prsin/S) 
M' = M«-Hr(l-cos</))-Vrsin0 ) "^ 

The expressions for G, Art 13, eq. (12), apply here directly. 
Therefore, from eq. (8), Art 1, we have 

5A^' = ^-H-Osin3 

^' ^ V . . . (42) 

Arfg' Mo _ 



BA 



ds r 



296 SUPPLEMENT TO CHAP. XIV. [OHAP. IT. 

Henoe from (12), Art. 1, since ds = rd4>j 

<2A0 = ^rMo-Hr(l-co8 0) + (P-V)r8in^-Pr8mi8li0+^4^ 

d£i<f,' = Ji-[M.^nr (1-cos 4>)-Vr sin <p] d<l) + '^^4>. 

Substituting the values of -— above, integrating, and putting, as bo- 
fore, for brevity, k = — , we have 

BlA0 = r FMo^ -Hr(0- sin^) — (P — V)r bos 0— Pr^siniSJ 

+ K r (M« — Hr -- Or sin /3) ^ + A. 

HI A ^' = r [m,^- Hr (<^— sin ^) H- Vr cos<^] + *cr (M, - Hr) ^+A'. 
For = /3, A^ = A ^', and we obtain 

A-A' = Pr«[cos/5 + (H-it)/3 8in/3] . . . (L) 

For ^ = a, A ^ = 0, and for ^ = -- a, A ^' = 0. Adding and subtracting 
the equations thus obtained, and eliminating A — A', we have 

A + A' = Pr*rco8a + (l + K)o8in0j - 2Vr*C08a . . (II.) 

2Moa - 2Hr(a — sina)— Pr I cos o — cos /3 H- (o — /3) sin /8 J 

+ «r2M.a — 2Hra-Pr(a — ftsin/sj =0 . . (EL) 

From eq. (14), Art. 2, we have, as before, after integrating, for the hori- 
zontal displacement, 

BIA«=— Mor*(sin4^~^co8^)+iHr*(2sin^ ^2^cos^ —^ +sin^006^) 

— iVr»8inV + iPr'(8inS^ + 28in^8in^ — 2(^8in/8cos0) 

+ K r* (Mo — Hr — P r sin /3) ^ cos 4- A r cos ^ + B. 

B I A ic' = — Ma r* (sin ^— ^ cos ^) +i H r' (2 sin ^— 2 ^ cos ^ ~ ^+ sin ^ cos ^) 

— iVr*sin«^ + jcr'(Mo — Hr)^cos^ + A'r cos^ -h B'. 

For ^ = ft Aa? = Ax\ hence 

B-B' = -iPr(2 + sin«/3) .... (IV.) 

Further, f or ^ = a, A « = 0, and f or ^ = — a, A «' = 0. Henoe, by add- 
ing and subtracting, 

B + B' = Vr (2 - sin* a) - iPr (2 - sin* a + 2 sin a sin fl) . . (V.) 

2 Mo (sin a ~ a cos a) — Hr (2 sin a — 2 a cos a — a + sin a COS a) 

+ iPr ["2 - sin* a -H sin* /3 - 2 cos (a - i3) + 2 (a — /8) cos a sin ^1 

— ic r2(M, — HracOBo — Pr(a — i8) cos o sin /3 J = 0. .(VL) 
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Multiplying IIL by cos a, and adding to YI., we hare 

2Mo sin a — H r (2 ain a — sin o COB o — a) -f i P r (sin o — sin /8)* = 0. 

In similar manner, we have from eq. (14), Art 2, for the yertlcal dis- 
placement 

S I A y = M« r' (cos ^ + <^ sin ^) — i H r* (2 cos ^ + 2 ^ sin ^ — sin' o) 

-t-tV^(^ + sin^cos^)— tPr*(^ + 8in^cos^-h2 sin/S cos^ + 2^sini38in<p) 

+ KT* (Mo — Hr — Prsin/S)<^sin^ + Arsin<^4- O. 

B I A y' = Mo r* (cos ^ + ^ sin ^) — 1 H r* (2 cos^ + 2 ^ sin — sin' ip) 
+ tVr*(^-fsin«^cos^) + jcr* (M« — H r) 4> sin * -I- A' r sin ^ H- O'. 
For^ = j8, Ay = Ay', hence 

O-O' = JPr«0a4 sin/3cos/3) .... (Vm.) 
Finally, for ^ = a, A y = 0. For ^ = — a, Ay' = 0, and hence 

+ 0' = — 2Mor* (cos a + a sina) + Hr* (2 cos a + 2a sin a — sin* a) 

-|-iPr*raH-8inaC08a- 28in Ca--P) +2 (a — /3) sinasin^J 

-2Hr*(Mo-Hr)a8ina + icPr*(a-/9)sinasin/9 . . .(IX.) 
Vr (a — sinacos a) = i Pr (a— jS— sin a cos a— sin /3 cos ^+ 2 cosa sin^) . . (X.) 

1§. Betermlnation of H, T aud SIo. 

(a) Vertical Reaction, 

The yertical force V is given directly by eq. X. Thus 

____a — /9 — sinacosa — sin /3 cos 3 + 2 cos a sin /3 

Y —F — ^ ; . , . (48) 

2 (a — Sin a cos a) 
an expression independent of r. 
Transforming by means of series, we have, approximately, 

V = ^,[2a»-8««/3+/3"-i^(a«-/3«)«i3 + ...J . . (44) 

For the semi-circle 

y __ p w - 2)3 - 2 sin g cos g 

~ 2ir .... 

From the exact formula (43) we have the following table : 



(45) 





















3 


a = 


arrlO*^ 


a = 20' 


a = 80'' 


a = 4Q- 


a = 50' 


a = 60'* 


= 90'' 





0.6 


0.6 


0.5 


0.5 


0.6 


0.5 


0.5 


0.5 


0.2 


0.8520 


0.8515 


0.8500 


0.8475 


0.3489 


0.8392 


0.8882 


0.3066 


0.4 


0.2160 


0.2152 


0.2180 


0.2092 


0.2087 


0.1966 


0.1876 


0.1486 


0.6 


0.1040 


0.1033 


0.1014 


0.0981 


0.0934 


0.0874 


0.0799 


0.0486 


0.8 


0.0280 


0.0277 


0.0269 


0.0256 


0.0238 


0.0211 


0.0182 


0.0065 


1 


























.a 


.P 
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(&) Rarwmtal ihmst 

Eliminating Mo from III. and YL we obtain, after redaction, 

Sdn« foofl^ -008« + (1 + «)3aiii3 I — (1 + c)«(8i]i>ft 4- dn'»fi) 
H = P i= :i • . (46) 

S fci -t- <c) « (« + >in a oot a) - S Btn' al 

If we put Ai = 2 sin a (oos /3 — cos a H- /3 sin /3) — a (sin* a + sin* )3), 
Ai = a (sin* a + sin' /9) — 2 /3 sin a sin j3, 
Bi = 2 a (a + sin a COS a) — 4 sin* a, 
Bt = 2 a (a + sin a cos a), 

and let A = -^, B = =^, and Ho = s^ P, we have 

« _ 1 - Aie 



I + Bk 

wberc Ho is the value of H from the above formula, when terms containmg 
K are disregarded. 
Transforming by series, we have 

B=«[.-A......] 

From the exact formula (46) above, we have the following tables : 

Table fob Ho. 



/3 



a=0 


1 

a = 10* a = 20« 

1 


= 30" 


0=40* 


a = 50* 


a = 60'» 


« = 90* 


0.4688 


0.4687 0.4683 


0.4678 


0.4671 


0.4661 


0.4610 


0.4592 


0.2 


0.4320 


04317 


0.4309 


0.4291 


0.4272 


0.4248 


0.4173 


0.4017 


0.4 


0.8808 


0.8301 


0.8281 


0.8244 


0.3196 


0.8128 


0.3012 


0.2601 


0.6 


0.1920 


0.1912 


0.1887 


0.1845 


0.1784 


0.1703 


0.1578 


0.1087 


0.8 


0.0608 


0.0603 


0.0590 


0.0566 


0.0534 


0.0490 


0.0421 


0.0181 


1 

• a 
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For the values of the quantities A and B we have the following tuble : 

VaI/UES of a and B. 





3 


a = 


a=10* 


a=20» 


a=30' 


a=40* 


a=50' 


a=60» 


a =90* 







8.00 


3.01 


3.02 


3.06 


3.10 


3.16 


3.25 


3.66 






0.2 


3.12 


3.15 


8.16 


3.19 


3.26 


3.34 


3.45 


407 




A 


0.4 
0.6 


3.57 
469 


3.58 
470 


3.63 
481 


3.70 
496 


3.81 
5.20 


8.79 
5.57 


4.20 
6.14 


5.65 
10.57 






0.8 


8.33 


8.42 


8.87 


9.10 


9.78 


10.87 


12.93 


35.62 




B 


1 


00 


00 


00 


00 


00 


00 


00 


00 




.a 


2.813 


2.825 


2.861 


2.931 


8.039 


3.198 


3.417 


5.279 


a* 



From the al>oye tables it is easy to find the thrust for any given position of 
load, and any given span and rise. The preceding table gives the reac- 
tion ; it only remains to determine the moment Mo at crown. 

(e) Moment at crown. 

From VII. we have 



= JHr/2-cosa ^\-iPr 

\ sin a/ 



(sin a — sin /3)* 



sm a 



Substituting the value of H, already given, cq. (46), we obtain 
2 Mo 1(1 + jc) a (a + sin a COS a) — 2 sin* a] 

= P r [sin a— sin a cos (a— 0) -+-2 sin a (cos /9— cos a)— sin a (sin a— sin 0) Blnfi 

— a (cos/3 — cos a) — (IH- <c) {a (sin* a + sin* i3) — 208in a sin ^} 

+ (1 4-ic) (a — fi) (a + sin a COS a) sin j9 1. 

In similar manner, as before, for H we have 

— 1 + Ok 



«0 



1 + 



where Moo is the value of Mo when terms containing k are disregarded, 
%nd B has the same value as above. By series we have 

Moo=-AF>- ^°""f^' r3a*-.10a3-8^« 
+ 1«j (8a* + 6o» i3+ 45 a* iS* -h 808ai8* + 154 /3*)]. 



and 



= 



360 



o«(3a*-10a/3-5i3*) 



K + .. 
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From the exact formula abo7e we have the following tables. 

■ 

VaLXTE of Mao. 



$ 




a = 


0=10' 


a = 20" 


a = 80** 


a=40° 


a =50° 


a = 60" 


= 90' 


0.09375 


0.09426 


0.09582 


0.09849 


0.10241 


0.10777 


0.11613 


0.15108 


0.2 'o. 01606 

! + 

4 0.02025 


0.01615 

+ 
0.02021 


0.01658 
0.02008 


0.01742 
0.01973 


0.01846 
0.019i2 


0.02063 
0.01888 


0.02280 

+ 
0.01719 


0a%83 
0.01441 


0.6 


0.02400 


0.02393 


0.02369 


0.02826 0.02267 


0.02181 


0.02001 


0.01454 


0.8 


0.01025 


0.01019 


0.00999 


0.00962 


0.00917 


0.00850 


0.00716 


0.00332 


1 


























•a 


.Pa 



Values of B and O. 





fi 


0=0 


0=10* 


a = 20' 


= 80' 


a=40« 


= 60" 


0=60" 


= 90" 









7.50 


7.52 


+ 
7.57 


+ 
7.78 


+ 
7.94 


+ 
8.52 


+ 
8.61 


+ 
11.12 




0.2 


28.13 


28.09 


27.99 


28.14 


28.43 


27.99 


27.76 


81.81 




o 


0.4 


12.50 


12.61 


13.05 


14.08 


15.40 


17.35 


21.11 


87.47 


a* 
A* 




0.6 


4.69 


4.77 


6.00 


5.51 


6.24 


7.81 


9.10 


20.27 






0.8 


2.74 


2.85 


8.20 


8.89 


4.94 


6.61 


».77 


42.53 






1 


1.88 


00 


00 


00 


00 


00 


00 


00 




B 


.a 


+2.81 


+2.83 


+2.86 


+2.93 


+8.04 


+8.20 


+8.42 


+5.28 





Here, as always, a negative moment denotes tension in lower or inner 
flange. We see at once from the table that the maximum compression in 
this flange at crown does not occur for full load, but for load extending 
from both ends towards the crown as far as about gths of the span or )ths 
of the half span. Within the middle half of the arch, then, a load any- 
where causes tension in lower flange at crown— outside of this middle half 
a load anywhere causes compression in the lower flange at crown. For 
/irge central angles, k may be disregarded, and we have simply M = Mea. 



OHAP. IV.] 



SUPPLEMENT TO CHAP. XTV. 



801 



19. Intersection CoTFe.— From Art 18 we have 



y = 



y r sin 3 — Mo 



Hence, by substitation of the yalaes of V, H and Mo, 

_ra*r 120(a«-2qfl~/3«) "I ^ 



or, 



(47) 



which 18 the equation giyen in the text, for which a table is there given. 

90. Direction (Segments.— It win in the present case be found 
most convenient to determine the directions of the resultants by Ci and ct 
equation (84). 



Thus, cJi = — -^, Ct = — g^. 

ButMt = Mo-HA + (P-V)a-Pf, Ms = Mo-HA + Va. 
We have, by series, then the approximate formula, 

2h 



2h r ^ 4610} 



16 (a+«) 



r ^ 45 1 al 



where positive values of Ci and d are laid off upward abore, negative 
values downward below, the centres of gpiivity of the end cross- sections. 

From the preceding tables we can calculate easily in any case H and V 
and Mo, and thus check the results obtained by the method of Chap. XIY. 
The formulee above for Ci and c^ do not admit of tables, nor, in fact, are 
such needed. They are sufficiently simple for ready insertion. 

Thus, by the aid of our tables, having computed V and H, and, if ncces- 
sary, Mo and eo, we can by the method of momenta, as explained in Chap. 
XIY., Art. 162, readily calculate the strains in the braced arch, whether 
continuous at crown and fixed or hinged at the ends, or hinged at both ends 
and crown. 

30 (b). Transformation Series.— We have in the preceding repeat- 
edly made use of scries in the transformation of angular functions, such as 
sin, cos, etc., into functions of the arc itself. We group here, for conve- 
nience of reference, the series thus used ; 

tin « = a? (1 — !«•+ tIv^— rrfsnT** + jeAgo ** — TTTnVsxnj «" + ...— ) 

ooeaj = l-iaj« + i^jr* — yiiia^ + TDiioaj" — ireriTinr**® + .. — .. .. 

8in*« = aj«(l-iaj* + A «* - jH «" + Trfrr «• - TF^rrr «' ° + ) 

ooe*i?=l — «* + i«* — Aa!* + lir*' — TTtrr**" + ••.• 
anx coBX^xil — ix* -m^«* — yfya;* + rAr** — it^ts «*° + ...) 
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C0B"af = 1 - f «* + iaj* - AHj *• + riih^ - i^fhnsx'^ + ..• 
tan» = «(l +ia?«+TVa;* + ^«* + Tf}T«* + Tmk«»» + ...) 

1 X 
cot«=- — g (1 + iV«* +7f7a^ + -iVtt«' + iTfwaj'+ ...) 

sin jr siny == « y [1-i («* +y*) + ^ (8 «*+10 aj« y*+3 y*)-rifcy (a!«+7 a?«y 
H- 7 «* y*+/)+rrriTTyii (5 aj"+00 jt* y*+126 a?* y*H-60 a?* y*+5 y^...] 

coaajco8y=l— i («*+y*)+A («*+6jp'y*-l-y*) -Tiiy {x*+15a^y* 
H-15irV+i^+7oiny («"+28a^y*+70aJ*y*+28aj« y«+S^-"+-. 

8iii«cosy=aj[l-i (af«+8y*)+Tk (ir*+10ar« y«+5y<)-Wyiy (aJ'+21af*y« 
+35 «* y*+7 yO +¥Wffw (a!"-+-36 aj" y«-+-126 aj* y<+84 »* y*+9 /)-..+...] 
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CHAPTER V. 

INFLUENOB OF TEMPEBATUBE. 

91. General confideratlons.— When the temperature of a per- 
fectly free body, which possesses in every direction the same coefficient of 
elasticity and expansion, changes equally at all points, there can be no 
strains in the body. For were there such strains, then, as there are no 
outer forces, there could be no equilibrium. 

If, however, the change of temperature is not the same at all points ; or 
if the body is not free, so that it is possible for outer forces to act, there 
are strains. 

In the following we assume the change of temperature to be everywhere 
the same, but that the body is not free. 

We assume that at a certain temperature U no strain exists in the body, 
and call this the msan temperature. The deviation above or below the 
mean temperature we call + t or — t, and denote the coefficient of expan- 
don for one degree by r. 

The determination of the strain in a straight beam held at both ends, is 
very simple. If the length is Z, its relative change of length is € t Since, 
however, it cannot expand, the strain S per unit of area is precisely as great 
as the force which would be required to produce this relative elongation, 

or from eq. (4) «=+!!«« (48) 

If the area of cross-section is A, then the strain at each end is 

6 = «A = BAct. 

In equation (48) it is assumed that a compressive strain, due to + ^, is 
positive, a tensile strain, due to — t, is then negative. 

33. Influence of Temperature on tlie Arcta.^Since by a 
cliange of temperature the length of the arch varies, while the span remains 
always the same, the shape or curvature must change, which naturally must 
give rise to strains and outer forces. In the following we have only to 
determine these outer forces, since, as shown in Chap. XIV., these are all we 
need to determine the strains themselves. 

1 / M\ 
The relative change of length is from eq. (8), Art I., =-x (^ + "T )• 

This change is caused by the outer forces. The relative change of length 
due to temperature alone is c t. Hence the total relative change of length is 

ad* Or-t-M 
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Hence the change of length of the axis is 



= 1 / Or + M . 

=- / — ds — tts 



(50) 



The change of the angle between two infinitely near cross-sections, and the 
actual turning of a cross-section is from (9) and (12), Art. 1, given by 

A<?0 M ^ Or-f- M 

"i7=»i'^"Bxr" ^^^^ 

1 /•M , 1 /•Or-hM , 

.^ = gy y-<2«+jg^y — A — ^'^ • • • ^^^ 

Finally, from (14) we hare 

^^dy + I -T — d X. 



Substitute in these last two equations for A ^ and 



Adg 
d9 



their yalues from 



(49) and (52). The double integral thus arising can be resolved by par- 
tial integration. 

Thus f f^^^^^^ ^ *-^(*) "A ^'^(*)- 

Applying this, we obtain 



/PAd9 "i 
yd^ + I —- — dx ' 

/r^d» 
xdA<i>+ I ~j—dy 



(68) 



We shall assume in the following the axis always circular. 

33. Fundameiital Equations — General,— Upon this assump- 
tion of a circular axis we have generally 

G = H cos ^, N = H sin ^ 

M = M, + Hr(l-cos0) ^ (54) 

Or + M = Mo + Hr 

Sence, from the preceding Art, 



A a 



Hr + Mo /*t 



(55) 



Mor /* Hr* /• Hr + M. /• 

A^ = -^ /<24> + -^ / (l-co8^)<24»+ \^By Jd4»+A\. 



(56) 



r* r 

Aa=— rA^(l — cos^)+ — I M(l— cos<^) 



^^ 






rt t sin ^+B 



(67) 
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34. Arch iv^lth three BUnget. — U there are throe hinges, the mo 
ment Mo at the crown must be zero, and therefore M = H r (1 — cos ^). 
But for ^ = a, M must also be zero, hence H r (1 — cos a) = 0, and therefore 
H is zero. Then for any point 0=0, and M = 0, and N = 0. That is, 
for the arch with three hinges there are for a change of temperature no outer 
forceSy and hence no atraine. 

35. Arch hlni^ed at Endi.— Here, since for ^ = a, M = 0, we 
have from (54) 

Mo = — Hr (1 — cosa) ] 

M = - H r (cos — cos a) V (58) 

Gr4-M=+Hrcosa j 
From (56), since for 9 = 0, A ^ = 0, 

A 9 = - ^- / (cos ^ - cos a)di>-\- IJ!?!? I di^.. (59) 
From ^^57), since for = 0, A aj = 0, 

Hr»r, . r^ /** 1 

^*~BT| (^"^^^r^ I (008 0— cosa) d0- I (1— co8 0)(oo8 0— coBa)ef0 I 

H r cos o COS / J 
+ BA I ^^"^•^8in0. 

For = a, this becomes zero, and we have for the horizontal thrust 

^ B < < sin g 

r* / " , . J ^* 008 a / " , cos* a / * 

Y I 008 0(008 0— cos a) a = — I (cos 0— cos o)d0+ — ^ I d^ 

.... (60) 
Performing the integrations indicated (Art 7), and putting, for brevity. 



K =— — 5, we have 
Ar* 

-- 2 B I c ^ sin a 



r* (a — 3 sin a cos a + 2 a cos'^ a) + 2 /cr* a Cos* a 

By series (Art. 20), we obtain the approximate formula 

^^ 15BIf < _ 15BlAfg 

• • . 



. . (61) 



r«(2a* + 15ic) 8AA« + 15I ' ' ' ' ^^^^ 

The above are the expressions given in Art 165 without proof. Tlie less 
4, the greater for equal dimensions is H. For A = 0, we have 
B = B A f ^, as we should have for a straight beam. 

96. Arch ^wlthont Hinges. — In this case we have the general equa< 
kions (54) and (55), which apply directly without change. 

From (56), since for = 0, a = 0, we have 

M«r /*t. Hr* A, ^. ,, Hr + Mo / t 

^♦^m^/^-^m^/'-'^'^^^^^'BAT-^/^- 

20 
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From (57), since for ^ = 0, A is = 0, we haye, ineerting thoYAliieof A ^ 
aboYe, 



A X 



^^rl ^^^ / ^^"" / ^^^^^ I 






ooB ^ I df^rttm^. 



For ^ = a, A ^ = 0, hence from the first of these expressions 

-. A 1 /•» 

- / (1-008^)4^ + - / di^ 

M.= ^nr ^' ^_ ,/' . . . (68^ 

dip 



^i£''^'^I} 



If the distance at which the horizontal thrust H acts from the crown is 
00, we have M« = — H ^o, whence we see at once that e^ is the fraction in 
(68) multiplied by r. For ^ = 0, A a; must also be zero, and we thus 
obtain another relation between Mo and H which does not contain A. If 
we multiply the expression thus obtained by r cos a, and then subtract the 
result from that previously obtained for ^ = 0, A ^ z= 0, we have 

~ /(oosrt<'^+'Hl| / (l-««^)<'0— / (l-ooB^)*d0 |=— fftsina 

.... (64) 
Performing the integrations indicated in (68), we have (Art 7) 

Mo = -Hr ^^-^'>°-'^^° (65) 

(1 + ic) a 

where, as before, « = — -. 

Ar* 

From (64) we obtain 

Mo r sin a — iHr' (a ~ 2 sin a + sin a cos a) = — Blcfsina. 
Inserting the value of Mo above, we have 

2Bl€<(H-/c)a sina 



• • 



(66) 



r* [(1 -t- «) (a* + a sin a cos a) — 2 sin» a] 
and hence 

M _ — 2BIggsin q[(1 + <) — sin g] -^-. 

* "" r [(1 4- «t) (a' + a sin a cos a) — 2 sin* a] 
From these two we obtain for the point of application of H 

^_ Mo_ (1+K)a~3ina ^ 

«• — — — = H r . . . . (68) 

H (1 + k) a 
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By series, we ha^e (Art. 20) 



a*4-6jc (Aa« + 6I)A 

00 ^ T ^ ■ 

6 8Aa' . 



(69) 



withont reference to it, eo = i A. 

For small central angles, then, for which jc may be disregarded, the 
thmst given above by (66) acts at i A "bdoMi the crown for a ttm of tem- 
perature of ( degrees above the mean. For a decrease of temperature be- 
low the mean it acts above, M» is negative, and the strain in the lower 
flange tensile. 

Further, we have, by series, the approximate f ormuUe 



' r* (a* + 45 ic) 4AA«4-46I 

_ 15BIf<(a«H-6«c) _ 15Bl€<(Aa»H-6I) A 
~ 2r(a*+45jc) ~ (4AA« + 45I)a« 

These are the expressions given in Art 166 without proof. 



(70) 
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CHAPTER VI. 

PABTIAL UKIFOBM LOADING. 

37. Notation. — ^In the preceding discussion of the «rch we hare con- 
sidered the influence of a single concentrated load only, and this, as we 
have repeatedly seen in the case of the simple and continuous girder, etc., 
is suflldent for full and accurate solution. When once we are able to find 
and tabulate the strains in every piece due to a single load in any position, 
the thorough solution becomes simply a question of time. 

It may often happen, however, that we may wish to determine the strains 
for a full load only, or for a uniformly distributed load extending from 
one end to some given point. In such case it would be unnecessarily tedi- 
ous to obtain our result by the successive determination and addition of all 
the intermediate apex loads. We may easily deduce from the preceding 
the general formulae for partial loading also. 

As before, we shall let a = the half span, h = the rise, I the moment of 
inertia, and A the area of the cross-section. But we shall represent by p 
the load per unit of length of horizontal projection, and by « the distance 
of the end of the load extending from the left, from the crown. This dis- 
tance 0, from the crown to the end of load, is then positive towards the 
left In the circular arch the angle subtended by this distance b we call 3. 
The angle fi is then positive to the left of the vertical. The angle sub- 
tended by the half span is, as before, a. For /3 = a, then, or for s = a, 
there is no load upon the span. For /3 = 0, or 8 = 0, the load extends 
from the left to the centre. For /3 = — a, or s = — a, the load covers the 
whole span. Pis. 23 and 24, Figs. 91 and 92, still hold good, therefore, for 
our notation. We have only to conceive, instead of the concentrated load 
P, a uniformly distributed load, per horizontal unit, extending from left end 
as far as the position of P. This much being premised as to notation, we 
shall treat, as before, the three cases of arch hinged at crown and ends, 
hinged at ends only, and without hinges. 

A. ABCH HINGED AT CROWN AND BNDB. 

3§. Reaction. — ^This case is too simple to demand any extended 
notice, in view of what has already been said. We have from eq. (16), Art. 
8, for the reaction at the left or loaded end, for concentrated load, 

V = P — - — . 

2a 

If now we put J? = pd8, and integrate, we have 

— /*,«-+-« 2a«4-« ^ 

where O is the constant of integration. By taking the proper limits, we 
can eliminate this constant, and thus obtain the reaction for load covering 
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any desired portion of the span. As we shall in every case suppose the 
load to extend from the left end up to any point, we shall take the limits 
of 3 = a and 9, and therefore obtain 

^^ 8a'-aa«-,' 

4a ^ ^ 

For s = a, this is zero, as it should be, since then the load has not come 
on. For «= — a, the load extends over the whole span, and V=j[>a, or 
half the whole load, as it should. We might have obtained this result at 
once by moments. Thus, 

Vx 2a=jp(a-e)(aH-«+-^) = » 

but have preferred the above method as showing how uniform loading is 
deduced directly from concentrated by inserting pdz for P and inte- 
grating. 
39. Horizontal Tbrnst.— In precisely similar manner we have 

from (21), Art 4, for the thrust due to concentrated load P, H = P ^ ~, .. 

2 A 

Pat "B =pdfZ and integrate between the limits e = a and z^ and we have 

•* _a* — 2aa — «• ,^^- 

^ = ^ 4A ^^^^ 

For « = a, this is zero, as should be. For e = — a, or for full load over 

whole span, H = ^~^, We may also deduce the above equation directly 

by moments. 

The above formulae (71) and (72) are all that we need either for calcula- 
tion or diagram. They apply evidently equally well, whether the arch be 
circular or parabolic, or, in general, whatever its shape may be. The form 
has no influence upon either the thrust or the reaction. 

For the moment at any point whatever, whose distance horizontally 
from crown is x and vertically below crown y, we have at once 

M = H (A - y) - V (a - a?) + 1 (a - a?) « . 

2 

If this point is an apex, then the moment divided by depth of arch at 
this point is the strain in flange opposite that apex. A positive moment 
throughout this work always indicates compression in the inner or lower 
flange. 

B. ABCH HINQED AT ENDS ONLY. 

90. Reaction. — ^The vertical reaction at the end is precisely the same 
as before for three hinges, and is given by equation (71). This reaction w 
evidently independent of the shape of the arch, and the above formulae 
holds good generally. 

31. Horizontal Tlirnft— Parabolic Arcli«— We must here 
distinguish the shape of the arch, and treat first the parabola. We have 
already from eq. (27), Chapter HI., Art. 8, for a single load, 

°"64^ "a-^A 
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We have, a^ before, simply to make J?::xpd»^ and then integrate bttweon 
tlie limits « = a and f indeterminate. 
We thus find at once 

H==-J^— ri6a»---36ff«« + 10a««»-f»l . . (73) 
64 a AL J 

For e = o^ this reduces to zero, as it should. For f = — a, the load coTers 
the whole span, and we have B =^-7-* For s=o, the load reaches &x>m 

the left as far as the crown, and H ='^7-r- '^^ formulse is simple, and re- 
ft A 

quires no table. Numerical yalues may be easily inserted. 

Sa. Horizontal Tbrnat— Circular Arch,— As already noticed, 
the vertical end reaction for this case has been given in *eq. (71). It re- 
mains to determine the thrust We have, as before, simply to insert pdx = 
p r cos &dfiin place of P in the expression for the thrust for concentrated 
load of Art. 10, and then integrate between the limits /3 = a and fi inde- 
terminate. 

We have thus similarly to that Art. 

= = =-fTl7 <'*> 

where Ho is the value of H when terms containing k are neglected, or 

12 B, Ai B, 

The quantities Ai, Bi, At and B^ are as follows : 

Ai = 7 sin' a + S a cos a — 8 sin a — 6 a cos a sin* a-- S sin* asanff 
-f- 3 sin* /d — 8 /9 cos a — 9 cos a sin /3 cos + 12 cos* a sin /5 
+ 12 a cos a sin a sin — 6 /3 cos a sin* fi. 

At = 8 [2 a cos a sin* a-^ a COS a — sin a cos* a — 4 a COS a tin a fan 
-+- 2 ^ cos a sin* /9 — /3 cos a -h cos a sm /S cos $], 

Bi = a — 8 sin a COS a + 2 a cos* a. Bt = 2 a cos* a. 

These expressions can be tabulated as in Art 10, or developed into 
series as in that Art, and the formula thus made practically available. 

For /9 = a, we have H zero, as should be. For ^ = — o, we have the 
load covering the entire span. 

For this case we have 

^ __ 1 gfajS tt ^ 8 (1— a ain« g) (dn a— »0(»tt)—8icc06tt ( a + 2 a rin* a — rin a OQb' a) 
"6 •a+3aoo«)'ft — Ssin a oosa + 8k a ooB'a 

For the bbmi-oibclb, this reduces simply to 

H = -— pr = 0.424 p r. 
8 tr 

In any case where exact results are desired, eq. (74) must be used, and a 
table calculated for the central angle a. We have approximately by 
series also, more especially for small central angles, or for a large in respect 
to hj/or total load over whole span : 

j>g* 8AA* _pa* 8A* „ 

2A 151 + 8AA*" 2A 16y*-t-8A* ' ' ^^ 
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where A ii the area and I the moment of inertia of croesHsection, and g 
the rctditu of gyraUcn. In framed arches this may be taken as approxi- 
mately equal to the half depth from centre to centre of flanges. 

C. ABCH WTTHOirr HINOBS — ^FIXBD AT S17D6, OONTHnTOUS AT CBOWN. 

33. Parabolic Arch— For innl» for T, H and HI.— In this 
case the reactions no longer follow the law of the leyer, and eq. (71), there- 
fore, no longer holds good. 

(a) Vertical reaction at unloaded end. 

We have from eq. (28), Art 14, for the reaction at the right end for a 
single load, 

4 a* 

Making T^pdt^ and integrating between the limits s = a and •, we 
find the reaction for a load coming on from left^ 

V= jJ^[8a*-8a»« + 6a*««-««l . . . (76) 

for a full load • = — a and V = p(i^ as should be. 

Q>) Horvumtal thrust. 

In like manner we have for the horizontal thrust at end from (86), Ait. 

14, 

„ 15 -, «* - 2 a« «• + «* 

83 a* h 

Replacing P by j? (2 s, and int^rating as before, we obtain directly 

H= -^ r8a»-15a*0 + lOa«a»-8«»l . . (77) 

for a full load • = — a, and H = v-r-. 

2A 

{c) Moment at unloaded end. 

In precisely similar manner we have from (87), Art. 14, 

_ 1 ^ (a — ey (3a'-10ag--5g*) 
"• ~ ""82 a' • 

Putting B zsp de, and integrating, we have for the moment, always at 
the right end, or for load not extending past'the centre, at crown 

M = -^ r3a*«-8a»««+6a««»-f»l . . (78) 
32 a ^ •J 

For s = a, this is zero, as should be. For s == 0, or for load extending as 

far as crown, it is also zero. For s = — a, the moment at the end is - ^-x- . 

2 

A negative moment, as always, denotes tension in lower flange. 

Just as for concentrated load, as shown in Art 14, as the load comes on, 
the moment at crown is positive, and increases with increasing load up to 
a certain point, beyond which any load causes a negative moment, and be- 
yond which the moment at crown, therefore, decreases, until, when the load 
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reaches the crown, it becomes zero. This point, which gives Me, the mo- 
ment at crown, a positive maximum, is at a distance = — a-\- a i^= 
0.264911 a, or nearly i a from the crown. 

The values of Vt, H and M, (Ma and V« being always the moment and 
reaction at unloaded end)y for various values of «, are given in the following 
table: 
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It will be seen that the moment at the unloaded end, which, as long as 
the load is left of crown, is the moment at crown also ; increases as the 
load passes on, is positive and increases up to about = .25 a. Then it 
diminishes, becomes zero when the load reaches the crown, changes to 
negative as the load passes the crown, and this negative value increases up 
to full load when \t\s> — \ pa*. For full load, then, the lower end flanges 
are in tension. At the crown the moment is zero, and the compression 
there in both flanges is due to H only. 

34. Circular Arch— FormulOD for T, H and H. 

(a) Vertical Beaction, 

Here we have r sin /S = sr, r cos 0dfi = dx, and "P = pdx = pr cos ^d^. 
Inserting this in place of P in eq. (43), Art. 18, and integrating between 
the limits /3 = a and /3 indeterminate, we have for the reaction at t^nloaded 
end, or for reaction at crown when load does not extend past the crown, 

«_ pr fCOS' a ' a , a a ' a 

V = — r r I — :; COS a — a sm ^ + cos i8 + ^ sm fl 

2 (a — sm a cos u) L 8 

+ sin a cos a sin —-? — cos a sin* ^ 1. . . .(79) 
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For jS = a, this is zero, as should be, since then the load is not upon the 
span. For i8=— a, V=^rsina, as should be, for full load over whole 

span. For the semi-cirde, a = 90° = ^, sin a = 1, cos a = 0, and 

- ^ sin iS 4- CO80 4- 3 sin /3 - ??^ 
V =pr 



If the semi-circle is uniformly loaded over whole span, j9 = — a = — 90'' 
= — —, sin = — 1, cos /3 = 0, and V =.pr, as should be. The for- 

mula (79) above is precisely the same as that given by Capt Eads in his 
Report to the IllinoU and St, Lottie Bridge Co., May, 1868. 

(h) Hbrieontal Thrtut 

In similar manner, from eq. (46), Art. 18, by inserting pdx = pr cos fidfi 
in place of P, and integrating between )3 = a and 8, we have similarly to 
Art 82 

^ _ 1- Alt 



== ^0 



1 +B« 



(80) 



, __ ©r sin a Ai _ At _ Bj _ 

^here • =• =^^-13— b,' ^ = aI' * =3,' *°^ 

Ai=8 a— 8 sin a cos a— 2 a sin* a— 8 /3— 9 sin 3 cos i8-hl2 cos a sin /3 

-6 3 sin* i9+6 a sin a sin /3+2 a ^?J?, 

sma 

As=8a— 3 sinacosa+2asin*a+6/3sin'i3— 8i9+8sin/3cosi9 

—6 a sin a sin B—^ a —, — -^ 

sm o 

Bi =a (a+sin a COS a) —2 sin* a, B«=o (a+sin a cos a). 
Formula (80) agrees exactly with that given by Capt Eads in the Report 

above quoted, if terms containing k are neglected. Since k. = -- — ^, where I 

Ar 

is the moment of inertia and A is the area of cross-section ; r being the 
radius; for small central angle r is very largo in proportion to — , or the 

square of the half depth. In such case, then, k. may be neglected. For 
j8 = o, we have H = 0, as should be. For /3 = — a, we have load over 
entire span, and 

_ , . 8 a— 2 a sin* «— 3 sin a cos a— «c (8 a+2 a sin* a— 8 sin a cos a) 
H=tj?rsma TT-r^ — T—r-- ^ — ^ — 7r-^-i 

(1 H-k) a (a-f-sm a COS a) —2 sm* a 
Approximately we have, by series, for full load, from (80) : 

2A 45I-f4AA* 2A45^«+4A« * ' ^ ' 
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For a — 90®, or for BemMirele^ we haye from (80) 
H = — £^ =Yr3ir-e/94-188iniSco8/3-12i38in«/3+6irBm3 

+« (-8 ir-12 /3 sin* 0+6 3-6 sin /3 C08 3+6 IT ain 3+2 IT ain* ^J. 
For 3 = — 90**, or iorfuU load upon Bomi-cirele, 



(e) Moment at unloaded end. 

From Art 18 (c) we haye, for concentrated load, 

m^in/o <»\i«. (sin o — sin 3)* 

M = iH9- (2 — cos a — : — I — iPr^ ; i-i-. 

^ sm a J am a 

The yalne of H we haye already giycn in (80). 

Inserting in the second term pdx = pr cos fidfi for P, and then inte- 
grating, we haye 

- B (82) 



where A = ir(2 — coso — ^^ i = -— ; — (2 — cos a — J—\, 

\ sm a/ 2 sin a y sm af 

and B = ■ " . ^ isina — 8in3l . 

12 sm* a\ "^1 

For a uniform load over whole span, 3 = — «, and 

m« 1 B /« » \ 2 ©r* sin* a ,_-. 

M = iHr(2-cos«--; 1 •- ^ ^ . . . (88) 

\ sm a/ 8 ^ 

We haye from (83), by series, the approximate formula for moment at 
crown 

^• = ~^P^ 4AA* + 45IA*="*^^ 4^ + 45 y' A* - ' ^^^ 

where A is the area and I the moment of inertia of cross-section, g the 
radius of gyration, or, approximately, the half depth for framed arch— as 
always a negatiye moment indicates tension in lower or inner flange. 

Equations (79), (80) and (82) may, if desired, be tabulated as in Art 1& 
For emaU central angles, or for h small with respect to a, jc may be disre- 
garded, and the results already giyen for parabola (Art 88) may be taken 
as suffidently exact. 
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CHAPTER XV. 



THE STONE ABOH. 



167. l>ellnitfant, etc. — ^In the stone arch we have a system 
of bodies in contact with each other, and so supported between 
certain fixed points, that they are not only in equilibrinm 
among themselves, but also with the exterior forces. The sur- 
faces of contact we call the hed-joints ; the fixed points are 
the abutmefUs ; the central or highest arch stone is called the 
key-stone^ and those resting upon the abutments, the iinpo8ts. 
The inner and outer limiting surfaces of the arch, generally 
curved, are designated as the intradoa and extradosy and the 
arch stones generally are called vouasoira, 

168« Uae of Pressures In Arch. — ^We have already indi- 
cated (Art. 28, Fig. 16) the manner in which a number of suc- 
cessive forces are resisted by an arch. We see from the force 
polygon in that Fig. that the horizontal pressure is the same at 
every point, and that the vertical pressure is equal to the sum 
of the weights between the crown and any point. The pres- 
sure line is then an equilibrium polygon formed by laying oflE 
the weights of the arch stones, choosing a pole, and drawing 
lines from this pole, etc., as described in our second chapter. 

If the weights are very small, and their number very great, 
the equilibrium polygon becomes a carve. This curve for 
equilibrium should never pass outside the limits of the arch. 

160, Slldlnf of the Areb Joints. — The arch is properly, 
then, nothing but a curved wall. Upon a vertical wall, which 
may also support loads, but which has no horizontAl thrust, only 
vertical forces act, and the resultant is known in position and 
direction. We may, then, investigate the stability of an ordi- 
nary wall, and apply the results directly to the arch. 

We assume the wall divided by plane bed-joints extending 
through its entire breadth, whose distances apart depend upon 
the dimensions of the stones. These joints are the weak places 
of the wall, since separation here is not resisted by the greatest 
strength of the stone. Neglecting the influence of the mortar, 
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we assume that any section along a bed-joint resists only a per- 
pendicular pressure due to the parts above, and a force paral- 
lel to the joint which must not exceed the resistance to sliding 
due to friction. If this parallel force is greater than the resist- 
ance of friction, the upper part will slide upon the joint. 

If we represent the greatest angle of repose by <f>, then the 
resultant of the vertical forces, acting upon the joint in ques- 
tion, must make an angle with the normal to the joint less than 
the angle <f>. Thus at the joint A (PL 24, Fig. 95), this angle is 
greater than ^, and the upper part will slide along this joint 
At B this angle is less than <^, and no sliding can take place. 

The ratio of the force of friction due to the component of P 
normal to the joint, to the component of P parallel to the joint, 
we call the coejioient of safety against sliding. It is evidently 

equal to ~. or to the distance G-N divided by PN. 

^ tan P N ' -^ 

Since we can dispose the bed-joints at pleasure, we may 
always make them perpendicular to the direction of the pres- 
sure, for instance in Fig. 95 horizontal ; or at least so place 
them that their normals vary from the direction of the resultant 
of the outer forces, at most by an allowable angle P N. 

The sliding of the joints can then always be jprevented by the 
position of the bed-Joints. 

170. Forces acting upon a Oots-seetion— Neatral Axis. 
— ^Let us consider what happens when the resultant of the outer 
forces acting upon a joint, instead of acting at the centre of 
gravity, approaches the edge of a joint, under the assumption 
that sliding cannot take place, or that the direction of this re- 
sultant is pei'pendicnlar to the joint. There is no reason for 
assuming the distribution of pressure upon the joint surface 
any different from the case of a beam. The stone, as well as 
the mortar, is elastic, though in a less degree than wood or iron, 
and accordingly the pressure at any portion of the joint is pro- 
portional to the approach of the limiting surfaces of the upper 
and lower portions of the wall. If, then, we assume that these 
surfaces are plane befoi*e and after loading, if the resultant 
pressure does not act at the centre of gravity, but near to one 
edge, the pressure at different points will vary, and there will 
be a neutral axis, or line of no pressure, either within or wholly 
without the joint surface. 

Every cross-section is therefore acted vfpon by a system of 
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paralld forc€8 whose intensities a/re directly as their distances 
from a certain axis. 

Now, neglecting the influence of the mortar, the wall can 
resist eornpression only. No tension can exist at any point of 
the joint surface. 

Clearly, then, the neutral axis should lie wholly without the 
cross-section, or at most only touch it. It should never be 
found within the cross-section, as in that case all the material 
on the other side is useless, and might be removed entirely 
without aflFecting the pressure upon the actual bearing surface. 

The neutral axis^ then^ should always lie vdthout the Gross- 
sect ion of the Joint 

171. System of Parallel Forces i¥li<Hie Intensities are 
proportional to their Distances from a certain Axis— The 

Kernel of a Cross-section. — If in a system of equal and paral- 
lel forces we find the moment of each of these forces with 
reference to a certain axis, and then consider these moments as 
themselves forces, we shall have a system of the kind referred 
to, since each moment force will be directly proportional to its 
distance from a given axis. 

Now, as we have seen in Art. 60, Chapter VI., the centre of 
action of such a system of moment forces does not coincide 
with the centre of gravity of the original simple forces, but for 
any given axis is found fn)m the central curve of the cross-sec- 
tion. In PL 11, Fig. 35, we have already given the construc- 
tion for finding this centre of action, the semi-diameter of the 
central curve being known, for any given axis. 

Suppose now this axis to envelop in all its different posi- 
tions the outline of the given cross-section, and find the corre- 
sponding positions of the centre of action of the moment forces. 
These different points lie in a closed figure which we may call 
the kernel of the cross-section. Then, in order that we may 
always have compression in every part of the joint surface of 
our wall, the resultant of the forces acting upon it should 
always act within the kernel. 

In Plates 11 and 12, Figs. 36, 37, 38 and 40, we have con- 
structed the kernels of the various cross-sections represented. 

Thus in Fig. 36, according to the construction of Art. 62, for 
an axis at A, we describe upon O O a semi-circle. Then with O 
as a centre and radius equal to semi-diameter of the central 
ellipse on A O, describe an arc intersecting the semi-circle in a. 
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From a drop a perpondicolar upon A O, and we obtain the 
centre of action for axis at A. A similar oonstraction for other 
axes, as A B, B C, etc., give us other points, and we thus find 
the small central pamllelogram, which is the kemd or locns 
of the centres of action of the moment forces for all positions 
of the axis enveloping the parallelogram A B, O D. A similar 
construction gives us the kernel for the other figures. 
We have from Art. 60 

% 

where m = the distance of the resultant P of the forces acting 
upon the cross-section f i-om the centre of gravity, and a = the 
semi-diameter of the central curve, and i = the distance of the 
neutral axis from the parallel diameter of the centml curve. 

If we call c the distance of an outer fibre from this diameter 
measured on the side of P, its distance from the neutral axis 
is i -f- c. If the strain in this fibre is S, we have 

p 

S : i + c? : : -^ : i, 

where A is the area of the cross-section. Hence 

If P acts at the centre of gravity of the cross-section, i = oo 

p 

(Art. 60), the neutral axis is infinitely distant, and S = — . If 

P moves away from the centre of gravity, the neutral axis 
approaches, and is always parallel to the conjugate diameter 
in the central ellipse. When P reaches the perimeter of the 
kernel, the neutral axis touches the perimeter of the cross- 
section, and at least, then, in one point of this perimeter, the 
pressure is zero. If P passes beyond the kernel, the neutral 
axis enters the cross-section, and tensile strains enter on one 
side to balance the compressive strains on the other. The ker- 
nel the7i forms a Undt beyond whidi the reavltant P mAMt not 

act. 

173. Pofltlon off Kernel for difTerent Crots-teetloiit.— 

If the cross-section is symmetrical with reference to the cen* 

c P 

tre of gravity, we have - = 1, and therefore S = 2 ^; that is, 
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when the nentral axis touches the cross-section, or P acts in 
the kernel, the strain S is tvyice as great as when P passes 
through the centre of gravity of the joint surface and is uni« 
formly distributed. 

As P passes beyond the kernel, the neutral axis, as we have 
seen, enters the joint area, and on the side away from P occa- 
sions, or would occasion in a beam, tensile strains. But as the 
assumption is that the joint (neglecting mortar) cannot resist 
tensile strains, we may remove all that portion on the opposite 
side of the neutral axis without increasing the pressure on the 
other side. 

In this case, then, the central ellipse is not that for the whole 
joint area, but only for that portion on the same side as P, and 
P is upon the kertid for tTiat portion. 

This portion can be determined directly for a certain posi- 
tion of P only in a few individual cases ; generally, it must be 
found by trial. We must firat find for the central ellipse of 
the entire joint area the neutral axis corresponding to given 
position of P, and then draw a parallel cutting off somewhat 
more of the area. Then determine the central ellipse of the 
cut-off portion, and see if the pole lies symmetrically to 'the 
pole of the cutting line. 

The paraMeloffram is one of the areas in which we can de- 
termine directly the amount cut off when P acts at a point 
upon the line joining the centres of two opposite sides. For if 
we cut off by a parallel to these sides a portion so that P is at 
^d of the line joining the centres of the opposite sides of the 
new parallelogram, then P lies vpon the kernel for this new 
ared. The proof is easy. The moment of inertia of the 
parallelogram is ^ J A', with reference to the diameter h. The 
square of the radius of gyration a' is then -^ A*. The distance 
of the point of application of P from one of the sides is 

i 4- m = i + -r. Hence 

i + J=iA + ^=iA-HiA. 

The half height of the kernel is, then, ^th the height of the 
parallelogram, or the kernel occupies the inner third. (See Fig. 
36 ; also Woodbury : Theory of the Aroh^ p. 328, Art. 3.) 

For any given position of P, then, three times its distance 
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from the nearest side on a line parallel to the other two, gives 
the position of the fourth side of the parallelogram for which 
P is upon the kernel. 

i73« The resultant pressure should therefore aet 
within the middle third of the Joint area. — As this prin- 
ciple is most important, and the demonstrations of Chapter YI., 
upon which the above result is based, may appear to some too 
purely mathematical, we give hei*e the demonstration of the 
same principle as given by Woodbury^ in the work above 
cited. 

" Suppose the pressure to be nothing at the intrados a, and 
to increase uniformly from that point to the extrados b (Pi. 
24, Fig. 96). It is plain that the pressure at any point along a b 
will be represented by the ordinate of a certain triangle. The 
whole pressure will be represented by the surface of that tri- 
angle ; and the point of application of the resultant of all the 
pressures will be at g opposite the centre of gravity of that 
triangle. We have then cb=i^ab. Vice veraa^ if the point 
of application be at c, <? J = ^ a 5, we know that the pressure 
is nothing at a, 

"If the point of application be at <?, c J being leas than -J a J, 
c being still opposite the centre of gravity of the triangle 
whose ordinates represent the pressure, we know that the ver- 
tex of that triangle and point of no pressure are at a, i ^ = 3 
xbo. 

" In this case, the joint a b will open dX a 9a far as e ; the 
adjacent joints will also open until we come to one where the 
curve of pressure passes within the prescribed limit. 

" This reasoning is, of courae, applicable to all the joints ; 
and we readily conclude that the curves of pressure should lie 
entirely between two other curves which divide the joint into 
three equal parts." 

Thus, in PL 24, Fig. 97, suppose the resultant P of the 
upper part of the wall to have the position as represented, so 
that it intersects the joint B D in G outside of the middle third 
of the cross-section. The entire pressure is distributed over 
3 O B = A B, and the area D A does not act at all. Moreover, 
the pressure at B is twice as great as when P passes through 
the centre of gravity and is uniformly distributed over AB, or 
is |ds of the uniformly distributed pressure of I* upon C B. 

Beyond A the pressure is zero, and the conditions of load 
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and equflibrium would not be changed if the stone beyond A 
were removed. 

If C approaches still nearer B, so that the pressure is distrib- 
uted upon an ever-decreasing area, the resistance of the mortar 
will be finally overcome ; it will be forced out, and stone will 
come in contact with stone, and there will be rotation about the 
edge at B. This rotation can never occur if the pressure P is 
distributed over the whole joint area. If, then, we consider 
rotation to commence at the moment when P is no longer dis- 
tributed over the entire area — when, therefore, the neutral axis 
just enters the joint — then, in order that no rotation may occur ^ 
P must pierce the joint area inside the kernel. 

174. Lftne of Pressure§ In the Arch. — When the dimen- 
sions and form of a wall are given, we can determine directly 
the resultant P of the outer forces acting upon a joint, and then 
by the two preceding Arts, can determine the condition of sta- 
bility of the wall. In the arch, however, we cannot determine 
P directly for a given cross-section, but must first make certain 
assumptions. 

In the first place, it is clear that an arch is stable when it is 
possible in two joints to take two reactions P^ and P, (PI. 24, 
Fig. 98) such that, with the weight of the intervening portion 
of the arch and its load, the resulting line of pressure shall lie 
so far in the interior of the arch that rotation about a joint edge 
cannot take place. If the arch is so feeble and the resistance 
of the material so slight that only one such assumption of P^ and 
P, can be made, and only one such pressure line drawn, this is 
plainly the true pressure line for stability, and by it P, and P„ 
as also the pressure at every joint, are determined. 

If, however, the arch is so deep and the resistance of the 
material so great that by variation of P, and P, several such 
pressure lines may be drawn, none of which causes rotation 
about a joint edge, which of all these possible pressure lines is 
the true pressure line of the arch ? 

We assert : That is the true pressure line which gives the 
least thrust consistent with stahitity^ or which canises the pres- 
sure in the most compressed joint to he a minimum. 

If we assume the material so soft that the pressure line ap- 
proaches the axis so near that only one assumption of Pi and 
Pa is possible, then this would evidently be the true pressure 
line. If now the material hardens without altering any of its 
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Other properties, such as its specific weight or modulus of elas- 
ticity, then the position of the pressure line is not altered. Aa 
there is no reason for supposing the pressure line diflFerent in 
an arch built of hard material from tliat in one originally soft 
which has afterwards gradually hardened, it follows that the 
pressure line in all arches of same form and loading has the 
same position which it would have had if the arch had been 
originally of the softest material ; that is, that position which 
gives the least thrust consistent with stability, or makes the 
pressure in the most compressed joint edge a minimum. 

In order to draw the pressure line in an arch, we may then 
seek by means of the formula 



=i^j) 



this pressure in the joint, where the pressure line approaches 
nearest the edore, and ascertain whether it can be still further 
diminished by change of position of the pressure line. This is, 
however, not necessary. We have only to ascertain whether it 
is possible to draw a pressure line whose sides cut the corre- 
sponding joint area, within the kernel^ for then, since we know 
that there can be a still more favorable position, there is no 
danger of rotation. 

175. The JLIne of Support. — The curve formed by joining 
the intersections of the sides of the pressure line with the joint 
areas we call the support line, or line of support. 

If the joints of an arch answer to the condition of Art. 169, 
BO that sliding of the joints cannot occur, we see at once from 
the position of the support line on what side and where rota- 
tion will take place. If at any point this line passes beyond 
the herndy we have theoretical beginning of rotation ; if it 
passes outside of the arch, there is actual rotation, and if it lies 
within the kernel, there is no rotation. 

The manner of determining from the position of the support 
line all the possible motions of an arch is illustrated in the fol- 
lowing Figs. 

In PL 24, Fig. 99, we have a possible support line touching 
the extrados at crown and springing, and the intrados between 
these points. We have accordingly rotation at crown, and at 
the points between crown and springing, so that the joints at 
these points open on the sides of the arch opposite the support 
line. The crown will sink, and as at the crown and flanks the 



CHAP. XV.] THE 8T0NB ABCH. 323 

support line is approximately parallel to the extrados and intra- 
dos, there will be several joints in the same condition, and 
several will open, as indicated in the Fig. 

In PI. 25, Fig. 100, we have the condition of stability of a 
pointed arch, not loaded at the crown. The support line is 
horizontal at crown, and there is no angle there, as in the arch 
itself. The rotation at various points is indicated in the Fig. 
We shall soon see that the support line deviates but very little 
from the pressure line. From the direction of the tangent to 
the support line at any point, therefore, we may conclude as to 
the conditions of sliding. 

From Fig. 101 we may conclude that the arch will slide out- 
wards upon the right abutment. The rotation at various points 
is given by the Fig. It is sufficient, as we see, to make the 
abutment surface more nearly perpendicular to the support 
line, as shown in the left abutment, to prevent this sliding, and 
at the same time a more favorable support line can be drawn. 
Since, as we have seen in Art 100, sliding can and must in 
this manner be always prevented, we shall give no more exam- 
ples of arches unstable in this particular. 

The arches of Figs. 99 and 100 can be made stable by suffi- 
ciently increasing their thickness, or conforming their shape 

more nearly to that of the support line. 

176. Devlatloii of the Support from the Pressare Eilne. 

This deviation is not great. In order to make it apparent, we 
must draw a pressure line for slight pressure in the lower part 
of an arch with very long and inclined voussoirs [PL ::5, Fig. 
102]. Thus, if we combine the weights of the voussoirs 1,2, 3, 
4, etc., acting at their centres of gravity, with the pressure Q in 
the first joint, we have the pressure line shown by the broken 
line 1, 2, 3, 4, 6, 6, 7, 8, whose sides 1 2, 2 3, 3 4, etc., give the 
direction of the pressure in the corresponding joints between 
the voussoirs 1 and 2, 2 and 3, etc. Thus 5 6 is the direction 
of the pressure upon the joint between voussoirs 6 and 6. This 
direction cuts the joint at 5', which is therefore the point of 
application of the pressure, or a point upon the line of support. 
Thus we find 3', 4', 5', 6', and the line joining these points is 
the support line. In general, then, the support and pressure 
lines coincide when the vertical through the centre of gravity 
of any very small element coincides with the joint, and they 
deviate when this vertical does not coincide with the joint. 
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In the ordinary form of joint, as shown in Fig. 103, the sup- 
port line varies from the pressure line, since the vertical through 
the centre of gravity S does not coincide with the joint under 
S. If, however, we should conceive the arch divided into ver- 
tical larainsB, then the support and pressure lines fall together. 
This is precisely the assumption always made in the analytical 
discussion of the theory of the arch. 

Thus we take the area A = I ydx, and this expression sup- 
poses the arch divided into vertical laminse. 

The first to make clearly this distinction between the lines of 
pressure and support, was Mbsdt/ {Oi/ml Eng.). Other authors 
have after him adopted this distinction, and then proved that 
the two lines always coincide, without remarking that this coin- 
cidence is only because of the adoption of the above integral. 
The same assumption simplifies greatly the graphical construc- 
tion also (the analytical treatment is without it well-nigh im- 
possible). We shall therefore assume vertical laminse where 
it is at all permissible. This is always permissible at the crown 
of arches with horizontal tangent, because there the joints are 
vertical, and over all, when the pressure line lies hdow the 
axis of the arch; for the support line lies always a Jc^v^ the 
pressure line, and therefore, in this case, the conditions of sta- 
bility are more favorable for it than for the pressure line itself, 
when considered as the line of support. 

Moreover, it is easy at any point of the pressure line con- 
structed with vertical laminae to pass to that line for another 
form of joint, and to the corresponding supj>ort line. Thus, if 
for the point A (PI. 25, Fig. 104) we have found the pressure 
Q, and if now we wish to pass to the joint A B C, we prolong 
Q till it meets P, the weight of the voussoir A B C D, and re- 
solve P and Q at this point into Q'. Then Q' is a side of the 
new pressure line, and it cuts A B in a point of the support 
line. 

In this way we can easily determine whether the error com- 
mitted when we substitute the pressure line for vertical laminae 
for that for the actual joints, which is given by the segment of 
the joint A B between Qi and the pressure line, can be disre- 
garded. 

177. Dimensions off the Arch. — ^The object of the con- 
struction of the pressure or support line in tlie arch is to deter- 
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mine the stability and the joints of the abutments. Wlien the 
live load of the arch can be neglected with respect to its own 
weight, and when the material of the arch possesses the usual 
strength, and the pressure line lies within the inner third, then 
the lower point of rupture lies .so low that the back masonry 
reaching from this point beyond the pressure line completely 
encloses it. 

There is, therefore, nothing arbitrary, when the form of the 
arch is given, except the depth. Since in an arch of less depth 
than is allowable in practice a support line can still be in- 
scribed, the graphical method is unable to determine the 
proper depth. We must then leave to theory the development 
of formulsB by which this can be determined, and assume that 
not only the form of the arch is given, but also its proper 
depth and the lower joint of rupture. It is required to deter- 
mine the stability of the abutments. 

The stability of the abutments can be regarded from two 
points of view. We may consider it as a continuation of the 
arch, as in many English and French bridges, in which the 
arch is continued as such, clear to the foundation ; or we may 
regard it as a wall whose moment about the joint of rupture 
resists the rotation about this joint due to the thrust. Both 
views are identical, as the entire theory of the support line rests 
upon the investigation of the rotation. They differ only in the 
method of expressing the safety of the abutment. 

If the arch is continued to the foundation, and the space be- 
tween it and the road line filled up by spandrels ; or if the 
thicknesH of the abutment increases from above as the support 
line requires ; or, as is often the case in England, the abutment 
consists of walls parallel to the crown, separated by hollow 
spaces ; still, in every case the abutment is not to be distin- 
guished from the arch proper — it is stable when the support 
line lies in the interior. If the prolonged arch is separated 
entirely from the adjacent masonry, there is no reason for not 
giving the axis of the prolongation the form of the support 
line itself. 

If, on the other hand, there is no separation of the arch and 
abutment, as in the English hollow abutments, it is sufficient 
that the support line lie in the inner third, and the abutment 
will be certainly stable. 

The supposition that the resistance of the mortar is suffi- 
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ciently great to unite the whole abntment as a single block 
which turns about its under edge, gives too small dimensions. 
To ensure safety it is assumed that equilibrium exists with 
reference to rotation about the lower edge, when the thrust of 
the arch is 1.5 greater than the actual. Investigations of 
French engineers have shown that this coefficient of safety for 
very light arches is not less than 1.4. The old tables of Petit 
give 1.9. We assume it, therefore, = 2. 

If, therefore, the dovhle thrust of the arch at the lower point 
of rupture is united with the weight of the abutment, the re- 
sultant should Btill fall within the base. Since it is indifferent 
in what order the elements of the abutment are resolved, it is 
best to divide it into vertical laminae, and unite these with the 
double thrust. The equilibrium polygon thus obtained should 
cut the foundation base within the edge of the abutment. 

When the thickness of the abutment is thus determined, we 
must construct the actual pressure line for the simple thrust 
in order to determine the joints. In drawing this second pres- 
sure line, we should properly take the divisions of the arch by 
the joints themselves. If, however, we take the divisicm in 
vertical laminee, the deviation, as we have seen, is insignificant. 
The normals to the actual joints must, then, not deviate f ix>m 
the sides of this pressure line by more than the angle of 
repose. 

17§. Conftractlon of the Pressure Line. — In PI. 25, Fig. 
105, we give the method of construction of the proper width of 
abutment for an arch. We first divide the arch into vertical 
laminse, and determine their weight. If the surcharge has 
vacant spaces, or is generally of different specific weight from 
the material of the arch itself, it must fii*8t be reduced. Thus, 
if the surcharge (spandrel filling, etc.) weighs, for instance, only 
fds as much as an equal area of masonry in the arch, we have 
simply to diminish the vertical height above the arch by ;J^d. 
We thus obtain the dotted line given in the Fig., which forms 
the lirrhit of the reduced laminae, and we can treat the areas 
bounded by this line — ^the vertical lines of division and the 
intrados — as homogeneous. We have then only to determine 
the centres of gravity of the various laminae according to the 
construction for finding the centre of gravity of a trapezoid 
(Art. 33), and suppose at these points the weights, which are 
proportional to the reduced areas of the trapezoids to act. 



OHAP. XV.] THB BTONB ABCH. 327 

Laying off these weights in their order, we have the force 
line (Fig. to left). The weigjits of the abutment laminsB 9, 10 
and 11 are laid off to same scale one-half oi. their proper in- 
tensities. The reason will soon appear. 

\st. To determine the thrust H, and also the joint of rup- 
ture. 

We fii-st inscribe a pressure line by eye^ and assume the 
point of the intrados to wliich this line most nearly approaches 
as the edge of the joint of rupture. Draw next from the cor- 
responding point of the force line a line parallel to tlie assumed 
pressure line a^ this point. This line will cut off from the 
horizontal through the beginning of the force line our firat 
approximate value of H. 

Thus, suppose we have inscribed by eye the pressure line 1, 

2, 3, 4, etc., which gives us the point a for the position of the 
edge of the joint of rupture. Then, a line drawn from 5 on 
the force line, parallel to the side 4 5 of the pressure line, gives 
us our first value for H. 

Now assuming this value of H, we erase the first assumed 
pressure line, and proceed to construct the pressure line cor- 
responding to this value of H, and the force line divisions 1, 2, 

3, 4, etc. If this pressure line lies always within the middle 
third of the arch, it may be taken as the proper pressure line, 
and H as the true thrust. In general, however, this will not 
be the case. The pressure line thus determined may even pass 
without the arch entirely. We then determine the new point 
of inipture, as given by the point of exit of this pressure line, 
and prodnice iJie side at this point ha^k to intersection with H 
prolonged. From this point of intersection draw a line which 
does lie within the middle third of the arch at the lamina of 
rupture, and then in the force polygon from the corresponding 
point of the force line draw a parallel to this line, thus cutting 
off a new value for H. Erasing now the preceding pressure 
line, we construct a third with this new value of H, producing 
it right and left from the new line just drawn, which does lie 
within the middle third, which will in general give us a pres- 
Bui-e line lying everywhere within the middle third of the arch. 
If not, another approximation may be made. We thus find by 
successive approximation the true joint of rupture and the cor- 
responding thrust.* 

* Instead of the *^ middle third " we may aUow the pressure line to approach 
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2d. Width of abutment, — Since we have laid off the arch 
weights to scale in their true value, the pressure line thus ob- 
tained is the true pressure line for the arch. But we have laid 
off the abutment laminae 9, 10, and 11, one-Zudf their true value, 
and the pressure line thus obtained with the same thrust and 
pole O is the same as if we had taken their true value and twice 
H. Its intersection with the foundation gives us, then, the 
proper width of the abutment for stability, according to our 
assumption of 2 for tlie coefficient of stability (Art. 177). 

1T9. Thus we can easily determine for any given case of arch 
and surcliarge the horizontal thrust and the proper width of abut- 
ment, and then from the pressure line can easily so dispose the 
joints as to prevent sliding.' If the dimensions of the arch as 
given are not such as to be stable, it will be found impossible 
to inscribe, as al>ove, a pressure line which shall lie within the 
middle third, and the curve of extrados or intrados will have to 
be altered i^o that this shall be the case. The pressure line thus 
obtained, it is true, does not exactly correspond with the true 
one, as it is still possible to inscribe another which shall deviate 
still less from the true line. We have also taken the double 
thrust for the abutment laminee alone, instead of for all laminse 
from the joint of rupture of the arch. Both deviations are made 
on account of the fai* greater ease and rapidity of construction. 
It would be found very tedious to take first the force polygon up 
to somewhere about the section of rupture, then by long trial 
find the innermost Bup2>ort line, and finally, after the section of 
rupture is by this line determined, to lay off the remainder of the 
force polygon, and prolong the pressure line through the abut- 
ments. 

It is far simpler to proceed, as above, by assuming the point 
of application of the horizontal thrust, as also temporarily the 
section of rupture. We obtain thus a somewhat smaller value 
for the width of abutment, but, on the other hand, we have 
taken the coefficient of stability at 2 instead of 1.9, as assumed 
in Petit^e tables. 

Moreover, the widths of abutment thus obtained are greater 

the edge <u near aa ths strength of the material wiU aUou>. In maoy arches the 
preflfiure line does pass outside of the middle third. The condition is not 
essential for stability, except in the absence of data determining the proper 
limits. If the pressure line will not lie within the required limit % whatever 
they are, the dimensionB of arch must be changed, so that it will. 
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tlian those obtained by these tables, as it is assumed in them 
that the point of application of the horizontal thrust is at the 
upper edge of the abutment. Thus in every respect the con- 
struction orives results reliable and even more accurate than the 
tables, as we take the arch as it reaUy is in any given case, while 
in the tables suppositions are made with reference to spandrel 
filling, etc., which do not hold good for every case. 

ISO. Proper Thickness of Arch at Crown. — The proper 
depth of the arch at the key depends not only upon the rise 
and span, but also upon the load. The pressure at the extrados 
at the key, which is, in general, the most exposed part of joint, 
should not, according to the best authorities, exceed ^th the 
ultimate resisting power of the material. If P is the pressure 
per unit of surface, H the thrust, and d the depth of keystone 

joint, then P = -— , 

since, on the assumption that the curve of pressure does not pass 
outside the kernel, the maximum pressure is twice the mean 

pressure —-. This mean pressure, then, should not exceed g^^th 

the ultimate resistance of the material. In tlie best works of 
Rennie and Stevenson the thickness at key varies from ^th to 
^^d the span, and from ^^th, to ^th the radius of the intrados. 
The augmentation of thickness at the springing line is made 
by the Stevenson's from 20 to 40 per cent., by tlie Kennie's at 
about 100 per cent. 

Perronet gives for the depth at crown the empirical formula 

d = 0.0694 r + 0.325 meters, 

in which r is the greatest length in meters of the radius of cur- 
vature of the intrados. 

For arches with radius exceeding 15 meters, this gives too 
great a thickness. According to HarJcine^ 

d = 0.346 ^r 

for circular arches, and 

d = 0.412 |/r, 

where r is the radius of curvature of the intrados at the crown 
in feet, 

" The London Bridge is in its plan and workmanship per- 
haps the most perfect work of its kind. The intrados is an 
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ellipse, the span 152 ft., the rise ^th as much, the depth of key 
j\yth the span. The crown settled only two inches upon re- 
moval of centres." — [ Woodbury: Theory of the ArchJ] 

In general, we must first assume the depth at key in view of 
tlie strength of the material, the character of the workmanship, 
the load, etc. Then the thrust being found, we find the mean 
pressure per unit of area as above. If this mean pressui-e 
exceeds ^\h the ultimate resisting power of the material, make 
a new supposition, increase the thickness, find the thrust and 
pressure anew, and so on, till the results are satisfactory. 

The ultimate resisting power of granite may be taken at 
6,000 lbs., brick 1,200, sandstone 4,000, limestone 5,000 lbs. per 
square foot. These values are, of course, very general, and sub- 
ject to considerable variations, according to the kind and quality 
of the stone. The strength of the material to be used must, for 
any particular case, be determined by actual experiment. 

The weight of a cubic foot of stone may, in general, be as- 
sumed at 160 lbs., brick masonry at 125 lbs. 

181. Increase of thickness due to cban^e of form. — 

Having obtained a thickness which satisfies all the conditions, 
we must, if the arch be very light, make some further provi- 
sion for the change of form which is sure to take place after 
the removal of the centres. By this change of form the pres- 
sure line is altered, and the thickness may need to be increased. 
In general, we need only to increase the depth from the key to 
the springing. This increase need not exceed fifty per cent, at 
the joint of rupture and weakest intermediate joint. [ Wood- 
bury : Theory of the Archil 

isa. Thus, by a simple and rapid construction, we can deter- 
mine, for any particular case, the thrust, joint of rupture, and 
proper thickness of the abutments, without the use of tables or 
the intricate formulae usually employed. There is no difliculty 
in laying down on paper and verifying all the elements of the 
most complex case. The method is entirely independent of 
all particular assumptions, and is therefore especially valuable 
when irregularities of outline or construction place the arch 
almost beyond the reach of calculation. It is general, and may 
be applied with equal ease to loaded and unloaded, full circle, 
segmental, or elliptical arches with any form of surcharge. 
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CHAPTER XVI. 

THJfi mVBETBa> ABCH — SUSPENSION SYSTEM. 

183. The inverted arch forms the supporting member of 
chain or cable suspension bridges. Whether the cable be coni- 
IX)sed of chains, links, or wires, we suppose them so flexible 
that they can perfectly assume the curve of equilibrium. As, 
therefore, disregarding the dead weight, any partial load would 
cause a change of shape, the cables must be stiffened in order 
to prevent the motion which would otherwise take place. 

We may stiffen the chains, as shown in PL 26, Fig. 106, by trian- 
gular bracing, thus making a rigid system ; or we may have two 
parallel chains and brace tliem to each other, as shown by Fig. 
90 inverted ; or we may introduce an auxiliary truss^ the office 
of which is not to add in any degree to the supporting power 
of the combination, but simply to distribute a partial load over 
the whole span, so as to cause it to take effect as a distributed 
load, and thus prevent change of shape. 

As in the flrst and last cases the structure is commonly 
hinged at the centre in order to eliminate the effects of tem- 
perature, the method of resolution of forces explained in Arts. 
8-13 will, in general, be applicable for the determination of 
the strains. 

In the second case, we can apply the principles of Arts. 158- 
161. 

The rear chains, anchorages, and stiffening truss deserve, 
however, special notice. 

1§4. Rear Chains and Anchoraffes. — The greatest ten- 
sion in the main chains occurs, of course, for full load. To 
find the tension at top of tower, as also the horizontal pull, we 
have simply to lay off half the whole load vertically from o to 
d [PI. 26, Fig. 106], and then draw O o horizontal and O d 
parallel to the last side at tower. Then Od \% the tension in 
that side, and o O the horizontal pull. This pull is neutralized 
by the opposite and equal pull of the rear chain leading to the 
anchorage ; provided, as should always be the case, it makeB an 
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equal angle with the vertical. We have thus acting npon the 
tower simply the half load ; and the tension in the rear chain 
is equal to that in the last link, O d. 

If from O we draw parallels to the other links, we have at 
once the strains in these links, O c, O J, O ^, etc. 

Now, if the anchorage is a solid block of masonry, its con- 
dition of stability is, of course, very easily determined. The 
moment of the tension in the rear cable, with reference to the 
edge of rotation, must be more than balanced by the moment 
of the weight of the block acting at its centre of gravity, with 
reference to this edge. The case is too simple to need further 
notice. 

It is, however, more economical to make the anchorage hol- 
low — that is, in the form of an arch. The preceding method 
for determining the stability of the arch has then here direct 
application. 

Thus, laying off along the vertical through the centre of the 
tower the weights of segments of the arch, we form with these 
segment weights and the dovble tension in the chain an equi- 
librium polygon. For this we have the pole 0„ AO^ being 
double the tension 0{3? already found. We then draw O^l, 0,2, 
0,3, etc., and then from A parallels to these to the segment 
verticals 1, 2, 3, etc. We thus have the polygon A 1, 2, 3, 4, 5. 
\^tfote, — ^We take the dovble tension, as before, for the arch, we 
took 2 H instead of H, in order to ensure stability.] 

The last line of this polygon 4 5 prolonged must, for sta- 
bility, pass within the pier abutment, and its resultant, when it 
is combined with the weight of the pier and pier abutment, 
must pass within the abutment foundation. Through its inter- 
section with the vertical line through the axis of the tower the 
curve of pressure for the arch must pass. 

Drawing now 0, 4 parallel to the rear chain, and making it 
also equal to the double tension, or twice O d^ we find the pole 
0„ and from it draw 0, 1, 0, 2, 0, 3, etc., and then construct 
the pressure line for the arch. It must, for steibility, lie within 
the middle third. 

To ensure stability when the tension in the rear chain dimin- 
ishes, or when the bridge is unloaded, the arch must be stable 
hy itsdf. We must, therefore, construct the curve of pressure 
for the arch alone, neglecting the tension of the rear chains, 
as explained in the preceding chapter. 
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If this also passes within the middle third of the arch, as 
represented by the dotted line, the arch is, under all circum- 
stances, stable, and can fully resist the tension of the rear 
chains. 

We can now, finally, so dispose the joints as to prevent 
sliding. 

185. Stiffened taspenston System. — ^We have already re- 
ferred to the methods of stiffening the cable or chain so as to 
prevent the changes of shape due to partial loading. Of these 
methods, it only remains to notice particularly the last, viz., by 
means of an auxiliary truss. The office of this truss is to dis- 
tribute a partial load over the whole length. We have now to 
investigate the forces which act upon the truss. 

In PI. 27, Fig. 107, let the chain be acted upon by the truss 
represented by A B, which is called into action only by a par- 
tial load, and not at all by a total uniform load. We can neg- 
lect then the weight of the truss itself, as this is borne by the 
cable. At the apices 3, 4, 5, 6, 7 let us suppose partial loads 
indicated by the small arrows pointing down. Then, at every 
point of connection with the chain, we have the reactions 1', 2', 
3', etc., acting upwards. Now the truss must prevent deforma- 
tion, and hence these forces are dependent upon the form of 
the cable itself. Indeed, if we take any point, as O, as a pole, 
and draw lines parallel to the respective sides of the cable, 
these lines will cut off upon a vertical P' these forces. The 
absolute value of these forces will, it is true, vary according to 
the position of the pole assumed, but their reldtive proportions 
remain always the same. The resultant P' of all these forces 
passes then through the intersection of the two outer sides of 
the catenary. 

Since the truss distributes its load P upon the cable, the reac- 
tion Bat the right support is here zero. The reaction, however, 
at A cannot be zero unless P and P' coincide, as is the case for 
total uniform load. These, then, are all the forces which are 
kept in equilibrium by the truss. If P is given, P' and the re- 
action at A can be easily found, and if we then divide P', ac- 
cording to the form of the chain, into the portions 1', 2', 3', 
etc., we have the forces at each apex. 

Thus wc lay off to scale the given forces 3, 4, 5, 6, 7 = P, and 
with a pole distance any convenient multiple of the height of 
truss draw lines to these points of division, and then construct 



834 THE INVERTED ABOH. [CHAP. XVL 

the corresponding equilibrium polygon A 3, 4, 5, 6, 7, B. Pro- 
long then the outer side B 7 to intersection with P', and draw 
the closing line A P'. A parallel through O to this line cuts 
off from the force line P the reaction at A and the cable reac- 
tion P'. 

Now P' being thus found and the form of cable given, we 
have only to lay off P' vertically, draw from its extremities 
lines parallel to the two outer sides of the given cable arc^ and 
from the pole thus determined, lines parallel to the other sides 
will give us the forces 1', 2', 3', etc. These when thus found 
we lay off on our force line for the pole O, as shown in the 
Fig., and then construct the corresponding equilibrium poly- 
gon A 1', 2' 9', 10', B. 

Thus the vertical ordiuates between A P', P' B and this 
polygon give us the moment at any point for a truss acted 
upon by the forces 1', 2', 3', etc., alone. Theordinates between 
A P', P' B and the polygon A 3, 4, 5, 6, 7, give, in like manner, 
the moments for a truss acted upon by the forces 3, 4, 5, 6, 7, 
whose reactions are A and P'. The ordinates, then, included 
between both polygons give us the moment at any point of the 
stiffening truss. Thus the ordinate y, multiplied by the pole 
distance, gives us tlie moment in the truss at the point o. If 
we had taken the pole distance O equal to the height of the 
truss, then these ordinates would give us at once the strain in 
the flanges. We can thus easily find the strains in the stiffen- 
ing truss for any weight or system of weights in any position. 

1§6. Most unfavorable metliod off Loading. — I^t us in- 
vestigate the action of a single weight P at any point. In PI. 
27, Fig. 109, we have a single weight P acting between A and 
P'. 

The Fig. is nothing more than a repetition of Fig. 108, only 
we have a single load P instead of a system of four loads, and 
therefore the polygon for P consists only of two straight lines 
instead of having as many angles 3, 4, 5, etc., as there are apex 
loads in the first case. All lines have the same position as in 
Fig. 108, and hence the construction needs no further explana- 
tion. 

We see at once from the Fig. that any load between A and 
P' increases the moment at every point of the span A B, and 
therefore at the point of rupture or of maximum moment also. 
So also for the shearing force. When, therefore, the moment 
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at any point, and the sum of the forces between that point and 
A, is a maximum, at least the entire distance from A to P' 
must be covered with the load. 

In Fig. 110 we have the weight P on the other side of the but 
centre P'. The construction is identical with Figs. 109 and lOS, 
the position and the direction of action of the forces is now 
different Since the resultants A and P' now lie on the same 
side of P, A and P' act in opposite directions, and since P' 
must still act upwards, A must act downwards. In the neigh- 
borhood of 5' the moment is zero. Between this point and B 
the moments have the same signification as in Fig. 109 ; on 
the other side the moments have then a different sign. In 
order, then, that the moment at 5' shall be a maximum, the load 
must cover the length from A to P, this last point being the 
point at which a load causes no moment in 5'; for if any 
point between A and P were not loaded, as we have seen, a 
load at that point would increase the moment at 5'. A load 
beyond P, however, would diminish the moment at 5'. 

The above holds good for every point between A and P', and 
therefore for the point of rupture or of maximum moment it- 
self. In order that this maximum moment can be no more 
increased, the load must extend from A beyond the centre to 
that point at which a load being placed causes no moment at 
the cross-section of rupture. 

As for the shearing force, at the end A it will evidently be 
greatest for load from A to P', or over the half span, since 
every load on the other side of P' diminishes this reaction. 
Hence we have the following principles established : 

The moment at any cross-seGtion of ths stiffening truss is a 
maxi/mum^ when the load reaches from the nearest end, beyond 
the centre to a point for which the moment at this cross-section^ 
is zero. 

The above condition holds good^therefore^for the maximum 
of (HI the mojximum moments^ or for the cross-section of rup- 
ture itsdf 

The m/iximum shea/ring force is at one end of the truss 
when the adjacent half span is loaded. 

If the arc is unsymraetrical, we must understand by " half 
ypan " the distance between the end and vertical through the 
intersection of the outer arc ends produced. 

1§T. Example. — As an illustration of the above principles, 
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let 118 take the structure represented in PI. 28, Fig. 111. Span, 
60 ft ; depth of truss and panel length, 5 ft. Scale, 10 ft, to an 
inch. We suppose the live load to be 2 tons per ft, giving 
thus 10 tons for each lower apex, and take the scale of force 60 
tons per inch. 

On the left we have laid off the force lines for the loads 2, 3, 
4, 5, 6 and 7 to 11, and have taken the poles for each, so that 
the first lines are all parallel to each other and to the first link 
of the cable ; the common pole (^stance being 2J times the 
height of truss, or 1.5 inches. The moment scale is then 
1.5 X 10 X 50 = 750 ft tons per inch. Since the full load is 
entirely supported by the cable, we have only to investigate the 
eflFect of the live load upon the truss. 

Precisely as in Fig. 108, we constnict the polygons for forces 
2-11, 3-11, 4-11, etc., and draw the closing lines as indicated 
by the broken lines radiating from the centre O. Parallels to 
these from the poles cut off f i-om the force lines the end and 
chain reactions. The upper portions are the chain reactions, 
the lower the reactions at the right end for the loads 2-11, 
3-11, etc. 

Now we have to divide these chain reactions into as many 
parts as there are load apices by lines parallel to the sides of 
the chain. This we have done by drawing two lines parallel to 
the two chain ends, inserting the chain reactions between these 
lines, and then drawing parallels to the chain sides. If, as in 
this case, the curve of the chain is a parabola, these reactions 
are divided into 11 equal parts. If the chain has any other 
form, the parallels to the chain sides determine the relative 
lengths of these portions. 

It will only be found necessary to construct the moment 
polygons for 4, 5 and 6-11 ; the other polygons already drawn 
are necessary for the determination of the shearing forces only. 

Thus, on the force line for loads 4 to 11 we can now lay oflp 
the 11 equal parts just found, into which the chain reaction is 
divided. So for 5-11 and 6-11. These portions we have indi- 
cated by Roman numerals. We can now draw the correspond- 
ing polygons precisely as in Fig. 108, which are indicated also 
by Roman numerals. 

It is then easy with the dividers to pick out the maximum 
moment at any apex. These moments, laid off as below, give 
the curve of moments for the truss, which being scaled off and 
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divided by the depth of tniss, give at once the strains in the 
flanires. Since the moment scale is 750 tons per inch and the 
depth of truss 5 ft., the moment ordinates scaled off at 150 tons 
per inch will give at once the strains in the flanges, without 
division. 

For the shearing forces, we know from the preceding that 
the maximum reaction at riglit end is for loads 6-11. This 
reaction we have already found in the corresponding force line 
by means of the closing line already drawn. We lay it off then 
right and left, half-way between the ends and first apex, that 
being the effective length of load, the two half-end panels rest- 
ing directly upon the abutments. 

The maximum shear at any point is evidently when the load 
reaches from right support to that point, and is equal to the 
sum of the chain reactions at the unloaded apices. Thus, max- 
imum shear at 3 is eqnal to the interval III for the line 
3-11; at 4, I III for line 4-11; at 5, I IV for line 5-11; 
and at 6, IV for line 6-11. Laying off the shear at 6, we 
can draw the line 6-11, as indicated in the diagram, and thus 
determine the shear at 2. This we cannot find, as above, for 3, 
4, etc., as for the load 2-11 ; owing to the shape of the chain 
as represented, there is no upward reaction at 1, as there is no 
angle of the chain at 6. 

The shear diagram is, of course, symmetrical on each side of 
the centre. We can therefore construct it as represented, and 
then the determination of the strain in the diagonals is easy. 
We have only to multiply the shear at any apex by the secant 
of the angle which the diagonals make with the vertical. This 
we may do by properly changing the scale at once, and thus 

scale off the strains directly. 

1§§. Analy^tlcal Determination off the Forces acting 
upon tiiie stiffeuing Truss. — Assuming that the truss distrib- 
utes the partial loading uniformly over the whole arc, we may 
deduce very simple formnlse for the forces acting upon the 
truss. As we have alreadv seen, for a maximum moment at 
any point, the load must always extend out from one end. 

Let us represent, then, the ratio of the loaded part from left 
to the whole span by i. 

Let the entire span be 2 Z, then the loaded portion is ^hl. 
Let m be the load per unit of length ; then the whole load 
P = 2>5r;7W [Fig. 108]. 
22 
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The distance of P from the left is tlien half the loaded por- 
tion, or kl. Its distance from P', which acts at the centre of 
the span, is Z (1 — k). 

Hence we have for the left reaction A 

Axl = Pl(l-k) or A = P(l-;fe) = 2;fcZw(l-A). 

Also P7 = Px kl or P' = 2k'lm. 

The chain reaction per unit of length is then 

P' 
21 = ^""- 

Now let X be the distance to the point of maximum moment. 
Now since at this point the shear must be zero, the weight 
of the portion x must be equal to A (Art. 38). 
We have then 

Aaj - ^ = P (^Z - fl?) = 2 AZm(*Z - oj), 

whence, by substituting the value of A, 

2kl 



aj = 



1+*' 



But the maximum moment is A a? — = — , and there- 
in 2 

fore, substituting the value of x above, 

M max. = — J :r^ . 2 ? m. 

1 + a; 

This becomes a maximum for 1 — A — ^' = 0, or for 

]k=i V6--i=z 0.618034. 

Therefore, the greatest moment occurs when 0.62 of the spcm 
is covered with the load. 
We have then the 

Length of the loaded portion, = 2 * Z = 0.61803 x 2 . i. 

Reaction, A = 2*Zm(l -k)^{VZ- 2)2Z7?i = 0.23607. 2 Zm 

Chain reaction, P' = 2^Z7n = (f — i 1^5)2 Zw = 0.38196. 2 Zm. 

Load per unit in loaded portion, or the difference between 
the load m and the chain reaction m k^ per unit of length 
= m (1 - >t») = i ( V'S - 1) 7/1 = 0.61803 m. 

The distance of the point of maximum moment is 
a; = iili = (J -i 1/5)22 = 0.38196. 2Z = 



1 + A . '' ' ' m{l-e) 
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Tlie maximum moment itaelf is 
-^!__^ - ^r^~F^ 2 ? m= (5 V5^1 1) P ^=0.18034 ? m. 



2m (I-**) 1 + 

For a simple girder uniformly loaded, the maximum moment 
is ip ?. The maximum moment is then reduced from -J to 
0.18, or to about Jd, or is -fjths the inaaimum moment for a 
m/m/ple girder of name span and load.* 

If we represent the dead load by j?, then, since the stiffening 
truss sustains only the moving load, we have 

0.18 m?' _. 3g ^ _ i ^ (0-^ ^ 
i {p -^ m) P ^ ' p -{- m"^ i {p + m) l^' 

That is, the maaimum moment in the Btiffeni/ng truss is the 
sarnie as for a simple girder of-^ths the span^ loaded only with 
the m^oving load, 

189. Summary* — The reaction at the end abutment and the 
chain reaction at each apex having been found, as above, for 
any given load, we might have found the strains in every 
piece by the method of Arts. 8-13. This would, however, in 
this case have proved long and tedious. The construction of 
the curve of maximum moments and shear is preferable. 

We can therefore readily determine the strains in such a 
combination as that represented in Fig, 111. We have already. 
Arts. 90-94, given practical and simple methods for the deter- 
mination of the strains in braced arches of the usual forms of 
construction. 

It will be observed that it is by no means necessary that the 
arrangement of bracing and flanges should be the same as that 
shown in Figs. 90 and 94. 

Thus we may treat the arch represented in Fig. 5 (e) accord- 
ing to Art. 158, as hinged at both abutments and crown, or, 
making the lower flange continuous at the crown, we may find 
the resultant pressures at the abutments by Art. 159, and then 
follow these pressures through precisely as shown in the Fig. 

The combination of Fig. Ill being of considerable impor- 
tance, as the more usual form of construction of suspension 
bridges, and not falling under our classification of " braced 
arches," we have considered it desirable to discuss it somewhat 

* Bankine gives -frtihB for a gizder whose endi are fixed, the greatest mo- 
ment oooarring for a load oyer fds the span. 
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fnlly. A better form of construction is that dhown in Fig. 
106, which is perfectly rigid, and the strains in which are 
easily found by Art. 168 or 169, according as we hinge it in 
the centre or not 



Reviewing now the preceding, we see that the graphical 
method, as here developed, furnishes us with a simple, accurate 
and practical solution of nearly every class of structure occur- 
ring in the practice of the engineer or builder. In our first 
chapter we have a method by the resolution of forces applica- 
ble to any framed structure, however irregular or unsymmetri- 
cal, provided only there are no moments at the ends to be 
determined. 

In Art. 125 we have explained fully the application of the 
method for this case also, when these moments are known, and 
in Chaps. VIII. to XIV. inclusive we have given practical con- 
structions for the determination of these moments for all the 
important classes of structures in which this condition occurs, 
such as the continuous girder, braced arches, etc. 

When the structure is not framed, or composed of pieces the 
strains in which can be definitely determined, we have the 
method of moments of Chap. V., which, as we have seen, may 
be extended so as to completely solve the difficult case of the 
continuous girder, and which may, of course, be applied to 
framed structures also, as illustrated in Fig. Ill (Art. 187) in 
the case just discussed. Thus we have two distinct graphical 
methods by which our results may be checked. The first 
method includes a great variety of the most important and 
usual structures, such as bridge girders, roof trusses, cranes, 
etc., and in view of its ease and accuracy will undoubtedly be 
found of great service by the engineer and architect. The 
second method has important mechanical applications, as no- 
ticed in Art. 41 ; and aside from these, and its application to 
structures having end moments, such as the continuous girder, 
etc., furnishes us with ready determinations of the centre of 
gravity of areas (Chap. III.), the moment of inertia of areas 
(Chap. VI.), and also gives us a very complete solution of the 
stone arch (Chap, XV.). 

We have also the analogous methods of oalculationy viz., 
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both by resolution of forces and by moments (Arts. 9 and 16 
of Appendix). The latter being so general and simple in its 
application, we have not felt justified in leaving it entirely out 
of sight, and in those cases where it seemed of especial service, 
or assisted the graphical solution, we have illustrated it more or 
less fully (Chap. XII.). In this latter chap, we have also given 
constructions as well as foimulse, and developed principles 
which, it is believed, render possible, for the first time, the com- 
plete and accurate sohition of the important case of the ^^draw 
span,'' (Arts. 118-121.) 

The formulsB of Chap. XIII. in connection with the method 
of calculation by moments, render the calculation of the con- 
tinuous girder generally as simple, and but little more tedious 
than for the simple girder itself. Whatever may be thought 
of the advantages or disadvantages of this class of structures 
by engineers generally, it is at least time that such structures 
as draws or pwot spans should be calculated under suppositions 
which approach somewhat more nearly the actual case than is 
at present the practice. As to the relative economy of con- 
tinuous girders, we have endeavored to enforce the fact that 
the saving over the simple girder is from 15 to 20 and even 50 
per cent. We give in the Appendix a tabular comparison of a 
few cases sufficient to show the point beyond dispute, and any 
one may easily add to the list, or verify the calculations. 

The " graphical arithmetic," as it might be called, such as 
graphical addition, subtraction, multiplication, division, extrac- 
tion of roots, determination and transformation of areas, etc., 
we have entirely omitted in the present work, judging it of but 
little practical value, except in rare cases, when we have ex- 
plained the necessary constructions as they occur, and unneces- 
sary for the development of the graphical method proper. [See 
Chap. IV. of Introduction.] 
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KOTB TO OHAFTEB VHI. OF THE INTEOD0OTION — ^UPON THE 

MODERN QEOMETST.* 

It is to be regretted that, notwithstanding its beauty of form, 
simplicity, and many happy applications in the technical and 
natural sciences, the Modern Oeometry is yet hardly known, 
scarcely by name even, in our schools and colleges. 

The work of Gillespie upon Land Surveying, already cited in 
the Introduction, and a ti*eatise on Elementary Geometry by 
William Chauvenet (Phil., 1871), are the only ones which 
occur to us in this connection. 

It has already been stated that the modern or pure geometry 
of space differs essentially from the ancient, and from analytical 
geometry, in that it makes no use of the idea of measure or of 
metrical relations. We find in it no mention of the bisection 
of lines, of right angles and perpendiculars, of areas, etc., any 
more than of trigonometrical quantities, or of the analytical 
equations of lines. We have nothing to do with right-angled, 
equilateral, or equiangular triangles, with the rectangle, regular 
polygon, or circle, except in a supplementary manner. So also 
for the centre, axes, and foci of the so-called curves of the second 
order, or the conic sections. 

On the contrary, we obtain much more general and compre- 
hensive properties of these curves than those to which most 
text-books upon analytical geometry are limited. 

A new path is thus opened to the conic sections, without the 
aid of the circular cone, after the manner of the ancients, or of 
tlie equations of analytical geometry. 

As a direct consequence, the principles and problems of the 
modem geometry are of great generality and comprehensive- 

* The following remarks and lUustxatlonB are taken from the Qeometrie der 
Lage^ by Reye, Hannover, 1866. 
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iiess. Thus tlie most important of thoae properties of the conic 
sectionB which are proved in text-books of analytical geometry 
are but special cases of its principles. A few particular ex- 
amples taken from the OeoTnetrie der Lage, by Reye, which 
c(mld not well have been inserted in tlie Introduction to this 
work, will best explain and illustrate onr general remarks — the 
more so as these examples are of special interest and value to 
the engineer. 

It is a problem of freqnent occnrrence in snrveying to pass a 
line throngh the inaccessible and invisible point of interBection 
of two given lines. The Geometry of Measure, or ancient 
geometry, gives us any required number of points upon this line 
by the aid of the principle, that the distances cut off from par- 
allel lines by any three lines meeting in a common point are 
proportional. The Geometry of Position furnishes us with a 
simpler solution. 



Thus the two lines a, h being given [Fig. 1,], we have sim- 
ply to choose any point we please, as P. From this point draw 
any number of lines desired, in any direction intersecting the 
given lines. Now, in any quadrilateral which any two of these 
lines form with the two given lines a and h, we have 8im)>ly to 
draw the diagonals. The intersections of all these diagonals 
lie in the same straight line passing throngh the intersection A 
of the two given lines, and therefore determine the line re- 
quired. Observe that the construction is entirely independent 
of all metrical relations, and depends solely upon the relative 
position of the two given lines. 

Again : If wc take upon any straight line three points, A, B 
and C [Fig. 2.], and construct any quadrilateral, two opposite 
sides of which pass throngh A, one diagonal through B, and the 
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other two opposite sides through 0, then will the other diagonal 
intersect the line in a point D, which for the same three points, 

Fio. fL 




'-^.. 



d 1> 

A, B and O, is always the same for every possible construction. 
Moreover, these four points, A, B, C and D, are always harmonic 
points, so that D is harmonically separated from B by the 
points A and 0. Thus, A B : B ; ; A D : C D. This construc- 
tion may also be applied in surveying, as in passing around an 
obstruction, as a wood, etc., into the same line again. 

Again : We may notice the following principle concerning 
the triangle [Fig. 3] : 

Fia. 8. 



If two triangles, ABC and Ai B^ Ci, are so situated that the 
lines joining corresponding angles, as A A^, B Bi, C C^, meet in 
a common point S, then will the intersections of corresponding 
sides, as A O and A^ C^, A B and A^ B^, B C and B^ Gj, meet in a 
common line, as t^ t^. The inverse also, of course, holds good : 
that if the sides intersect on a line, the lines through the angles 
intersect in a point. 

Another series of principles are connected with the curves of 
the second order, or conic sections. From analytical geometry, 
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as is well known, a curve of the second order is completely de- 
termined by five points or five tangents. But the length of the 
calculation or construction of a curve thus determined is also 
well known. The geometry of position, however, proves two 
very important principles, which render it easy to construct to 
the five given points or tangents any number of new points or 
tangents, and thus quickly draw the curve itself. The reader 
already acquainted with these principles will also probably re- 
member how much auxiliary demonstration their proof in the 
analytical geometry requires. The first of these, due to Pascalj 
is, that the three pairs of opposite sides of a hexagon inscribed 
within a conic section intersect upon a straight line. The 
second, due to Brianchon^ is, that the three principal diagonals 
of the circumscribing hexagon, wliich unite every pair of oppo- 
site angles, intersect in one and the same point. Both prin- 
ciples are easily deduced from the circle. It will be observed 
that they are independent of the relative dimensions, centime, 
axes, and foci of the curves. For this very reason they are of 
the greatest generality and significance, so that an entire theory 
of the conic sections can be based upon them. Thus Pascal's 
principle solves the important problem of tangent cx^nstruction 
from a given point, even when the curve is given by five points 
only, without completely constructing it. 

This problem of tangent construction to curves of the second 
order can in many cases be solved by the aid of a principle 
which expresses one of the most important properties of the 
conic sections, but which, nevertheless, is seldom found in text- 
books upon analytical geometry, because its analytical proof is 
somewhat complicated, and little suited to set forth the property 
in its proper light. 

For example : If through a point A [Fig. 4] in the plane of 
but not lying upon a curve of the second order, we draw se- 
cants, every two secants detennine four points, as K, L, M, N, 
upon the curve. Any two lines joining these four points, as 
L M and K N or K M and L N, intersect in a point of a 
straight line a a, which is the polar of the given point A ; that 
is, which intersects the carve in the two points of tangency 
G G. Thus the lines through A and the intersections of a a 
with the curve are the tangents to the curve through A. If 
the point A were within the curve, this line a a would not in- 
tersect it This construction can be used in order to draw 
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through a given point tangents to a conic section by the sim- 
ple application of straight lines. Upon every secant through 



Fig. 4. 




A, moreover, there are four remarkable points, viz. : the point 
A itself, the first intersection B with the curve, the intersection 
with the polar, and, finally, the second intersection D with 
the curve. These four points are harmonic points, and the 
polar a a contains, then, every point which is harmonically 
separated from A by the two curve points. The important 
principles relating to the centre and conjugate diameter of 
conic sections are merely special cases of the above important 
principles. These last can be easily extended to surfaces of 
the second order, as the intersection of these by a plane is, in 
general, a curve of the second order. 

From these few examples, which might be indefinitely multi- 
plied, it may easily be seen how very different, but not less im- 
portant than those of analytical geometry, are the theorems of the 
geometry of position. Thus the latter are generally proved by 
aid of the angle which the tangents make with the line through 
the focus, or by the distances cut off from the axes — ^that is, by 
metrical relations. We refer, of course, to the elements of 
analytical geometry as contained in most text-books, and not to 
those most fruitful and later methods whose existence are 
chiefly due to the sagacity of Plucker (Introduction, VIII.). 
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NOTE TO CHAPTER I. 

1- The method by the resolution of forces developed in 
Chapter I. is so simple and easy of application, and its principles 
are so few and self-evident, that we have not considered it ad- 
visable to tax the patience of the reader by any great variety 
of practical applications. A large number of such applica- 
tions are to be found in a most excellent little treatise by 
Robert H. Bow^ entitled The Eoonomics of Construction in 
Relation to Framed Strtccttires, There are, however, a few 
important practical points of detail, and a few general consid- 
erations, which we think it well to notice here, and to which, 
in illustration of the remarks in Chap. I., the reader will do 
well to attend. 

3. In PL 1, Fig. I. (Appendix), we have represented the 
^'Bent Crane " given by Stoney in his Theory of Strains, p. 
121, Art 200. 

We assume the following method of notation. Let all that 
space above the Fig. be indicated by X, and all that space 
below by Y, and the triangular spaces enclosed by tlie flanges 
and diagonals by the numbers 1, 2, 3, 4, etc. The first upper 
flange is then denoted by X 2, the second by X 4, and so on. 
So also the first lower flange is Y 1, the next Y 3, etc. The 
first diagonal is then X 1, the next 1 2, the next 2 3, etc.* 

The flanges are equidistant, forming quadrants of two cir- 
cles whose radii are respectively 20 and 24 feet The inner 
flange is divided into four equal bays, on which stand isosceles 
triangles, and a weight of 10 tons is suspended from the peak. 
The scale for this and all the Figs, of PL I. is 20 tons to an inch 
and 10 feet to an inch. Laying off, then, the weight X Y = 10 
tons, we form, according to the method of Chapter I., the strain 
diagram. It will be seen at once that all the lower flanges, Y 1, 
Y 3, etc., radiate from Y, all the upper flanges, X 2, X 4, etc., 
from X, and everywhere the letters in the one diagram indi- 
cate the corresponding pieces in the other. 

* For this yezy elegant method of notation, we are indebted to the wock of 
B. H. Bow, above aUuded to. 
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We caji now at once take off the strains to scale in the vari- 
oas pieces. 

A comparison of our method with that given by Stoney for 
the same case will be instructive, as illustrating the compara- 
tive merits of the two. 

8. Character off the Strains In the Pieces. — One of the 
most important points of our method is the ease and certainty 
with which the character of the strains in the pieces may bo 
determined- We have only, as detailed at length in Chapter 1., 
to follow round any closed polygon in the direction of the 
forces, and then refer back to that apex of the frame where for 
the moment we may happen to be. 

Thus for the peak, since we know that the weight acts down, 
we follow down from X to Y, and then from Y to 1, and 1 
back to X. Keferring back now to the frame, and remember 
ing that a force acting away from the apex means tension, and 
towards, compression, we have at once Y 1 compression and 
X 1 tension. 

Now for apex a, since X 1 is tension, with respect to this new 
apex, it must act away. We go round then from X to 1, 1 to 
2, and 2 back to X, and then, referring these directions to the 
corresponding pieces meeting at a, we have 1 2 compression 
and X 2 tension. 

We find thus all the outer flanges in tension, as evidently 
should by simple inspection be the case. Also all the inner 
flanges compression. As for the diagonals, they alternate, the 
first being tension, the next compression, until we arrive at 4 5, 
which we find to be also compression. 

A glance at the strain diagram shows how this comes about 
The line X 4 crosses Y 5, and thus gives us a reverse direction 
for 4 5. 

In such a simple structure as the present, the character of the 
strains would present no especial difficulty in any case ; but in 
more complicated ones, the aid of such a simple and sure crite- 
rion as the above is indispensable, and we have been thus even 
prolix upon this point, the more so as it is not so much as 
alluded to, as far as we are aware, in those few works which 
notice the above method at all. 

4. There are other points which we may here illustrate by 
our Fig. 

According to our first principle (Art. 3, Chapter I.), when 
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any number of forces are in equilibrinm, the force polygon is 
closed. Inversely, then, a closed force polygon indicates forces 
which, if applied at a common point, would hold each other in 
equilibrium. 

Thus y 3, 3 4, X 4, and the weight are, or would be, if all 
applied at a common point, in equilibrium. This we see 
directly from the Fig. Thus we know that when any num- 
ber of forces are in equilibrium, the algebraic sums of their 
vertical and horizontal components must be zero, otherwise 
there must, of course, be motion. Now the vertical component 
of Y 3 plus that of 3 4 minus that of X 4 is exactly equal and 
opposed to the weight, while the horizontal component of Y 3 
plus that of 3 4 is equal and opposed to that of X4, and there 
is then equilibrium. 

Again, according to the principle of Art. 5, Chap. I., any 
line, as the one joining 2 and 6 (broken line in Fig.), is the 
resultant of X 2 and X 6, as also of 2 3, 3 4, 4 5 and 5 6. 

The Fig. also well illustrates the points to be avoided in 
making a strain diagram, already alluded to in Art. 13, Chap. 
I. The scale to which the frame is taken is here altogether 
out of proportion to the scale of force. The first should be 
increased or the second diminished, or both. The present 
length of the diagonals and flanges is inadequate to give 
with sufficient accuracy the directions of strain lines of such 
length. 

Nevertheless we have experienced no difficulty in checking 
to tenths of a ton the results given by Stoiiey for this structure. 

5. In PI. 1, Fig. II., we have represented a roof truss, span 
30 ft., rise 8 ft, camber 1 ft. ; and the strain diagram illustrates 
in its two symmetrical halves (one full, the other dotted) the 
remarks of Art. 18, Chap. I., upon the cJieck which in such cases 
our method furnishes of its accuracy. 

We lay off the weights 1, 2, 3, 4, 5, and then the reactions at 
A and B, which should bring us back to the point of beginning, 
and thus complete the force polygon. The strains are then easily 
found, and the two halves should be perfectly symmetrical, and 
give the same results. 

In Fig. III. we have given another form of truss with strain 
diagram, the other half of which the reader can complete and 
letter for himself. 

•• In Fig. IV. we have a form called the French roof truss 
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and two strain diagrams — ^the larger for vertical reactions, the 
smaller for inclined reactions. 

This last brings out the force polygon in perhaps a clearer 
shape than before. The weights 1 to 7 being laid off down- 
wards, the two reactions must always bring us back to the 
starting-point, and thus close the polygon — in this case a trian-^ 
gle, in the preceding case a straight line, and in the case of Fig 
6, Art. 10., Chap. I., a true polygon. Both strain diagrams 
illustrate the check we have upon the accuracy of the work. 
The second half should be perfectly symmetrical with the first, 
and the lines Y k and points k in each should coincide. 

We have here also to notice a point which in /oof trusses is 
of frequent occurrence, and may, if not noticed, cause diffi- 
cultv. 

We have already observed in Art. 9, Chap. I., that we can 
always find the strains in the pieces which meet at an apex, 
provided only two are unknown. Now in the strain diagram 
to Fig. IV., we readily determine the strains in Xa, Y a, X J, 
abjY c and b c successively, and arrive finally at apex 2, where 
we have the two known strains in X d and b c^ and wish to find 
the strains in three pieces, viz., Xdjdh and <?A. At first sight 
this seems impossible. If, however, we assume that the pieces 
of the frame can take only strains of a certain kind, as, for 
instance, A ^ only tension, and not compression, the problem is 
perfectly determinate. This assumption is easily realized in 
practice. Thus if A <^ is a rod of small diameter, it cannot 
act as a compression member at all. Moreover, the strain 
of tension in hd must evidently be preciaely equcU to that in 
b c, already found. We have then to form a closed polygon 
with the weight at 2 and the known strains in X £ and b c^ whose 
other three sides shall be parallel to X<^, A (^ and (? A respec- 
tively, and in which, moreover, the strain m hd shall be eqtual 
to that in b <?, and where both these strains must be, when the 
polygon is followed round according to rule, tensile. We have 
evidently, then, in accordance with these conditions, only the 
polygon 2'X.dh cb'X.^ thus finding the point rf, from which 
we can now proceed to find ^, etc. The points a, &, d and e are 
evidently in the same straight line parallel to oh. This point 
is one of importance, and the reader should carefully follow 
the above remarks with the aid of the Fig. 

The strain diagram thus constructed shows us many facts 
23 
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about the system not otherwise apparent. Thus bc^ch and hd 
are in eqnilibriam with the load at 2. Again, a b and b o are 
in equilibrium with Y a minus Y (?, as also are A<i^ and de with 
he minus kk. Also kh^ A <;, Y (; and Y ^ are in equilibrium, 
and Y c^cb and X& are in equilibrium with the reaction minus 
the weight at 1, or with the shear to the right of 1. This last 
principle is general. When a section can be made entirely 
through a struoture^ the strains in the pieces out are in equi- 
librium with the shear at the section. If only three pieces are 
cuty then, by taking as a centre of moments the point of inter- 
section of any two, we can easily find, knowing the moment of 
the shear, the strain in the third. 

Thus we have the general and easy method of calculation 
given in Art. 14, Chap. I. The moment of the shear is, of 
course, the sum of the moments of all the exterior forces be- 
tween the section and one end. 

We have then two methods, one graphic and one by calcula- 
tion, by which we can find the strains in every kind of simple 
truss which can ever occur in practice. By " simple " we mean 
merely resting at the supports, or not acted upon at the ends by 
a couple or mornent^ as is the case, for instance, in the continuous 
girder. 

When the structure is unsymmetrical, or complex, the deter- 
mination of the diflFerent lever arms is often very tedious, involv- 
ing a good deal of trigonometrical computation. On the otlier 
hand, the frame can always from its known proportions be 
easily and accurately drawn to scale, and then the exterior 
forces, whatever their relative intensity or directions, can be 
laid off, and the strains at once determined. Here we see, then, 
one of the great advantages of our graphical metliod. An 
unsymmetrical frame and different directions of the forces 
requires no more time or labor than a more simple case. 

7. Application to Bridget— Bow-string Girder. — In Art 
12, Chap. I., we have alluded to this apph'cation, and shown 
how by two strain diagrams only we can completely calculate a 
bridge of any length. As this application is so important, and 
as the method is stated by several authors to be inapplicable to 
bridges,* or, at best, to be unsatisfactory, we will here call more 

* Iron Bridge and Boofi—Vnwm—p. 148. Economies of Gonatruetioi^^ 
Bow- -p. 61. 
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special attention to the points to be observed in the tabulation 
of the strains. Tiiere is, indeed, no more satisfactory, complete 
and rapid method for the solution of bridge girders generally 
than tliat afforded by the graphic method. 

As an example, let us take the Bow-string Qirder given by 
Stonet/yp. 131. Span, 80 ft, divided into 8 panels; rise of 
bow, 10 ft. Load, 10 tons at each lower apex. 

We construct tlie two strain diagrams* given in Fig. V., 
PI. 2, viz., one for the load P, at the first apex, and one for the 
load at the last apex, P,. Eef erring, if necessary, to Art. 12, 
Chap. I., the reader can easily follow out these diagrams. We 
then scale off the strains, and obtain, for the* strains in the 
diagonals — 





ab 


be 


ed 


de 


^f 


fff 


ffh 


Pt 


-2.7 


-11.4 


•+-4.8 


-4.8 


+ 2.4 


-2.3 


+ 1.4 


Pi 


-0.4 


H-0.23 


-0.56 


+ 0.51 


-0.9 


+ 0.88 


-1.4 



Now from the strains thus obtained for these two weights 
we can easily obtain all the othere. 

Thus, as the end reactions are inversely as the distances of 
the weight from the ends, the reaction at the left end due to 
P, will be twice that due to Pj. For P, three times that due 
to P,. The strains will therefore be twice and three times 
those due to P„ until we arri/oe at the weights P, and P, re- 
spectively. So also for P, the reaction at the vight is twice 
that due to P^, and the strains are therefore double up to the 
weight P,. To the right, then, of P, the strains are twice 
those due to P^, and to the left of Pj they are six times those 
due to P^. Take, for instance, P5. The right reaction is fths 
of the apex load, and the right reaction of P7 is -^th of that 
load. For P5, then, the strains in all pieces to the right of that 
weight are 3 times those due to P7. Again, the left reaction 
is for Pj fths the apex load. But the left reaction for Pj 
is ^th the same load. The strains then in all the pieces to the 
left of P5 are 5 times those due to Pi. So for any other load. 
We can therefore form at once the following table : 

* Strain diagrams in Fig. Y., and also in Fig. VI. , are, for obyiouB reaaona. 
drawn to different scales. 
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ab 
be 
cd 
de 
ef 

fg 


Pi 


P. 


Pl 


P4 


P. 


Pa 


Pt 


Uniform 
Load. 


Max. 

Comp. 

+ 


Max. 
Teoa. 


Total 
Stralxu. 


-0.4 
-HOi23 


- 0.8; - 1.2 


-1.6 


- 2.0 - 2.8 


-2.7 


-8.26 




-11.0 


-19.26 


+ C.s; + 0.7 


+ 0.9 


+ 1.1 +1.4 


-11.4 


-4.9 


+ 4.8 


-11.4 


-16.8 


-0.56 


- 1.1 - 1.7 


-2.2 


-2.8-3.4 


+4.8 


-6.2 


+ 4.8 


-11.8 


-17.0 


+0.51 


+ 1.0 


+ 1.5 
-2.7 


+ 2.0 


+ S.6-8.6 


-4.3 


-8.97 


+ 7.6 
+ 7.1 


-12.9 


-16.9 


-0.9 


-i.s; 


-8.6 


-4.5+4.7 


+2.4 


-4.8 


-18.6 


-18l8 


+0.88 


H- 1.8 +2.6 + as 


-6.91-4.6 


-2.3 


-6.76 


+ 8.8 


-18.8 


-20.6 


-1.4 


-2.8 


-.2| 


-5.6 


+ 4.3 


+ 2.8 


+1.4 


-4.2 


+ 8.4 


-14.0 


-ia2 



In the columns for Pi and P7 we put the strains already 
found by diagram. The strains for P, on the entire left half 
will be double those for Pi ; for P3 three times, and for P4 four 
times those for Pi- We have therefore at once the columns 
for Pi, P3, Pg and P4. Now for P5 we see from the Fig. that 
the strains in diagonals ef and fg must both be tension. 
From the left end, then, oa far as ef the strains are 4 times 
those due to P^ and from the right, as far a%fg^ 3 times those 
due to P7. We thus obtain the column for P5. In the same 
way for P^, all above or to left ot cd are 6 times Pi, all below 
or to right ot de twice P7. Thus we fill out the whole table. 
Adding now all the tensions and compressions in each piece, we 
obtain the maximum strains of each kind due to the live load, 
as given in the last two columns but one. Suppose now the 
dead load or weight of the girder itself to be f ths of the roll- 
ing or live load. We have only to take, then, f ths the sum of 
these last two columns and we have the strains due to uniform 
or dead load, as given in the fourth column from the right. 

We can now easily obtain the total strains. Thus the ten- 
sion in a b due to the live load only is 11 tons. The tension 
due to the dead load is 8.25 tons. Total greatest strain which 
can ever come upon a b, then, is 19.25 tons tension. No com- 
pression can over come on this piece ; it does not need, there- 
fore, to be counterbraced. On the other hand, all the other 
diagonals, except perhaps cdj must be counterbraced, as the 
maximum compression due to the live load overbalances the 
constant tension of the dead. Had the dead load been taken 
much greater than the live, the diagonals might always have 
been in tension. Hence the appropriateness of this class of 
girder for long spans. 
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We see also from the table just what weights, and where 
placed, give the greatest strain of each kind in any piece. 

8. SCraIng In the Flangei. — The method is precisely simi- 
lar for the flanges. Thus we scale ofP from our diagrams — 





Xa 


Xb 


Xd 


x/ 


Xh 


P. 


+ 2.82 


+ 8.08 


+ 3.47 


+ 4.11 


+ 6.11 


Pt 


+ 19.7 


+ 21.6 


+ 10.4 


+6.8 


+ 5.1 





Ta 


Ye 


Ye 


"Tg 


Pi 


-2.52 


-3.01 


-3.62 


-4.46 


Pt 


- 17.6 


- 13.1 


-7.9 


-5.7 



Tabulating these, we obtain the following table : 



i 


Xa 
Xb 
Xd 

x/ 

XA 

Ta 

Tc 
Ye 
Yg 


Pi 


Pf 


Pt 


P* 


P. 


P. 


Pt 


Unifonn 
live 
load. 


Unifonn 
dead 
load. 


Total 
Strainn. 


+2.82 


+ 6.6 
+ 6.2 


+ 8.6 


+11.8 


+ 14.1 


+ 16.9 


+19.7 


+ 7a9 


+ 69.1 


+ 138 


+3.08 


+ 9.2 


+12 3 
+18.9 


+ 15.4 
+ 17.8 


+18.5 


+21.6 


+ 86.3 


+ 64,7 


+ 161 


+3.47 


+ 6.9 

+ 8.2 


+ 10.4 


+20.8 


+10.4 


+ 83.2 


+ 62.4 i + 146.6 

1 


, +4.11 


+ 12.3 


+16.4 


+20.5 


+ 18.7 


+6.8 


+ 82.0 


+ 61.6 +143.6 


1 +5.11 


+ 10.2, + 15.3 


+20.4 


+15.3 


+ 10.3 


+5.1 


+ 81.6 


+ 61.2 + 142.8 


'-2.52; -5.0 
-3.01 1 -6 


-7.0 


-10.1 
-12.0 


-12.6 


-16.1 


-17.6 


-70.6 


-62.8 


-128.8 


-9.0 


-16.0 


-18.1 


-13.1 


-76.2 


-67.1 


-188.8 


-3.62 


-7.3 . 


-lo.a 


-14.5 


-18.1 


-15.9 


-7.9 


-78.1 
- 78.8 


-68.6 


-186.6 


-4.46 

1 


-«.9 - 

1 


-13.4 


-17.8 


-17.1 


-11.4 


-5.7 


-69.1 


-137.9 



This table is obtained precisely as before. Thus for Pj the 
strains inXa and X& are multiples of P^, while those in the 
other flanges are multiples of P^. So also for Y o and Y e. We 
see at once that the greatest strains are for full load, since for 
all loads the upper flanges are always compressed and the 
lower extended.* The above is sufficient to illustrate fully the 
application of our method to bridges. It is evidently appli- 

* A more oonvenient form of tabalation is to put the weighta in the left 
vertical oolamD and the pieces in the top horizontal Une. The numbexs oan 
then be more easily added. 
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cable to any structure where the reactions are inversely as the 
distances from the end. The strains due to the first and last 
weights are all that we need in order to thoroughly solve any 
case of the kind. It is advisable, however, to construct a 
third diagram for an intermediate weight, in order to serve as 
a check upon the others.* 

9. Method of Calculation by Moments. — We may illus- 
trate here the method of calculation by moments ref en-fed to in 
Art. 14, Chap. I., a little more fully. Thus in the example 
above, Fig. V., suppose we wish the strains due to Pj. Reac- 
tion at left end is evidently ^th of 10 tons = 1.25 tons. Con- 
ceive the lower flange Y a cut. Eotation would evidently take 
place about apex a, and we have, therefore, strain in Y a x its 
lever arm from apex a = 1.25 x 5. The depth of truss, or 
lever arm of Ya^ from apex a, is 2.58 feet. Hence we have 

-^t-tt; — = strain in Y a = 2.42 tons. 
2.58 

Tliis strain is evidently, by reason of the direction in which 
the two portions of the truss would rotate about a, tension. In 
like manner, for upper flange X J, if we know the lever arm of 
this flange from the opposite apex, we can easily find the strain ; 
for the diagram shows that X J, J c and Y c are in equilibrium 
with the reaction, and hence, if we take the point of moments 
at the intersection of the two pieces h c and Y c, the moments 
of these pieces are zero, and we have remaining only the mo- 
ment of the strain in X J balanced by the moment of the reac- 
tion. 

Again, if X 5 and Yc are thus found, and if these two strains, 
together with the reaction, are in equilibrium with the diago- 
nal b c, we can find the strain in this diagonal by taking the 
apex ^ as a centre of moments. The moment of Y c then is 



* It may also be well to notice here that the practice of deducizi^ in the 
tabulation the dead load from the live load strains is not strictly aocnrate, as 
the live load acts at the lower apices only [or at the upper apices only, if the 
bridge U under grade], while the dead load is distributed along both flanges, 
and acts at both upper and lower apices. 

In every case, however, the greater portion of the dead load, say, for in- 
stance, ^s of the whole, owing to the track, platform, cross-girders, eta, 
acts at the same apices as the live load itself ; and the erroi is in any case 
vezy aligbti and practically of no account. 
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zero, and we have the moment of the strain in ho balanced 
by the moment of the reaction and the moment of X J ; the 
first causing compression, the second tension, and the diflFerence 
then giving the resultant moment strain, which, divided by the 
lever arm of b c, gives the strain itself. 

The method is easy of application, but, as we have already 
remarked, the determination of the lever arms for each case is 
frequently tedious. These may, however, be scaled off from 
the frame diagram with sufficient accuracy in practice. 

As before, we need only the strains due to the first and last 
weight, and can then form our tabulation as above. This 
tabulation we can also check by finding the strains due to uni- 
form load independently, and seeing whether it agrees with 
the sum of the separate apex weight strains. 

Thus, for all the weights acting, suppose we wish the strain 
in Y g. The lever arm of Y g' is 9.86 feet. We have tlien re- 
action = 35 tons, multiplied by 35 feet = 1225. This must be 
diminished by P, x 25 = 250, Pg x 15 = 150, and Pj X 5 = 
50. We have then 1225 - 450 = 775, which, divided by 9.85, 
gives 78.7 tons tension in Y g, agreeing with our tabulation 
above. 

For the method of calculation by resolution of forces, see 
Art. 16 of this Appendix. 

10. Olrder with Straight Flanges* — In such a case, as the 
lever arms are at once known and are constant, the above 
method is of very easy application. In this case the strains in 
the diagonals are best found by multiplying the shear by the 
Becant of the inclination of the diagonal with the vertical.* 
Thus, if this angle is 45°, we have simply to multiply the shear 
at any point by 1.4142, and we have at once the strain in the 

* This is but a particular result of the general method of moments. Thus, 
for any diagonal, aaab (Fig. YII.), according to our rule, we take the centre of 
moments at the intersection of the two other sides cut by a section through 
the truss, viz. , the flanges. But these two sides are here paraUd^ hence their 
intersection is at an infinite distance. The lever arm of a 6 i« then oo x cos ^, 
if being the angle with the vertical. If the weight Pi acts, we have then, 
caUing the reaction R, R x oo — Poo = S cos ^ x oo, where 8 is the strain in 

(R-P)oo 
a b. This can be put (R — P) oo = S cos ^ x oo, hence 8 = ^^ ^ ^ . But 

00 1 

R — P is the shear at ft, -— m= — TT = aeo * : henoe we have only to 

' cos ^ X 00 cos <P 

multiply the shear by tho^lsecant. 
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diagonal at this point. The Bheour is always in ench cases the 
reaction at the end minus the weights between that end and 
the apex in question. 

The flanges are easily obtained by moments, as above. 

The following points need attention, however. First, if 
there are two or more systems of diagonals, as represented in 
PI. 2, Fig. VII., by the full and dotted diagonals (omitting the 
upright lines), we must find the strains for each system sepa- 
rately, and then add them together. Thus, if the strains found 
in a (J and c e^ etc., for one system, are 50 and 60 tons, and 
those in dj^ and /g, for the other, are 40 and 70 tons, we have, 
when the two systems are combined, dc = ac + df^ 50 + 40 
= 90, cf— e?/4-cd = 404-60 = 100, fe — ce-^fg^ 
60 + 70 = 130, and so on. This holds true, of course, whether 
the strains are obtained by calculation or diagram. Thus, for 
a lattice girder, we calculate or diagram eoLch system hy itself^ 
and then the strain in any flange, when the two are combined, 
is equal to the sum of the strains on that flange due to each 
system of triangulation which includes it. 

There is another point to be observed in connection with 
the system known as the Howe or Pratt Truss. Inserting the 
dotted verticals into our Fig., we have this system of square pan- 
elling. Let us suppose that the diagonals take tension ordy^ 
and the verticals compression only. 

Now for a weight at apex 9 of 10 tons, we have a right re- 
action of 1 ton, which, running through the system, causes strain 
in the diagonal oifP^, For the flange D, then, our point of mo- 
ments is at^, and if the height of truss is equal to panel length, 

1 X 50 
viz., 10 feet, we have the strain in D = — — — = 5 tons, for 

P9. In the same way for Pg, we have for D 10 tons ; for P7, 15 
tons ; for Pg, 20 tons ; for P5, 25 tons. For P4, on the other 
hand, we have a left reaction of 4 tons, which causes strain in 
diagonal e k^ and for this weight and all succeeding weights 
our point of moments for D is then at e. We have then P4 

4 V fiO 

l-i--- = 24 tons ; for Pg, 18 tons ; for Pg, 12 tons ; and for 

Pi, 6 tons. 

For all these weights, then, acting together, we have 135 tons 
strain in D. 
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But for all the weights acting together, it is evident that 
only all the braces sloping each way from the centre are 
strained. Hence ^ ^ is not strained, and our point of moments 
is for D al/a)ay% 9Xf. Thus for total load wo have strain in 

^ 46 X 50 - 10 X 40 - 10 X 80 - 10 X 20 - 10 X 10 

D = j^ = 125 tons, 

whereas we found by addition of the several weights 135 tons. 

There is thus an ambiguity in this class of bracing as to the 
way in which the strains may go. Two symmetrical weights, 
as 9 and 1, may either go left and right directly to the abut- 
ments or a portion of each go towards the centre. The inter- 
mediate diagonals may be either all strained or not strained at 
all. The strains may go partly in one way or partly in the 
other. We should then not rely on our summation of the sepa- 
rate weights, but always check them by calculation or diagram 
for the total load also, and take the greatest strain. Practi- 
cally, for long spans, it is very rare that the difference is of any 
importance. 

In diagraming by our method such a system of bracing as 
the above, we should consider but one series of braces, viz., 
those strained hy the uniform load alone. Thus, for our Fig. 
and loads on the lower apices, we should take only the diago- 
nals parallel to fh on the left of centre, and y P4 on the right. 
If, on the other hand, the verticals are ties and the diagonals 
struts, we should retain only those parallel to ck on the left, 
and those parallel to A ^ on the right of centre. The others 
are to be omitted. Then, the tabulation being formed, if in 
any diagonal a strain may occur of revefse character to that 
which it is intended to resist, a counterbrace mnst be inserted 
in this panel to take this reverse strain. 

As in our examples we have taken always a triangular system 
of bracing, it is important that the reader clearly understand 
the method to be pursued in other forms. For the rectangular 
system of bracing generally, the point where for uniform load 
the shear is zero is the point from which the braces must slope 
both ways. The other diagonals, or the counterbraces, are then 
omitted in both calculation and diagram, and replaced from the 
tabulation when necessary to replace a strain of the reverse 
character to that which the braoes are intended to sustain. 

Attention to the above points will enable us to both calculate 
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and diagram with ease and accuracy any form of truss which 
occurs in engineering practice. 

11- In the bow-string girder represented in Fig V. it is 
evident that the bottom flange serves merely to resist the thnist 
of the bow and keep it from spreading. It adds nothing to the 
supporting power of the combination. We might remove it 
entirely and replace it by abutments which would equally well 
sustain this thrust, and if we then introduced a horizontal flange 
at crown, and inserted diagonals between for stiffness, we should 
have the form of braced arch given in Chap. I., Fig. 5 (c). If, 
however, we should resist the thrust of the bow by an inverted 
arc, it would answer the same purpose as the bottom flange, 
and we should, in addition, double the supporting pow^. 

We have illustrated this in Fig. VI. 

The span is the same as before. The lower apices only are 
supposed to be loaded, for comparison. [Properly, we should 
have distributed the load over both upper and lower apices.] 
The rise of each arc is one-half as great as before, or 5 ft. only, 
thus making the total depth the same as in the preceding 
case. 

By means of two strain diagrams, we find the strains due to 
PiandPj. Thus: 



1 

1 


Xa 


■ 
Xb 


Xd 


x/ 


XA 


Ya 


To 


Ye 


-Tg 


Pi 


+2.3 


+2.6 


+3.2 


+3.7 


+5.0 


-2.25 


-2.87 


-3.48 


-4.82 


Pt 


+16.1 


+17.8 


+9.1 


+6.7 


+4.5 


-15.75 


-12.85 


-7.3 


-4.8 



Then, precisely as in the preceding Art., we can fill out our 
table of strains. This the reader can now easily do for himself. 
We thus find, for a uniform dead load f ths the live load, the 
total maximum strains below. 



Xa 


Xb 


Xd 


X/ 


Xh 


Y a 


Yo 


Ye 


rg 


+112.7 


+126.7 


+133.5 


+127. 


+184.7 


-110.1 


-126.7 


-129.8 


-125.6 



Comparing these with the corresponding strains for the bow- 
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BlriDg, we find that they are very much less in every piece. In 
fact, there is a total gain of over 10 per cent., and that, too, not- 
withstanding that the rise of each arc is (yrdy half that in the 
first case. Had we taken a double depth, the saving would 
have been very great, and as in this case also, for a long span 
and relatively large dead load, the diagonals would always be in 
tension, the increased length of these last would be no dis- 
advantage. 

13. The above construction is worthy of the careful consid- 
eration of the bridge builder. It peculiarly recommends itself 
for long spans, and has several important advantages possessed 
by no other form of tniss. For long spans the strains in the 
flanges are nearly uniform. The diagonals are less strained 
than in any other system, and are always in tension. Every 
member acts to supporty as well as to strengthen. The height 
is everywhere proportional to the maximum moment of the ex- 
terior forces. The load is distributed along the neutral axis^ 
thus securing the maximum of rigidity ; while the neutral axis 
itself passes through the points of support. 

This construction is known in Germany, from tlie name of its 
inventor, as PaulUs Truss. Upon this system are the double 
track bridge over the Isar at Chrosshesdohe^ 2 spans of 170.6 
ft. ; a large number of smaller bridges, such as one over the 
Rodachy 109 ft. span ; over the Main in Schweinfurt^ 116.4 ft. 
span ; and especially one over the Rhine at Mayence^ of 32 
spans, 4 of 345 ft., 6 of 116 ft., 20 of 50 ft., and 2 of 82 ft. ; all 
upon the same system. 

In England, we might notice the famous bridge over the 
Tamar at Saltash, near Plymouth, whose two principal spans 
are 455 ft., which is also constructed upon this system. 
Finally, we may mention the bridge over the Elbe, near 
JSilmiurg, the three principal spans of which are 325 ft. each. 

In this latter structure both the upper and lower members 
are braced or ribbed arches, of a constant depth of about 10 ft., 
a combination which, for long spans, seems most excellent. A 
single arch alone, similar, for example, to the steel arch over the 
Mississippi, by Capt. Eads, would have required heavy abut- 
ments. 

The same arch inverted would have required equally heavy 
anchorages. The combination does away with both. The 
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thrust of the upright arch is opposed by the pull of the inverted 
one, all the advantages of Pauli's system are obtained, and 
there are no temperature strains such as occur in the single 
arch, while the bracing is reduced to a minimum. At the same 
time all the rigidity due to the arch is obtained.* 

13. In the construction of the diagrams, care should be exer- 
cised in the selection of the scales, that the frame diagram may 
be large enough to secure the desired accuracy. Lines should 
be drawn very fine with a hard, sharp-pointed pencil, so as to be 
scarcely discernable, and their intersections accurately marked 
by needle point. 

With an accurate scale and good instruments, strains can be 
taken off in nearly every practical case to hundredths of a ton 



* Compare Long and Short Span Railway Bridges^ by John A. BoebUng^ C.E. 
— In this work, Mr. Boebling proposes a system in principle essentiaUy the 
same as the aboye, to which he gives the name of '* ParaboUc 7Vu«9." He, 
however, constracts the arch of channel irons bolted to the sides of a straight 
trass, the sole office of which is to give rigidity to the system. Also,, claiming 
that iron in the shape of wire will safely sustain three times as much as in the 
shape of bars or rods, he introduces a wire cable in place of the inverted 
braced arch. 

It wiU thns be seen that for rigidity the system is whoUy dependent upon 
extraneous members, such as the auxiliary truss and the tower ntnys^ which are 
liberally introduced. By dividing the material composing the upright arch 
into tiDO portions, bracing between them, and thus forming a braced arch sim- 
ilar to Capt. Eads, the stays and stiffening truss might be entirely dispensed 
with, the construction greatly simplified in the number of its members, and 
the bracing reduced to a minimum. If, also, as claimed by Capt. EadSy the 
conditions for cast steel are just the reverse of iron, and it is most advantageous 
to use it in compression, then it seems that such a modification of Mr. Boeb- 
ling* s design with wire cable and a ea^t-steel braced arch would better sustain 
the thesis with which his work, above quoted, opens, viz. : that *^ the greatest 
economy in bridging is only to be obtained by a judicious application of the Para- 
bolic Truss. ^^ 

Such a combination of the suspension and upright arcb would seem to avoid 
the principal objections urged against each separately. The anchorages and 
abutments are di8i>en8ed with, the greatest rigidity is secured with the mini- 
mum of bracing, and the material is used in the most advantageous way. In 
addition to the advantages of PavlVs system being secured, we have the ease 
of erection of the suspension system combined with the rigidity of the arch. 
The system is self -balancing, and practicaUy unaffected by changes of temper- 
ature. 

For the practical details of construction of such a system, the reader can 
with profit consult Mr. Roebling's work, above quoted. They will be found 
to be neither expensive nor difficult of execution. 
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with perfect accuracy. The use of parallel rulers is not to be 
recommended. The T square, triangle and drawing-board are 
far prefemble. It should be remembered, finally, that careful 
habits of manipulation, while they give constantly increased 
skill and more accurate results, affect in no degree the rapidity 
and ease with which those results are obtained. 
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NOTE TO CHAPTER IL 

14. Th9 reader will observe that in Chapter L we had given 
forces acting at certain points of a given frame, and we found 
by simple resolution of forces the strains in the pieces of that 
frame. In Chapter II. we have given forces acting in certain 
directions, and having dssuined the strains, we find the equi- 
librium polygon or frame^ which, having its angles on these 
force directions, and having these strains, will hold the given 
forces in equilibrium. Thus in Figs. 12 (A) and (c), PL III., of 
the text, by choosing a pole and drawing lines to the forces in 
the force polygon {a\ we virtually assume the strains which 
are to act upon our fi'anie. Then lines parallel to these strains 
in (i), forming a polygon whose angles are upon the forces, 
must give us the frame which holds these forces in equilibrium, 
provided we close the polygon by a line and apply at the ends 
forces which balance each other horizontally, and whose com- 
ponents parallel to the resultant of the forces balance the 
forces. 

Thus the polygon mabedenm is a frame along whose 
sides the forces Sq 8^, etc., act, and whose reactions at the sup- 
ports m and n must then be a t? and 5 t», as given in (a). 

H)iv& frame — keeping the same pole, that is, the same strains 
— we may put anywhere in the plane, its angles being always on 
the forces, and its sides always respectively parallel, though 
varying in length according to the position assumed. 

We might also have assumed diffei*ent strains, that is, taken 
a different pole, and constructed a different frame; but evi- 
dently the end reactions will not be altered, and will be always 
equal to a and 5 a, as given in {a). 

The peculiarities of the frame thus obtained are, as we see 
further on, that its end sides always intersect upon the result- 
ant of the forces ; its depth is always proportional (for paral- 
lel forces) to the moment at any point ; its area to the moment 
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of inertia of the forces ; while, finally, in a loaded beam the de- 
flection curve itself is but a polygon or frame of this character, 
when the curve of loading follows the law of the moments in 
the beam. 

It is upon this polygon and its properties that the entire 
system of Graphical Stati(3S is based. 
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NOTE TO CHAPTER V., AET. 51. 

15. In Fig. VIII. (Appendix) we have given the construction 
referred to in Art. 51 of the t^xt for a system of loads of given 
intensities. The span Sq Sq is supposed to shift to 8i «i, S2 s^^ etc., 
and a certain cross-section Aq to shift with it to k^ ^, etc. The 
intersections of tlie respective closing lines with verticals 
through k^ kiy k2, etc., gives us a curve between which and the 
polygon the greatest ordinate gives the maximum moment for 
the assumed cross-section. The place of this ordinate is the 
position of the cross-section from which we determine the ends 
of the span, and thus have its position with reference to the 
loading when the moment in k is the greatest possible. 

Thus if this greatest ordinate is- at the angle VIII. in the Fig., 
tlie weight Pg must rest upon the ci*o88-section. Tlie distance 
then from Pg to the left end of span «, is the distance from Sq 
to ^ on left, and to right end of span «, is the distance from 
^0 to 80 on right. 

The ends a and 8 being thus found, perpendiculars through 
them determine the closing line L, and the parallel to this in 
the force polygon gives the end reactions L and 20 L for the 
position^f span which makes moment at ^ a maximum. 



APPENDIX.] PIVOT SPAN. 369 



NOTE TO CHAPTER XH., ART. 124. 

16- In Arts. 120 and 121 we have given the formulas and 
principles necessary for the complete solution of the pivot span. 
"We propose here to illustrate more fully their application by a 
simple example. 

Fig. IX. represents such a structure. The two outer spans 
A B = C D = 40 f t. The central or turn-table span, B O = 
20 ft. Centre height at B and C = 10 ft End height = 6 ft 
Panel length, 10 ft. ; each apex live load, 10 tons, or 1 ton per 
foot. Dead load, halfB& much. Two systems of triangulation, 
as shown in the Fig. 

Our proportions are taken for the sake of illustration merely, 
and not as an example of actual practice. All the points to be 
obsers'ed are, however, illustrated as well as by a much longer 
span, and more usual proportions. 

It is to be observed that the end verticals are compression 
members only, and cannot take tension. This is necessary to 
prevent ambiguity as to the way in which the strains go. A 
negative reaction might otherwise cause tension in 1 2, and 
compression in F, or tension in 1 5, compression in 5 6, and 
tension in A. If 1 5 cannot take tension, we have but one 
course for the strains, and the problem is determinate. 

We also, for similar reasons, construct the centre span so 
that the diagonals take tension only, and the verticals compres- 
sion only. These points as to construction being settled, let us 
proceed, first, to determine the reactions. 

Ist Reactions. 

We shall consider the case of the " Tvpper^'* or secondary 
central span only [Art. 120], as this case most nearly ap- 
proaches the true state of things. The method of procedure 
for iowT fixed supports is precisely similar, only taking the for- 
. mulse for that case from Art. 122. 

The less the span B O, the nearer the case approaches to three 
fixed supports ; and when the distance B C is zero, n is zero, and 
our fomiulsB are the same as for beam over three supports. 

For a load in the left span distant a from A, these formulae 

are as follows [Art. 120] : 
24 
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Ra = ^ r 2H - (10 + 15» + 3 «•) * + (2 + n)** 1, 
Rb = Ro= ^ r (6 + 9n + 8n')k - (2 + «)*• I, 
Rd = ^ 1(2 + »)*•- (2 + 3» + Sn*)*!, 

mwhiehJkzzy, l=AB=OD, nl = BC and H = 4 + 8n + 8n'. 

We have first to put these formulflB into the most convenient 
shape for use in the particulai* case under consideration. Thus 

1 35 

in this case Z = 40, nl = 20; hence ^ = 5 and H = -— , and 

jfc = — , where a has the successive values of 10, 20, 30, 40 for P„ 

P„ P„ P^. k is therefore successively p ^j t ^^^ 7* 
Oar eqaations for reactions are then, after i-edncing, 

Ra = ^ FtO -73* + 10** T 

R. = Ro = 4r*5*-io*'T 



5 
35 



ri0*"-17AT 



Rd = ^ I 10*" -17 A I. 



Now, as we may notice, the denominator of 3k is always 4, of 
If always 64 ; the numerator only changing according to the 
position of the weight These equations can then be written 

Ra = all [2240 - 584a + 5 a»J, 



Rb — Rq = 00 



[72 a - ci\, 



where a has the values 1, 2, 3 for Pi, Pj, Pg, etc. 
ThcEe, then, are the practical formulae for this case, and from 
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them we can easily find the reactions for the apex loads of 10 
tons each. 

Thus, for Pi make a = 1, and we have 

R^ = 7.415, Rb = Bo = 1.68, R© = - 0.685. 

For Pj make a = 2, and 

R^ = 4.964, Rb = Ro = 3.085, R^ = — 1.035. 

For P, make a = 3, and 

Ra = 2.78, Rb = Ro = 4.22, R^ = - 1.22. 

For P4 make a = 4, and 

^A == 1> Rfi = Ro = 6, Rd = — 1. 

Loads npon the centre of the span B G acting, that is, at 
apex 10, give no reactions, but are supported directly by the 
turn-table. Hence, for P5 ; Rj^, Rb, Rq and R^ are zero. For 
the first load, P7 to the right of G, the reactions at A and B are 
the same as for Ps at D and G, already found. For the next 
load, Pg, the reactions at A and B are the same as for P3 at D 
and G, already found. For P9, the same as for Pi. For P^, as 
for P4, etc. 

We thus have the reactions at A and B due to every indi- 
vidual apex load, and can now proceed to find the strains. 

Our formute, it will be observed, thus become very simple 
and easy of application for any particular case. 

2d, Fi^NGES — Bridge shut. 

Let us firat find the strains in the flanges. We have only to 
apply the method of moments, and the work is so simple that 
an example or two will suflSce. 

We repeat again the rule. Conceive a section cutting only 
three strained pieces. Take the intersection of two of these as 
the centre of moments for finding the strain in the third. The 
moment of the strain in this last about this point must be equal 
to the algebraic sum of the moments of all the forces acting 
between the section and one end. Take Pi for example. Its 
upward reaction at A is 7.415. [A negative reaction acts 
dawn. Thus, for P7 above, the reaction at A is, from our for- 
raulse, —1.22. The minus sign indicates that the reaction is 
down, and that, neglecting the dead load, the girder must be 
hdd down to the support A. If the reader will draw roughly 
the curve of defiection, he will see that this is so.] 
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' Conceive a section through the girder at, say, the centre of 
flange A. It cuts 4 pieces, but, since the weight Pi acts only 
through its own syaterrh of diagonals, only three are strained. 
The point of moment for A is then at 6, the intersection of the 
other two strained pieces. The strain, then, in A x by its lever 
arm = 7.416 x 10. The lever arm of A is 6.965 ; hence 

A X 6.965 = 7.415 x 10, 
or A = + 10.64 tons compression^ 

because the upward reaction acting with 6 as a centre of rota- 
tion tends to compress A. 

This strain evidently acts through both A and B, since both 
these flanges are included by the two diagonals of the system 
for Pi ; hence also, B = -f 10.64 tons. 

For flanges C and D, since 7 8 is the strained diagonal, 8 is 
the centre of moments. The same reaction acts now witli the 
lever arm 30 to cause compression, and Pi acts with the lever 
arm 20 to cause tension. We have then 

C X 8.956 = + 7.416 x 30 - 10 x 20, 
or O = D = 2.6 tons compression. 

Now we come to the centre span, and must carefully observe 
the following points. Since D has been found to be compres- 
sion for Pi, we see at once that the whole upper flange for the 
span A B is for this weight in compression. Diagonal 8 9 is 
therefore in tension. Were there no vertical strut at B, this 
would cause compression in 9 10. But brace 910 cannot by 
construction take compression. The strained pieces cut by a 
section through E are then E, B 11 and K, which give us the 
centre of moments at B for strain in E. Observe, that were 
it not for the vertical, we should have had 10 for the centre 
of moments ; or, with the vertical, had D been found tension^ 
8 9 would have been compression ; there would then have been 
no strain in the vertical, that being incapable of tension, and 
diagonal 9 10 would have been strained, thus giving us also 10 
for the centre of moments. Attention to the above is necessary 
in order to properly pass from the span AB into the middle 
span. 

We have then for strain in E 

E X 10 = 7.416 X 40 - 10 X 80, or E = - 0.34, 



appendix] 



PTVOT BPAlf . 



373 



or in tension, as indicated by the sign, since the moment of Pj 
overbalances that of the reaction. 

[Note. — The different lever arms are easily obtained from 
the known dimensions of the truss. We have considered it 
unnecessary to detail how they are to be found. They may 
either be measured to scale from the frame or computed trigo- 
nometrically.] 

The lower flanges are found in similar manner. 

Thus, strain in F is zero, since it passes through the point of 
moments. 

For G and H, we have 

G X 8 = - 7.415 X 20 + 10 X 10, or G = - 6.04 tension. 
In like manner, for I, 

I X 10 = - 7.415 x40 + 10x30=+ 0.34. 

For K, for similar reasons ae above for E, we have centre at 
11, and therefore the reaction at B also enters into the equa- 
tion of moments, and 

K X 10= -7.415 X 50 4-10 x 40 - 1.58 x 10, or K = + 1.34. 
We have then, finally, for the strains in the flanges due to P^ 



P. 


A 


B 


O 


D 


B 


P 




a 


H 


I 


K 


+10.64 


+10.64 


+2.5 


+2.5 


-0.84 


-6.04 


-6.04 


+0.84 


+1.84 



In a precisely similar manner we find the strains due to Pj, 
Pj and P4. 

We have only to observe that for P7, the first weight to the 
right of in the other span, the reaction at A is negative and 
equal to the reaction of Pg at D, already found, or — 1.22. 

Now as we suppose the end A bolted down^ this reaction acts 
as a weight of 1.22 tons suspended from the end. So for the 
reactions of Pg and P9, viz., — 1.035 and — 0.584. These reac- 
tions, moreover, must all take effect through diagonal 1 2 and 
flange F, as the end vertical cannot take tension. 

Finding then the strains due to each of the other weights, 
we can, finally, tabulate our results as on next page : 
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STRAINS IN FLANGES — LIVE LOAD — BBIDGB SHUT. 





A 


B 





D 


B 


P 


1 H 


I 


K 


Pi 


+10.64 


+ 10.64 


+ 2.6 


+ 2,6 .—0.84 



— 7.1 


— 6.04 —6.04 


+ 0.84 


—1.34 


Pi 





+ 18.47 


+ 12.47 


— 0.14 —0.14 


— 7.1 


— 6.82 


— 6.82 


+2.14 


p. 


+ 3.9 


+ a9 


+ 9.81 


+ 9.81 1 + 1.12 





— 6.96 : — 6.96 


— 1.13 


+1,88 


P4 





+ 2.6 


+ 8.6 


+ 4.0 


+ 4.0 


—1.42 



— 1.42 


— 8.88 


— 8.83 j 


Pi 






— 2.6 























p. 





— 2.6 


-4.0 


-4.0 


+ 1.42 


+ 1.42 


+ &88 


+ 8.38 





Pt 





— 8.1 


— 8.1 


— 4.88 


— 4.88 


+ 1.74 


+ 1.74 


+ 4.06 


+ 4.06 


+1.88 


P. 





-2.6 


— 2.6 


— 4.4 


— 4.14 


+ 1.46 


+ 1.46 


+ 8.46 


+ 3.46 


+2.14 


P. 





— 1.4 


— 1.4 


— 2.84 


— 2.84 


+ 0.88 


+ 0.83 


+ 1.96 


+ 1.96 


+1.84 


Total 

StZBllU 


+14.54 


+ 29.61 


+ 26.78 


+ 16.81 


+ 6.12 


+ 6.46 


+ 6.46 


+ 12.79 


+ 18.18 


+9.88 




-9.6 


-9.6 


— 16.76 —16.84 


- &62 


— 21.61 


-21.64 


— 9.77 


-1.84 



In the two horizontal lines at bottom, we have the total 
strains of each kind caased by the live load. 

3d. Flanges — ^Beidge open — Dead load. 

We have next to find the strains due to the dead load when 
the span is open. 

We have then 5 tons at each apex, except the ends, where 
we have Pq = 2.5 tons. 

These strains are easily found by moments as above, and we 
have then the following table : 





A 







B 


o 


D 


B 


P 


O 


H 


I 


K 


Po 


— 6.2 


— 6.2 


— 10.1 


— 10.1 


+ 8.67 


+ 8.67 


+ 8.8 


+ 8.8 


+ 10 


Pi 





— 11.1 


— 11.1 


— 16.0 





+ 6.1 


+ 6.1 


+ 16.0 


+ 16.0 


p. 








— 10.1 


— 10.0 








+ 6.6 


+ 6.6 


+ 10.0 


Pa 











— 6.0 











+ 6.0 


+ 6.0 



Total 
StndniB 



— 6.2 



— 17.4 



— 81.2 



— 40.0 



+ 8.6 



+ 9.7 



+ 20.1 



+ 88.8 



+ 40.0 



If now, as should be the case, we suppose the centre sup- 
ports raised above the level of the ends, so that the ends just 
bear, then these strains above act even when the bridge is shut 
As we have already seen in Art. 131, our formute for the 
reactions are not affected by this state of things. The strains 
due to live load will then be increased by those above, and we 
thus have for the total maximum strains which can ever occur, 
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A 


B 





D 


E 


P 


a 


H 


I 


X 


+ 14.54 


+ 29.61 
— 16.8 


+ 26.78 
— 27.0 


+ 16.81 
— 46.96 


+ 5.12 
-65*84 


+ 9.06 
— a52 


+ 15.15 
— 21.51 


+ 82.89 
— 21.64 


+ 46.98 
-9.77 


+ 49.38 
— 1.84 



Of course, for this condition of things the ends most ahoays 
be bolted down. 

It is sometimes customary to raise the ends bj an apparatus 
for that purpose, after closing the draw, until the proper pro- 
portion of the dead load takes effect also as a positive reaction. 

We can easily find the strains in this case also by adding 
the numbers in the last horizontal line of our table for bridge 
shut, with their proper signs, and taking half the results for a 
new line for dead load strains. The resulting strains can 
then be found precisely as in the table of Art. 8 (Appendix). 
We must also find the strains for bridge open as above, and then 
take the greatest strains of each kind from these two tables. 

In this case the strains would be differently distributed. 
Flange B will be always in tension, A and K always in com- 
pression ; the compression in B C and D will be somewhat 
greater than above, and the tension in the same flanges less. 
The reader can easily deduce the strains for this case from the 
two preceding tables. 

If the truss may act as a girder over four fixed supports, 
we should, in order to be certain of the maximum strains, 
make the calculation for this case also, using the formulae of 
Art 122. This is unnecessary, however, if the supports B and 
C can never sink far enough to strike the turn-table, or be im- 
peded in their motion. 

ith. Strains m the Diagonals. 

We may find the strains in the diagonals also for each 
weight separately, both for bridge open and shut ; and a pre- 
cisely similar method of tabulation will give the strains. 

It will hfere be found preferable to make a series of cUa- 
grcmis^ as illustrated in Fig. S^^ Art. 124, for each weight and 
its own system of triangulation. We obtain thus the diagonal 
strains, and at the same time check the results obtained for the 
flanges above. 

If we wish to calculate the diagonals, it will be better to find 
the remUarU shear acting upon the diagonal, and multiply it by 
the secant of the angle the diagonal makes with the vertical. 
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We can also, if we wish, apply the method of moments. 
Thus, if we determine the point of intersection in the present 
case of the inclined upper flange with the horizontal lower 
flange, this point will be a common centre of moments for the 
diagonals. The lever arms of the diagonals with reference to 
this point must next be determined, and then we are ready. 

This point above for centre of moments is easily found ; thus 

4 : 40 : : 10 : 100. 

It is therefore 60 ft. to the left of A, or 100 ft. left of B. 
Take now any diagonal, as 3 4. Its angle with the horizontal 
is very nearly 42°, and with the vertical 48°. Its lever arm is 
then 80 sin 42° = 53.5, and sec. of angle with vertical is 1.49. 

Now take the weight P,. Its upward reaction at A is 4.964, 
Pj being 10. We have then 

[str. in 3 4] X 53.5 = 10 x 80 - 4.964 x 60 = + 502.16. 

The resultant rotation is then positive, or from left to right. 

The point P^ then sinks and 4 rises, and 3 4 is in tension and 

502.16 Q QQ , 

= -=7r-=- = — 9-38 tons. 
53.0 

This is suflScient to illustrate the method. 

For the first method referred to above, viz., that by resultant 
shear, the following points are to be observed : 

When a piece slopes towards the nearest support, we say it is 
sloped as a struts whatever the real strain in it may be. When 
it slopes a/way from the nearest support, it is sloped as a tie. 

The simple shear is the reaction at the support minus the 
weights between any point and that support. 

If any three strained pieces are cut by a section through the 
structure, the strains in these pieces are in equilibrium with the 
simple shear at tliis section. Hence the algebraic sum of the 
vertical components of these pieces must be equal and opposite 
to the shear itself. 

In order to add these vertical components with proper signs, 
we must remember that if a flange is in tension and sloped as a 
strut, or in compression and sloped as a tie, we add the vertical 
component of the strain in it to the simple shear already 
obtained. If in compression and sloped as a strut, or tension 
and sloped as a tie, we svitract, 

* In general, if we take oompression as pins and tension as minus, and then 
measure the angle 9 made b/ the piece with the vertical akoaps from that yertical 
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The resuUarU %Kea/r thus obtained then, multiplied by the 
secant of the angle with vertical, gives the strain in diagonal. 

If the sign of the result is negative (— ), it shows that the 
strain on the diagonal is contrary to that indicated by its slope. 

To illustrate, let us again take the weight P^ and consider 
diagonal 34. 

The simple shear at apex 4 is 4.964 — 10 = — 5.036. The 
strain in C for P2 we have found to be compression, and equal 
to + 12.47. It is sloped as a strut, and its vertical component is 
therefore to be svhtTocted from the shear above. Since its 
angle is nearly 5° 43' with tlie horizontal, this vertical compo- 
nent is 12.47 X sin 5° 43' = 1.24 

Since H is in this case horizontal, it has no vertical compo- 
nent The resnUant shear is then — 6.036 — 1.24 = — 6.276. 

As the secant of the angle of 3 4 with the vertical is 1.49, 
we have for the strain in 3 4, — 6.276 x 1.49 = — 9.35. 

This result being minus, and 3 4 heing sloped as a struts 
the strain is 9.35 tons tensioriy agreeing closely with the value 
found above by moments. 

The above method is preferable to the method by moments 
for the diagonals, as we have only to determine the secants for 
the verticals and the sines for the flanges, which is in most 
cases easier than to find the lever arms for the diagonals and 
the points of intersection of the upper and lower flanges in each 
panel. It is, like the method of moments, of general applica- 
tion to any framed structure whose outer forces are known. 

The method of diagram in Art. 124 will be found preferable 
to both. 

It is unnecessary to pursue our example further. With the 
mutual checks of the two methods of calculation explained 
above, as well as the diagrams, correct results cannot fail to be 
obtained. The diagrams should always be made first, as they 
settle by mere inspection many points which may at first cause 
trouble—such as whether the shear in a piece is subtractive or 
not according to our rule, the character of the strains in dif- 
ferent pieces, etc. It is well to indicate on the diagrams com- 
pressive strains by double or heavy lines. 

from right to left, thuB *Q ; we shall have for any case vertical component = 
ftrain x cos. $. The oosme will change its sign according to the quadrant it 
is in, according to the above role, and the sign of the vertical component will 
take care of itself. 
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NOTE TO AET. 128, CHAPTER XH. 

IT. We wish here to call more particular attention to the 
relative economy of the continuous as compared with the 
simple girder. This, we think, is greater than is generally sup- 
posed. It may reach from 18 to 25, and even as high as 50 
per cent. 

Take the example worked out in Art. 128, Fig, 88. We 
have obtained the maximum strains in that Art. upon every 
piece. 

We give them below, compared with the strains in the same 
pieces for a simple girder of same dimensions anb load : 

Aa Ao Ae Kg Ait B6 Bd B/ BA 

OondnuonB.. -808.5 +63.6 -fltfiuS -^63.6 — S08.6 +89.8 —115.0 —116.0 +89l3 
Simple +180 +340 +180 —00 — SIO --S10 —00 

ab be cd de ef fg gh hk 
OoDtinaoaa.. +180.8 —100.0 +100.0 +46.5 +46.6 +100.0 +100.0 +189.8 
Simple +127.8 — 1S7.8 +66.6 +66.6 — S6.6 +66.6 —197.8 +187.3 

It will be seen at once that there is a saving in the flanges — 
about 11 per cent, in all — but the bracing is heavier, giving lit- 
tle or no saving. The span is too short to properly represent 
the relative economy of the two systems. 

If we take a truss such as represented in PL 2, Fig. VII., 
Appendix, by the full lines only, omitting the dotted verticals and 
diagonals — ^height 6 ft., span 50 ft, panel length 10 ft., dead 
load 5 tons per panel, live load 7 tons per panel — and calculate 
the strains in the pieces for a simple girder, and then as a con- 
tinuous girder of two spans and three spans, we have the fol- 
lowing results : 





1 span 
strain in tons. 


2 spans 


8 spans 
end. 


8 spans 
middle. 


Diagonals 


205.2 


231.6 


229.8 


239.4 


Lower Chord. . . . 


200. 


168.7 


152.9 


122.6 


Upper Chord 


200. 


158.7 


159.9 


135.2 


Total 


605.2 


550. 


542.6 


497.2 


Per oent. saving. . 




8 per cent. 


10 per oent. 


18 per cent. 
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We have then, in the first case, a saving of 8 per cent, in the 
second, 10, and in the third, 18 per cent, over a simple girder. 
Quite a notable saving, although the spans are very short, and 
although, in the first two cases (the spans being end spans), we do 
not obtain the full advantages of continuity. If, then, instead 
of three sunple girdera of the above dimensions, we should con- 
struct the girder continuous over the piers, we should save in 
strain, and hence in material, 10 per cent, in each end span, and 
18 per cent, or nearly twice as much, in the centre span. 

The advantage of continuity is rendered still more apparent 
by taking a longer span. Thus for a girder of 200 ft., height 
20 ft. — 10 panels, and double system of triaugulation, similar to 
Fig. VII. — for a live load of 20 tons per panel, and dead load 
of 10 tons — we have the following results : 



One span. Two spans. Five 

oentre. 

Bracing 1398.6 1428.2 1596.2 

Lower Chord.. 2400. 1793,2 1395.7 

Upper Chord . . 2550. 1981.6 1622.6 

Total 6348.6 5203.0 4614.5 

Per cent saving 18 per cent. 27 per ceiit 

That is, we have a saving of 18 per cent, instead of only 8 
per cent, as before, for two spans, and of 27 per cent, for the 
centre span of five spans. For three spans, then, of this length 
we should save 18 per cent on the end, and at least 20 per cent, 
on the centre span. 

If we suppose the same girder as above fastened or fixed 
horizontally at the ends, we shall have the case of a middle span 
in a very great number, and may expect to find the greatest 
saving possible for this length. 

The formulffl of Chapter XIII., as also the simple graphical 
method for this case, given in Chapter XII., Art 114 [Fig. 80], 
enable us to solve this case easily. The reader will find, on mak- 
ing the calculation, the following strains : 

strain in tons. 

Diagonals 1279.2 

Upper Chord 940.2 

Lower Chord 965.4 

Total 3184.8 

Per cent, saving. 49.8 
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The above will serve to illustrate the point in question quite 
as well, perhaps, as an extended theoretical discussion. We see 
that the saving increases rapidly with the length of the span, 
and may easily rise as high as 30 or 40 per cent, while in some 
cases even 60 per cent, may be realized. 



THE DISADVANTAGES OF THE CONTINUOUS OIBDEB ABB: 

let. The fact that the various pieces, especially the chords, 
undergo strains of opposite character. 

This, in wrought-iron structures, we venture to think of little 
importance. The extra work and cost of chords and chord con- 
nections necessary to secure the flanges against both compressive 
and tensile strain, can hardly amount to 10, 18, 30, or even 50 
per cent, of the cost of girder I 

2d. DifHculty of calculation. 

We have, we trust, in what precedes, and in Chapter XIII., 
succeeded in removing this objection. 

The opinion is widespread among engineers that the deter- 
mination of strains in the continuous girder is impracticable 
and involved in mystery. No opinion could well be more un- 
founded. The accurate and complete calculation for all pos- 
sible loading, live or dead, is precisely similar to and oflFers no 
more difficulty than the simple girder itself. 

The fonnulfle for moments and shears are, as we have seen, 
simple and easy of application. 

The graphic method here developed offers also a thorough 
solution. In view of both, and of the extensive literature upon 
the subject (which seems, by the way, to have been so generally 
ignored), we can finally pronounce the problem to be fuUy 
solved. 

3d, The changes of strain, unforeseen and often considerable, 
which a small settling of the piers or change of level of the 
supports may occasion. 

This, be it observed, is only of importance when the piers 
settle after the ei^ection of the supei-structure. If piers are to 
be considered as settling indefinitely, or continuously during a 
succession of seasons, continuous girders are not to be thought 
of. If, however, as is generally the fact, the piers take their 
permanent set during the first season, and afterwards are im- 
movable, the above objection has no weight. It is not necessary 
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that the piers should be exactly on level or even on line, or even 
that the differences of level be known. 

As shown in Art. 121, these differences produce no effect, 
provided the girder be built to the profile of the supporting 
points. 

If in any case these differences are required, and it is con- 
sidered difficult to determine them over water with suflSicient 
accuracy, then the proper reactions at the several piers may be 
weighed off^ and the girder thus left in position under pre- 
cisely the circumstances for which it has been calculated. 

THE PRINCIPAL ADVANTAGES OF THE CONTINUOUS GIRDEB ARE I 

\%t. Ease of erection, where false works are diflScult or ex- 
pensive. The girder may be built on shore, and then pushed 
out over the piers. 

2<?. Saving in width of piers, as compared with width re- 
quired for separate successive spans. The girder may be placed 
upon Tcnife edges at the piers. In fact, such a construction is 
preferable, as better ensuring the calculated strains. Width of 
piers is undesirable. 

Zd, Saving in material — usually from 25 to 30 per cent. 

18. Continuous Crlrder— Supports not on a level. — In 
Chapter XIII. we have all the formulse required for the solution 
of the continuous girder for supports on a level, or all on line, 
when the deviation from level is small, whatever may be the 
number or relative length of the spans. If for a continuous girder 
of constant cross-^ectionj the supports are properly lowered after 
the girder is placed upon them, we may obtain a saving of 23 
per cent., or more, in material over the same girder with sup- 
ports all on level. If, however, the cross-section varies accord- 
ing to the strain — ^in other words, if the girder is of constant 
strength— no advantage is gained from thus lowering interme- 
diate supports. Such disposition of the supports may even act 
injuriously. 

The formulae for shear and moments which we have given 
are, indeed, based upon the hypothesis of constant cross-section, 
but the strains in every piece of the girder being found for the 
shears and moments thus obtained, each piece is proportioned 



♦ An idea first Buggeated by ClemenB Herachel, C.B.: Continuous, BewMng 
Draw Spans. Little, Brown & Co., Boston, 1875. 
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to its strain, and the actnal girder erected is not of constant 
ci-oss-section, but more nearly one of nniform strength. Forrau- 
IfiB for the case of supports out of level, as well as determina- 
tions of the best differences of level, are hence of but little prac- 
tical importance, and have not been given. If, however, it be 
required to find the effect due to the sinking of any one pier, 
the following may be found of service. 

Let the n^ support be depressed below the level of the others 
by the distance h. Then the moments at all the supports are 
changed. The moments at n and at each alternate support 
from n are diminished, and at the others increased. 

Let H = !«^. 

Then, when all the spans a/re equals the following formulsa 
give the moment at any support : 

\st. All spans eqtoal. n = number of lowered support, ^row* 
hft, 

when m<n, M„ = ^A=°±?h. 



<?. 



B+l 



when m= 71, M^ = - :^ ~ ^^^ ^'^"^^ "^ ^ ^"^"^^ H, 

12 4c,+i 

when77i>n, M^ = ^^tiHilA h, 

^8 + 1 

where Oi = 0, cij = + 1, c^ = — 4, (J4 = + 15, (% = — 56, 
Ce = + 209, etc. 

From the moments at the supports the shears can be readily 
determined from the formula of Art. 148, viz. : 

Pr — T T y, r+l — T ^ S^y 

ha ha-l 

AM 7 

where j = P (1—^) for concentrated load and -^; for uniform, 
2d. Spans aU wnequcH. 

when m< 71, ^-ml ^*-°-*-^ "" ^''-P^^g + ^»-P-*-8 "~ ^s-n+g I fi A E T 

L ^ 4-i J ^ 

^" 4^-1 + 2(4 + «,)rf. 
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in which expressions 

d, = o, d, = i, d;=-2?t±-H 

d; = - 2 (f /'-^,'^ ^ - <?. H ete. 

The reader who has learned the use of the f ormulsa of Chap- 
ter XIIL will have no difficulty in applying the above to any 
particular case. In the same way as there explained, by mak- 
ing li and Zg zero, we may fix the girder at the ends, etc. The 
formulsB for shear at any support are, of course, the same as 
before (Art. 160), 

Ex. 1. Zet a bewm of two equal spams he uniformly loaded 
ihroughout its whole lengthy a/nd let the centre suj>port be low- 

in 7 

ered by a/n amwunt ho = ttt-tt?- What are the moments and 

reactions f 
The moments due to the full load alone before the support is 

lowered are M^ = 0, M, = ^, M, = (Art 150). For 

the moment due to the lowering of the support alone, we have 
from the above formulse, since 

H = — — , « = 2, m = n = 2, 

Hence the total moment is 

-- wP wP wP ' 
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For the shears, then, we have 



9 fj[ 

^2 = jg ^ Z, ® • " l6 ^ ^' 

7 18 7 

Hence, Ri = jg«;Z, B^ = ^wl, B^ = ^wl 

Ex. 9. jS^ miich must we lower the second support in the 
ahove example^ in order that the reaction at the centre support 
may he just zero f 

In this case we have 

^^T 12 ^ 8 ? ' 

Q, 2M,_^ , wl 6A3EI . , 5 , 6AaEl 
Z 4 ? 4 P 

If this is to be zero, we have 

1 6i/7? j«ir 1» 

and Rj = i£7 Z, Rj = 0, Rg = w i, 

or precisely as for a beam of single span and length 2 1. 

Ex. 3. A hea/m oj^ four equal spans is unloadedy and the 

74 

third support is lowered hy ari a/mourd h^ = _, . What are 

the reactions f 

42 147 70 

Ex. 4. A beam of five equal spans rests as a continuotis gir- 
der over six supports. Having given the dimensions of the 
beam, length of spans, and coefficient of elasticity / to deter- 
mine the reactions due to a sinking of the third support one- 
eighth of an inch. 

Let the beam be of wood, 1 foot wide, 1.5 deep, 

2 = 20 feet, « = 5, r = 3, E = 288,000,000 lbs. per sq. ft., 

A, = ^ in. = 0.010417 ft 
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Then, c, = l, <%=-*, 04 = 15, <%=-56, Ce = 209, 

j„ 540 BIA, -_ 906BIA,__ 576EIA, 

""^ **»= 209? ' ^ = ~-"2U9T~' *^= 209? ' 

IMEIA, M, = M. = 0, 
^ 209 ? ' 6 5 

1 3 375 

or, inserting the constants above, and I = — J 6?' = ' , 

Ml = Me = 0, Mi = 5448, M, = - 9142, M4 = 5812, 

Mb = - 1453 ft. lbs. 

If all the spans are unloaded. For the reactions necessary 
to bend it and keep it down to the supports, R^ = — 272 lbs., 
Ri = 1002, R8=-1477, R4 = llll, R«=-436, R«=73. 

If the beam weigh 75 Ibs.jper fooU what deflection of third 
9v/pport will raise the left end from the abutm^ent f 

Ana. Ri = g^ wj Z = ^%^\\ or h = 0.0226 f t.=0.2712 in. 

It will be observed that a small difference of level has then 
considerable effect. 

Ex. 5. Two equal spans a/re uniformly loaded. How high 
must the centre he raised in order thM the ends may just 
touch t 

This is the case of the pivot span with centre support raised. 
(See Art. 121.) 

The reactions at the ends are zero. At pier, then, R2 = ^wl^ 
hence moment at pier Mj = i wP. But the moment when the 
supports are on level is Mj z^^wPy hence ^wP must be due 
to the elevation of the support Then from our formulse, 

which is precisely the same as the deflection of an horizontal 
beam, fastened at one end, and free at the other (Supplement 
to Chap. VII., Art. 13). 

25 
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NOTE TO CHAPTER XIV. 

THE BRACED ABOH. 

!•• The subject ctf braced arches is an important one, and 
is treated in no work with the fulness and completeness it 
deserves. The methods and formulsB of Chapter XIV. will, 
we believe, render the determination of the strains in this class 
of structure easy, and we propose in the following to illustrate 
their use, so far as may be necessary to render their application 
clear. 

In PL 4, Fig. X., we have represented a braced circular 
arch with parallel flanges. Span of centre line = 175 ft. ; 
radius, 201.4 ft. ; rise, 20 ft. In practice, the panels would be 
taken of equal length ; for convenience of calculation, however, 
we suppose the panel length to vary so that the horizontal pro- 
jection is constant, and equal to 25 ft. Depth of arch, 10 ft. 
Hence, span of lower flange = 170.6 ft. ; rise, 19.5 ft. ; radius, 
196.4 ft. Span of upper flange, 179.34 ft ; rise, 20.5 ft. ; radius, 
206.4 ft. 

Since the flanges are, in practice, broken lines, and not true 
curves, the depth or lever arm for upper flanges is 9.43 ft., for 
lower flanges, 10.4 ft. 

The determination of the other dimensions required is then 
easy, and a simple question of trigonometry. 

Thus we have for the half centi-al angle a = 25° 45', and for 
the distances of the apices from the chord of the centre line: 

Fori. ..-4.5 3.... 4.7 5. ...11.3 7. ...14.6ft 
" 2.... 10.8 4.... 18.5 6.... 23.4 8.... 25 « 

We suppose the load at each apex 10 tons, and shall consider 
Ist, Arch hinged at crown or apex 8, and at the ends of 

the lower flange — the flanges H and A being removed. 

2t^. Arch hinged at apex 8, ^nd at the ends of the centre 

line — the flanges A and E butting against a skew b<ick or pivoted 

plate, and the flange H only being removed. 

Sd. Arch continuous at crown — the flange H being retained 

and hinged at ends of lower flanges. 
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4:th» Arch, as in Sdy but pivoted at ends of centre line. 

6th. Arch without hinges, or continuous at crown and fixed 
at abutments. 

These cases will illustrate all the principles of Chapter XIV., 
and a comparison of the results obtained in each case may 
prove instructive. 

S>0. Arck hinged at apex 8, and at the extremities of the 
lower flange— flanges H and A being removed. 

From Art. 158 we can easily find the reaction and horizon- 
tal thrust at left end either by construction or formula for 
every weight. Thus 

V = ^i^ and H^^'^V/). 

For the first weight Pj, then, 

10 (85.3 - 75) ^ ^^ 

170.6 -"•'>"<>> "" 

^^10(85.3 + 75.3)^^^3^^ 
2 X 29.5 



For the weight P 



101 



^ ^ 10 (85.3 -f 37.5) ^ and 

170.6 ' 

= 10 (85.3 - 37.5)^ g^ 

2 X 29. 5 • «^ • 

In similar manner, we find 

Pi = 0.603, Pa = 1.33, P, = 2.06, 

Hi = 2.74, Ha = 3.84, ^| = 5.9, 

P4 = 2.8, P5 = 3.53, P« = 4.2, 

H4 = 8.1, H« = 10.2, H, = 12.1, 

P, = 5.0, Pg = 5.7, P9 = 6.47, Pio= 7.2, 

H7 = 14.4, Ha = 12.1, Ho = 10.2, Hio= 8.1, 

Pn= 7.94, P,a= 8.6, Pi8= 9.4, 

Hu= 5.9, Hi2= 3.84, Hu= 1.74. 

It will be at once seen that the jeaction of P, at A is the 
same as of P, at B, or equal to 10 — P, ; while the horizontal 
thrust is the same for both. We need them only to find P and 
H for weights 1 to 7, and can then at once write down the 
others. We are now ready either to calculate or diagram the 
strains. 
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Thus, for instance, for Pi© (see Fig. X.), we lay off the reaction 
at A upwards to scale from O to D, then the horizontal thrust 
at A from D to 1, then the equal thrust at B from 1 back to D, 
then the reaction at B from D to 8, and finally the weight 
down from 8 back to O, thus closing the polygon for the exterior 
forces. Lines parallel to the pieces then give the strains. 
Thus the thrust and reaction at A are in equilibrium with B 
and 1 2. Then 1 2 is in equilibrium with B and 2 3, and so on. 
Observe that the diagram checks itself. Thus the last diagonal 

7 8 must be in equilibrium with 6 7 and G (flange H being re- 
moved), and that this is so is. shown by the strain in 7 8 passing 
exactly thmugh 8, thus making the strain in H zero. We can 
also check the work by calculating the strain in the last flange 
D by moments. Thus for Pjo 

D X 9.43 = 7.2 X 72.8 - 8.1 x 19.1 - 10 x 25 = 119.45, 

or D = + 12.6. 

If this agrees with D as found by diagram, and if the diagram 
also checks, we may have confidence in the accuracy of the 
work, and at once scale off the strains. Observe that diagonals 
4 5 and 5 6 are both tension ; also that F and G are tension. 

We have given also the diagram for Pn, which the reader 
can easily follow through for himself. P and G- are both ten- 
sion, 3 4 and 4 5 both compression. The horizontal thrust is 

8 J, and the reaction at A = hi. 

We thus make a diagram for each separate weight, and then 
taking the dead load at i the live, we can form the following 
table of strains. Since we wish only the maximum strains on 
one-half the arch, those on the other half being precisely simi- 
lar, we can diagram the strains due to all the weights upon tlie 
right half at once by taking the sum of their reactions and 
thrust at A. We have then the following table : 
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31. Arch hinged at Apex § and at the Extremities of the 
eentre Line ; Fiani^es A belni^ retained, and only H re- 
moved. — The method of solution is precisely the same as 
before, the only difference being that the span is now 175 ft. 
instead of 170.6, and the rise 26 ft. instead of 29.5. The reac- 
tions and thrust will then be somewhat different. Thus, for 
the left abutment A, 

Pi = 0.71, Pg = 1.42, Ps = 2.14, P4 = 2.85, P5 = 3.57, 
Hi =2.48, Ha = 4.97, Hi = 7.5, H,= 9.97, H6=12.5, 

Pfl = 4.28, P7 = 5.00, Ps = 5.72, P^ = 6.43, Pio = 7.15, etc. 
He = 14.98, Hy = 17.5, Hg = 14.98, H^ = 12.5, Hip = 9.97, etc 

We have therefore the following table : 
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w 

A comparison of this table with the preceding shows that we 
have gained nothing by introducing two end flanges at A at 
each end, and pivoting the arch at the extremities of the centre 
line. We have indeed slightly diminished the strains in the 
lower flanges E and F, as also in the bracing, but the other 
Btmins are much greater than before — ^a result which might 
have been anticipated, since the effect of hinging at the centre, 
instead of at thq extremities of the lower flange, i& simply to 
rediice the effective heigM or rise from 29.5 ft. to 25 ft. In our 
example, since the depth of arch is half the whole rise of the 
centre line, this reduction is considerable. 

For a much longer span and smaller proportional depth the 
difference would not be so marked, but it would seem that the 
strains in the second case must always be greater than in the 
first. The best construction, then, seems to require the hinge 
in the upper flange at the crown, and at the extremities of the 
lower flange at the abutments. By this means, the greatest ef- 
fective rise is obtained, and both ribs aid in supporting the 
load. Were the hinges all three in the same rib, then, for 
uniform load, that rib alone is the sole supporting member, and 

is unassisted by the other. This should then be avoided. 

33. Arch eontinnons at Crown, and hinged at Ends of 
liower Rlh* — For this case, referring to Art. 159, we have sim- 
ply to interpolate from our table tliere given the values of A, 
B and y^ in the equation, 

and thus plot the curve cdeik^ Fig. 91. The construction of 
the reactions and horizontal thrust for each weight is then easy. 
These once known, we proceed as above, in order to flnd the 
strains. 

Now, in the f ormulse above k = -X--5, and since we can put 

A 7^ 

for -^ the square of the radius of gyration, and this radius is 

approximately the half depth of the arch, we have 

25 25 1 



(170.6)2 29104.36 1164" 

Now B and A are, as we see from the table, small, and hence 
in our present example the terms containing k can be disre- 



APPENDIX.] THE BBAOBD ABOH. 393 

garded, and the value of y can be taken directly from the 
table for y^^ given in Art 159, For a = 25° 45', then we have 
at once, since K = 19.5, 

for iS = 0, y = 1.295 A = 25.25 ft., 

/8 = 0.2 a, y = 1.304 h = 25.42 ft., 
)8 = 0.3 a, y = 1.335 A = 26.03 ft., etc. 

The corresponding value of a; is R cos )3. 

Having thus plotted the curve, and constructed the reaction 
and thrust for each weight, the diagram for strains proceeds as 
before. "We thus form the following table : 
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Comparing these results with those in our table above, Art 
19, for the same case not coutinuons at the crown, we see thai 
the stmins in the upper flanges are much less, and are, more- 
over, of opposite character ; while the strains in the lower 
flanges are greatly increased, and nothing is gained. This re- 
sult might also have been anticipated, since the efFect of insert- 
ing the flange H is to reduce the effective height from 29.5 to 
19.5 ft., and, moreover, for total dead and live load, nearly the 
whole weight comes directly upon the continuous lower rib, and 
the upper aids but very little. 

93. Strains due to Temperature. — We have, iu addition, 
strains due to change of temperature to be taken into account 
in determining the total maximum strains. 

For the present case we have, from Art. 165, for the thrust 
due to change of temperature, 

15EIA€^ 



H = 



8AA^ + 15r 



or, substituting in the place of -r the square of the radius of 

gyration = ^, we have 

15EAg»6^ 
~ 8A*+15(;^ ' 

Now g is approximately the half depth of arch ; hence ^ = 
25 sq. ft. = 3600 sq. inches. Taking 5 tons to the square inch 
as our unit strain, we may take the area of our flanges, as de- 
termined from the above table of strains at about 25 square 
inches. Hence A = 50. Taking E = 14,000 tons per sq. inch, 
A* = 19.5^ = 54,756 sq. inches, and supposing the temperature 
to vary 25° (Centigrade) on each side of tie mean, we have, 
assuming € at 0.000012, the thrust H = about 25 tons. 

It is easy to find either by moments or diagram, or both, the 
strains due to this thrust. Since the temperature varies between 
25° on both sides of the mean, this thrust can be both positive 
and negative, and the corresponding strains have, therefore, 
double sign. We find, therefore, 

B = =F 24.5 = T 40.4 D = =F 49.1 E = ± 37.5 

P = ± 55.9 G = ± 66.9 H = j. 69.6 

12=T17.1 23 = ±15.0 34=T8.6 46=±12.5 

66==F2.2 67 = ± 9.7 78 = T5.7 
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Hence we have, for the total maximum strains for the case of 
the preceding article, 

B =+ 67.4-63.4 0=+ 81.1-77.1 D = -f 64.2-91.4 

E = + 279.4 P = -h 286.3 G = + 286.5 

H =+285.3 12 = + 53.4-39.7 23=+ 43.7-28.8 

3 4=+ 37.3-22.4 45=+ 40.4-28.4 5 6=-+- 23.4-12.5 
6 7=+ 36.4-22.7 7 8=+ 42.5-23.8 

34, Arch contlnaoos at the Crown, pivoted at the 
extremities of the Centre Une. — The method of solution is 
precisely similar to the preceding. We have only to take the 
rise of the centre line, or A = 20, instead of h =19.5, as before, 
and the radius and span of centre line, instead of the radius and 
span of tlie lower rib. 

One point only needs to be noticed. Having found the reac- 
tion and thrust for any weight, these forces now act at the ex- 
tremity of the centre line. We can therefore form the strain 
diagram as follows : 

First calculate by moments the strain in A and B. Then, in 
diagram (c), Fig. X., having laid off the thrust o O and the reac- 
tion O J, draw from o and b lines parallel to A and E, and lay 
off A equal to the strain in A, and h d \jo the strain in £. 
Then, if these strains have been correctly found, the lino A d 
must be parallel to and give the strain in diagonal 1 2. The 
diagram thus commenced, can then be continued as shown, and 
the strains in all the pieces determined. 

We may also form the strain diagram without calculating A 
and E. Thus ^ } is the resultant acting at the end of the 
centre line. Since it acts then half way between A and E, 
bisect it in a, and draw a A perpendicular to flange A. Then 
o A is the strain in A, and drawing A d parallel to diagonal 1 2, 
we have at once the strain in B and 1 2. 

Performing the operations indicated, we obtain the following 
table of strains : 
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A comparison of the above with the same case hinged at 
the ends of the lower rib, shows a decided gain. The effective 
height is increased, being now 20 ft, in place of 19.5; in 
addition to which both ribs under total load bear their proper 
proportion. If, then, we wish the arch continuous at crown, 
hoth ribs should butt against an end plate, pivoted in the 
centre. This is preferable to hinging the lower rib at its ex- 
tremities, and removing the end flanges A. 

35. Temperature Straln§. — For the strains due to tem- 
perature, we may take, as before, the thrust H = 25 tons, and 
find thus 

A = ± 11.2 B = T 13.2 O = :f 29.4 D = T 37.6 

E = ± 27.0 F = ± 45.5 Or = ± 56.4 H = ± 59.2 

12=qFl7.8 23=±13.9 34=q=9.8 45=d=11.3 

5 6 = T 2.8 6 7 = ± 8.1 7 8 = ± 4.3 

— all somewhat less than in the previous case, as they should be, 
since the point of application is at the centre between the 
flanges. 

We have then from tlie preceding table the total maximum 
strains : 

A = -t- 135.7 B = + 135.2 C = + 144.3 D = + 155.5 

TP-^1^«9 TP_«+ 176.7 p_ + 173.9 „ +172.3 
B_ + 158.2 P-__ ^2 G=__ ^32 H=- 25.5 

. Q + 49.0 o Q + 33.4 Q A + 28.5 . ^ +24.8 
^^=--44.1 23= -33.0 3* = _25.4 ^^=-26.1 

Kft_ + 27.8 ^;7_ + 29.4 ^r. +33.0 
^^-_28.5 ^^--30.7 ^^ = -34.7 

36. Arch continuons at Crown and fixed at the Ends. 

— From our table. Art. 160, we have directly for a = 25° 45', 
and A = 20, y being now measured above the horizontal tangent 
at crown of centre line, 

for /8 = 0, y = 0.209 A = 4.18 ft. 

/8 = 0.2a, y = 0.208 A = 4.16 

/S = 0.4a, y = 0.206 A = 4.12 

i8 = 0.6a, y = 0.201 A = 4.02 

/3 = 0.8a, y = 0.198 A = 3.96 

/8 = 1.0a, y = 0.189 A = 3.78 
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Also from our formulse of Art. 160, we have 

'^=- l5(8l^)[«7-5 - 5 «> - 246.l] 

40 r,^^ 1 



Ci = 


15 (87.5 + 


-^j^o^o + o 


X — Z40.1 I 


Hence for 








Pi 


aj = 75 


Ci = + 8.7 


Cg = — 3.5 


P2 


X = 62.5 


<Ji = + 8.3 


c, = - 2.7 


Pa 


flj = 50 


Oi = + 7.9 


ci = - 1.7 


P4 


X = 37.5 


Ci= -\- 7.3 


cij - - 0.61 


Pb 


05 = 25 


Oi = + 6.7 


cij = + 0.8 


P6 


X = 12.5 


(Ji = + 5.8 


Ca - + 2.5 


P7 


aj = 


Ci= + 4.8 


(% = + 4.8 


Pa 


aj=-12.5 


Ci= + 2.5 


Cij h 5.8 


P9 


a =—25 


Ci - + 0.8 


C2= + 6.7, etc., 



negative values of c being laid oflF above the ends of centre 
line. 

We can therefore easily construct the left reactions, as 
explained in Art. 160, Fig. 92. We thus obtain 

Pi = 0.5, Pa = 0.9, Pg = 1.2, 

Hi = 4.4, B^ = 8.6, Hj = 13.1, 

Ml = + 38.3, Ma = + 71.4, M3 = + 103.5, 

P^ = 2.3, Pb = 3.1, Pe = 4.4, 

H,= 15.9. Hb = 18.9, H« = 21.1. 

M4 = + 116.1, M5 = + 126.6, Mg = + 122.4, 

P, = 5.0, Pg = 5.6, Pg = 6.9, 

K, = 22.4, Hg = 21.1, H, = 18.9, 

My = + 107.5, Mg = + 52.7, M^ = + 15.1, 

PjQ = 7.7, Pu = 8.8, Pia = 9.1, Pis = 9.5, 

Hio=15.9, Hii = 13.1, H« = 8.6, H13 = 4.4, 

Mio=-9.7, Mil =-22.3, M^a = - 23.2, Mj, = - 15.3. 

A positive moment indicates tension in the lower flange at 
abutment, and compression in upper. 
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We can therefore easily calculate the Btrains in flanges A 
and B for each weight. 

Thus, for u 

A X 9.7 = 8.8 X 2.2 + 13.1 x 4.5 - 22.3, 

or A = + 5.7. 

B X 10.4 = - 8.8 X 12.5 + 13.1 x 10.8 + 22.3, 
or B = + 5.1. 

The strain diagram can then be commenced, as shown in dia- 
gram {c)y Fig. X., and explained above. We can find by cal- 
culation the flange H, and thus check oar diagram. 
Proceeding thus, we obtain the following table of strains : 
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The strains in the present ease are, we see, mach greater 
than for any of the others. Unless the maximam of stiflFnesB 
is essential, it would appear, then, undesirable to fix the arch at 
the ends ^7* an arch of the above dimensions. 

37. Temperature Strains. — The strains due to tempera- 
ture are also very great. Thus, from Art. 165, we have 

4AA24.45i' 

and for the distance of the point of action of this thrust, below 
the crown of the centre line, 

_ ( A a» -f 6 I) A 
^■" SAa^ ' 

or since - = o^ = 25 ft., 
A 

'"4A* + 45j^' '^•"" 8a' ' 

For A = 60 square in., a = 87.5 ft., A = 20 ft. = 240 in., 
^ = 60 in. = 5 f t., € = 0.000012, E = 14,000 tons, ^ = 30^, 
we have 

H = 125 tons and e. = 6.7 ft 

Hence we have the strains 

A = rfc 228, C = d= 29.0, B = =f 30.0, G = d= 118.5, 
B = ± 112.5, D = q: 13.0, F = :^ 65.0, H = ± 137.5, 

1 2 = T 96.0, 3 4 = :f 67.0, 6 6 = =?= 29.5, 

2 3 = ± 51.0, 45 = ± 39.5, 6 7 = ± 25.0, 

Therefore the total strains are . 

'^=-142;9 ^=-^43.9 C= + 191-7 D= +151.9 

„ +108.2 Ts, +186.4 n +242.1 „ +284.7 
*'=- 5.7 ^-- 28.1 **-- 77.4 ^-- 88.4 

-. o _ + 103.8 o o + 86.3 QA_+ 72.3 ak- + 67.9 
1 ^ - - 167.4 ^ «* = _ 63.4 ^ * - - 116.0 *^ " - 45.3 

R R _ + 46-2 aT-+ 51-6 »r « _ + 22.1 
^*'--46.3 *^^ - - 35.3 ' " - - 31.7 

With the above we close our discussion of the braced arch. 
Onr design has been to illustrate the application of the for- 
mulae and methods of Chapter XIV., and to show that by their 
aid such a structure can be calculated with ease and certainty. 



7 8 = ± 2.5. 
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In short, the difficulty is but little if any greater than for a 
simple girder, only for a long span and many panels the work 
becomes tedious and wearisome. 

In such a case, perhaps the method of moments will be found 
preferable to diagrams. Thus, for any condition of loading, we 
can easily find the strains at certain given intervals or portions 
of the span, as i^^^th, ^ths, etc. These strains being plotted to 
scale along the span, we have a curve from which we can 
readily determine the strain at other points. 

The strains in the flanges being thus known, we can readily 
determine the transverse force, or force at right angles to the 
rib, at any point. This force causes strain in the diagonals, and 
has simply to be multiplied by the secant of the angle made 
with it by any diagonal. 

As to the effects of temperature, the remarks of Art. 106 do 
not seem to be substantiated by our results. It would seem 
that, according to the received formulae, the strains due to tem- 
perature are very great, *and that by far the best form of con- 
struction for short spans is that in which the arch is hinged at 
both abutments and crown. 

9§. Advantage of Arch ivlth fixed Ends for long Spam. 

We cannot conclude fi-om our results above anvthinff as to the 
comparative advantages or disadvantages of the arch with fixed 
ends. Different proportions will give altogether diflFercnt re- 
sults. We can only say that for small spans the arch with 
three hinges is undoubtedly the best construction. The ad- 
vantages of continuity will be apparent only for long spans 
where the point of inflexion is distant from the ends by a 
greater proportion of the span. We have already seen the 
same to be true of the continuous girder. If we were to judge 
from comparisons of short spans only, we should be inclined 
to discredit any great advantage for continuity. If, however, 
we take longer spans, so as to bring the points of inflection well 
out, we find a marked saving.* 

We had intended to give here a comparison of the strains in 
a hinged arch with those in the central span of the St. Louis 
bridge, as given in the Report oi Capt. Eads to the Rlinois and 
St. Louis Bridge Go. for May^ 1868. 

As this goes to press, however, our attention has been called 

* Art 17 of thiB Appendix. 
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to an article in the Trans, of the Am. Soo. of Civil JSng. for 
May, 1875, by Mr. S. H. Shreve, which, although written with 
precisely the opposite intention, seems to prove so clearly the 
superiority for long spans of the arch without hinges, that it is 
unnecessary to give a comparison here. We have only to take 
Mr. Shreve's results and properly interpret them. 

Thus, while ostensibly investigating the strains in the centre 
arch of the St. Louis bridge — an arch which is continuous at 
crown and fixed at the end — Mr. Shreve uses the formula given 

in Art. 27 of the Supplement to Chap. XIY., viz., H = ■^• 

That is, he considers the arch as having hinges at hoth crown 
and ends. 

Then, supposing the arch to be affected by temperature, he 
applies the above formula to an arch hinged at crown in lower 
chord and at ends in upper chord of the same dimensions as 
the St. Louis bridge. It is hardly necessary to point out here 
that if the arch is really thus hinged, or can be supposed thus 
hinged, there can be n^ temperature strains. If, however, it is 
not hinged, then the above formula does not apply. The one 

assumption contradicts the other. The formula H = -^-^ can 

^ n 

be applied to no arch which is strained by temperature. Such 
a treatment would seem justified on Mr. Shreve's part in view 
of the statement of Capt. Eads, that for the greatest rise of 
temperature above the mean, the lower arch does all the duty 
at crown, and the upper at the ends. If this were accurately 
so, then Mr. Shreve's results would give the true strains. All 
that Capt. Eads evidently intended to imply was, that a rise of 
temperature relieved the upper chord at crown of a great part 
of its compression and increased that of the lower. It does not 
by any means follow that the upper chord is entirely rielieved, 
under which supposition only can the lower chord be supposed 
hinged. On the contrary, for an equal JuU of temperature 
below the mean, the lower chord is relieved and extra strain 
brought in the upper chord at crown. If the adjustment were 
just such that the previous compression in the lower chord 
should be exactly neutralized, then the arch might be consid- 
ered as hinged at the upper flange and lower ends, and thus 
Mr. Shreve should increase the rise of his arch by the depth, 
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which would decrease greatly his strains. The one supposition 
is as much justified by the remarks of Capt. Eads, which he 
quotes, as the other — and neither are correct. Apart, however, 
from the merits of the controversy, with which we have nothing 
to do, Mr. Shreve's results are undoubtedly correct for an arch 
of the same dimensions as the St. Louis — uniformly loaded and 
hinged at the ends in upper flange and at the crown in lower. 
If, then, a comparison of these results with those given by Capt. 
Eads shows them all too Urge, then, since Capt. Eads' formulsa 
are, as we have seen, undoubtedly correct, it clearly shows the 
superiority of the arch without hinges. This is the only legiti- 
mate deduction which can be made. 

Mr. Shreve's fonnul» are undoubtedly as " true as the prin- 
ciples of the lever," and apply, beyond question, to an arch 
hinged as he supposes. Our formulae in Art. 27 of the Sup- 
plement to Chap. XIV. are also as true as these principles ; but 
to apply correctly even so simple a principle as that of the 
lever, demands a knowledge of all the forces and their points 
of application. From our formute, as we have shown in Art. 
34 of the above Supplement, we may easily deduce Capt. Eads', 
thus proving the accuracy of both. Though the " calculus will 
not determine the straiyis affecting a truss, whether arched or 
horfzontal," it may nevertheless be exceedingly serviceable in 
determining the forces which act upon the truss — without an 
accurate knowledge of which the "principle of the lever'' can 
only mislead. This principle, upon which Mr. Shreve lays such 
stress, is precisely that which we have employed so often in 
this work, and rfiown to be of universal application. In Art. 
36 of this Appendix we have made use of it, just as Mr. Shreve 
does, in the calculation of an arch similar to the St. Louis. 
Our results differ from those he would obtain, simply because 
we take into account a force and lever arm whose existence he 
ignores. Mr. Shreve assumes that V and H and the load are 
all the forces which act, and these are all of which his formula 
takes account. In common with Capt. Eads, we take in addition 
a moment due to the continuity of the ends, while V and H them- 
selves, by reason of this continuity, have very different values. 

Thus, for full load, we have from eq. (81), Art. 34 of Sup- 
plement to Chap. XIV., 

" 2 A 45jr»+4A' 
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and from eq. (84; 

^ _ 3 4A^4-175g^a? 

' - 70-^ 4A*+45^A« • 

Thus, instead of H = ^-— , as given by Mr. Shreve, we have 

this into a certain coefficient which is less than unity. 

Taking j}a = 936,000 lbs., g = 6.025 ft., a = 257.88 ft., 
and h = 46.65 ft. for centre line, we have H = 2,178,317 for 
thrust at crown, instead of 2,586,184.9 lbs., as given by Mr. 
Shreve. This thrust alone would cause, then, 1,089,158 lbs. 
compression in each flange. But due to continuity of ends and 
crown, we have also a moment at crown Mq = — 6,587,335, 
which being negative causes tension in lower flange at crown. 
Dividing by 12.05, the depth of arch, we have 546,666 lbs. 
tension, and therefore only 1,089,158—546,666 or 542,492 lbs. 
resulting compression. This at 27,500 lbs. per square inch, 
requires 19.72 square inches area, while Mr. Shreve requires 
in his arch 126.42 square inches area. It is, however, but just 
to notice, that while this loading (uniform) causes the maxi- 
mum compression in lower flange at crown for Mr. Shreve's 
arch, it does not for the arch fixed at ends and continuous at 
crown. 

In this latter case, as we may see at once from the table for 
Mo of Art. 18, Supplement to Chap. XIV., a load within the 
centre half anywhere causes tension in the lower flange, and 
the maximum compression is when the flanks are loaded and 
this portion is empty. It is with the maxima that the com- 
parison must bo made, and as Oapt. Eads has, very properly, 
taken the rolling load into account, it is with these maxima 
that the comparison has been made. From such comparison 
Mr. Shreve finds that "every member of the two tubes is 
deficient in area, many containing much less than half the 
material that is necessary." As his results are correctly calcu- 
lated for a hinged arch, and Capt. Eads' results are also connect 
for an arch without hinges, we can only conclude — not that 
" the great importance of immediately strengthening the ribs 
of the St. Louis bridge can no longer be ignored," but rather 
that, for long spans of small relative rise, the arch without 
hinges is much preferable and more economical. The case 
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is, indeed, perfectly analogous to that of the continuous girder. 
Here also we have end moments, and here also for long spans 
the advantage over the simple girder is marked. 

In Mr. Shreve's arch it is, indeed, perfectly true that, "when 
one segment is loaded, any weight whatever in any other 
position on the other segment will lessen the' tension on the 
lower arc of the loaded segment." In the arch without hinges 
the case is altogether different, owing to the influence of the 
end moments, which Mr. Shreve so persistently ignores. 

The two cases have, indeed, nothing whatever in common, 
and from the strains in one no conclusion whatever can be 
drawn as to what should be the strains in the other. With the 
same propriety might one comparing the strains in the same 
girder fixed at ends and free at ends, as given in Art. 17 of 
this Appendix, infer that the strains in the first were unduly 
small. The only legitimate conclusion from such comparison 
is the one there drawn, viz., that the one in which the strains 
are least is the one most economical of material. In this 
respect, and in this only, Mr. Shreve's results are valuable, and 
we can only thank him for having saved us the labor of 
making the comparison for oui-selves. 

As a case in point bearing out our conclusion above, we 
may instance the Coblentz hridge^ which, as originally con- 
structed, was continuous at the crown, but pivoted at the ends 
of the centre line, as in our example. Art. 20. But unlike 
that example, owing to the length of span being much greater, 
and the rise and depth much less in proportion, it was found 
advantageous to block up the ends after erection, and thus fix 
it at the ends. 

If Mr. Shreve's deductions are to be believed, this was a 
very dangerous thing to do; but, as experience has proved, 
greater rigidity has thereby been secured, and no evil effects 
have as yet been perceptible. It is, however, quite possible 
that before thus blocking the ends, the effect of the end 
moments thus brought into play was duly considered ; and in 
view of the result, it would appear as if they really had some 
influence upon the character and distribution of the strains. 

' It would seem, therefore, that, for the present at least, the 
" strengthening " of the arches of the St. Louis bridge by hinging 
them {!) at crown and ends may be safely postponed until it 
can be satisfactorily shown in what manner, for rise of tern- 



